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ADVERTISEMENT. 



The work of M. Legendre, of which the following is a trans- 
lation, is thought to unite the advantages of modern discoveries 
and improvements with the strictness of the ancient method. It 
has now been in use for a considerable number of years, and its 
character is sufficiently established. It is generally considered 
as the most complete and extensive treatise on the elements of 
geometry which has yet appeared. It has been adopted as the 
basis of the article on geometry in the fourth edition of the 
Encyclopaedia Brittanica, lately published, and in the Edinburgh 
Encyclopaedia, edited by Dr. Brewster. 

In the original the several parts are/'-qalle^ books, and the 
propositions of each book are numberea ^ftefr' tfee in^QQt*;?£' 
Euclid. It was thought more convenient foiT/piirBpfies^oX refer-* 
ence to number definitions, propositions, {lor^t^arTfs^&fc/^-in one 
continued series. Moreover the work is'tJivlifeff* inib twof.,parts, 
one treating of plane figures and the other of solids ; and the 
subdivisions of each part are denominated sections. 

As a knowledge of algebraical signs and the theory of propor- 
tions is necessary to the, understanding of this treatise, a brief 
explanation of these, taken chiefly from Lacroix's geometry, and 
forming properly a supplement to this arithmetic, is prefixed to 
the work under the title of an Introduction. 

The parts omitted in the former edition of this translation on 
spherical isoperimetrical polygons, and on the regular poly- 
edrons, are inserted in this at the end of the fourth section of the 
second part. 



iv AdvertisemenU 

Also zn improved demonstration of the theorem for the solidity 

of the triangular pyramid by M . Queret of St. Malo, received 
too late for insertion in its proper place, is subjoined at the end* 

Cambridge, June 4, 1825. 
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PREFACE. 



The method of the ancients is very generally regarded ds the 
most satisfactory and the most proper for representing geometri- 
cal truths. It not only accustoms the student to great strictness 
in reasoning, which is a precious advantage, but it offers at the 
same, time a discipline of peculiar kind, distinct from that of 
analysis, and which in important mathematical researches may 
afford great assistance towards discovering the most simple and 
elegant solutions. 

I have thought it proper, therefore, to adopt in this work the 
same method which we find in the writings of Euclid and Archi- 
medes ; but in following nearly these illustrious models I have 
endeavoured to improve certain points of the elements which 
they left imperfect, and especially the theory of solids, which 
has hitherto been the most neglected. 

The definition of a straight line being the most important of 
the elements, I have wished to be able to give to it all the exact- 
ness and precision of which it is susceptible. Perhaps I might 
have attained this object by calling a straight line that which can 
have only one position between two given points. For, from this 
essential property we can deduce all the other properties of a 
straight line, and particularly that of its being the shortest be- 
tween two given points* But in order to this it would have been 
necessary to enter into subtile discussions, and to distinguish, in 
the course of several propositions, the straight line drawn be- 
tween two points from the shortest line which measures the 
distance of these same points. I have preferred, in order not to 
render the introduction to geometry too difficult, to sacrifice 
something of the exactness at which I aimed. Accordingly I 
shall call a straight line that which is the shortest between two 
points, and I shall suppose that there can be only one between 
the same points. It is upon this principle, considered at the 
same time as a definition and an axiom, that I have endeavoured 
to established the entire edifice of the elements. 



vi Preface. 

It is necessary to the understanding of this work that the 
reader should have a knowledge of the theory of proportions 
which is explained in common treatises either of arithmetic or 
algebra ; he is supposed also to be acquainted with the first rules 
of algebra ; such as the addition and subtraction of quantities, 
and the most simple operations belonging to equations of the first 
degree. The ancients, who had not a knowledge of algebra, sup- 
plied the want of it by reasoning and by the use of proportions 
which they managed with great dexterity. As for us, who have 
this instrument in addition to what they possessed, we sh6uld do 
wrong not to make use of it, if any new facilities are to be deriv- 
ed from it. I have accordingly not hesitated to employ the 
signs and operations of algebra, when I have thought it neces- 
sary, but I have guarded against involving in difficult operations 
what ought by its nature to be simple ; and all the use I have 
made of algebra in these elements, consists as I have already 
said, in a few very simple rules, which may be understood almost 
without suspecting that they belong to algebra. 

Besides, it has appeared to me, that, if the study of geometry 
ought to be preceded by certain lessons in algebra, it would be 
not less advantageous to carry on the study of these two sciences 
together, and to intermix them as much as possible. According 
as we advance in geometry, we find it necessary to combine 
together a greater number of relations, and algebra may be of 
great service in conducting us to our conclusions by the readiest 
and most easy method. 

This work is divided into eight sections, four of which treat of 
plane geometry, and four of solid geometry. 

The first section, entitled first prmdples^ &c. contains the pro- 
perties of straight lines which meet those of perpendiculars, the 
theorem upon the sum of the angles of a triangle, the theory of 
parallel lines, &c. 

The second section, entitled the circle^ treats of the most sim- 
ple properties of the circle, and those of chords, of tangents, and 
of the measure of angles by the arcs of a circle. 

These two sections are followed by the resolution of certain 
problems relating to the construction of figures. 

The third section, entitled the proportions of figures^ contains 
the measure of surfaces, their comparison, the properties of a 
right-angled triangle, those of equiangular triangles, of similar 
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figures, &c. We shall be found fault with perhaps for having 
blended the properties of lines with those of surfaces ; but in 
this we have followed pretty nearly the example of Euclid, and 
this order cannot fail of being good, if the propositions are well 
connected together. This section also is followed by a series of 
problems relating to the objects of which it treats. 

The fourth section treats of regular polygons and of the meas- 
ure of the circle. Two lemmas are employed as the basis of this 
measure, which is otherwise demonstrated after the manner of 
Archimedes. We have then given two methods of approximation 
for squaring the circle, one of which is that of James Gregory. 
This section is followed by an appendix, in which we have de- 
monstrated that the circle is greater than any rectilineal figure 
of the same perimeter. 

The first section of the second part coptains the properties 
of planes and of solid angles. This part is very necessary for 
the understanding of solids and of figures in which different 
planes are considered. We have endeavoured to render it more 
clear and more rigorous than it is in common works. 

The second section of the second part treats ofpolyedrons and 
of their measure. This section will be found to be very differ- 
ent from that relating to the same subject in other treatises ; we 
have thought we ought to present it in a manner entirely new. 

The third section of this part is an abridged treatise on the 
sphere and spherical triangles. This treatise does not ordina- 
rily make a part bf the elements of geometry ; still we have 
thought it proper to consider so much of it as may form an intro- 
duction to spherical trigonqmetry. 

The fourth section of the second part treats of the three round 
bodies^ which are the sphere, the cone, and the cylinder. The 
measure of the surfaces and solidities of these bodies is deter- 
mined by a method analogous to that of Archimedes, and found- 
ed, as to surfaces, upon the same principles, which we have 
endeavoured to demonstrate under the name of preliminary 
lemmas. 

At the end of this section is added an appendix to the third 
section of the second part on spherical isoperimetrical polygons ; 
and an appendix to the second and third sections of this part on 
the regular poly edrons. 
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INTRODUCTION. 



In order to abridge the language of geometry particular sighs 
are substituted for the words which most frequently occur ; and 
when we are employed upon any number or magnitude without 
considering its particular value, but merely with a view to indi- 
cate its relation to other magnitudes, or the operations to which 
it is to be subjected, we distinguish it by a letter of the alphabet, 
which thus becomes an abridged name for this magnitude. 

I. + signifies plus, or added to. 

The expression A + B indicates the sum which results from 
the magnitude represented by the letter jj being added Jto that 
represented by fi, or A plus B^ 

— signifies minus. 

A — B denotes what remains after the magnitude represented 
by B has been subtracted from that represented by A* 

X signifies multiplied by. 

^AxB iiidicates the product arising from the magnitude repre- 
sented by A being inultiplied by the magnitude reprei^ented by 
jB, or A multiplied by B. This product is also sometimes de- 
noted by writing the letters one after the other without any sign, 
thus AB signifies the same as .^ x i3. 

The expression Ax {B + C — D) represents the product of 
A by the quantity B + C — D, the magnitudes included within 
the parenthesis being considered as one quantity. 

A 

•g indicates the quotient arising from the magnitude represent- 
ed by .d being divided by that represented by £, or A divided 
hjB. 

A^B signifies that the magnitude represented by A is equal 
to that represented hj'B, or A equal to B. 

A^ B signifies that the magnitude represented by A exceeds 
that represented by j5, or A greater than jB- 

A <^B signifies A less than JB. 
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2jjt, 3^, &c., indicate double, triple, &e«9 of the magnitude 
represented by A. 

IL When a number is multiplied by itself, the result is the 
second power ^ or sq^t% of thi§. x^Xflf^W \ j^ ^ ^ or 25, is the 
second power, or square, of 5. 

The second power therefQ^;^. i?t tto product of two equal fac- 
tors ; each of these factors is the square root of the product ; 5 
is t^e squajre root of 25. 

If the second power be mukipUed by its root^ the resuh is 
the third pozoer^ or cube ; 5 X 25, or 125, is the third power of 5. 

The third power is a product forped by |he multiplication of 
three equal factors ; each of these factors is the cube r^t of this 
product; 1^5 is the product of 5 multiplied twice by itself, or 
5x5x5; and 5 is the cube ropt of 125. 

In general A^^ being an abbrev^atjojn oi A X ^\ indicates ^hc 
second power ox square of A. 

yA indicates the square rpotpf j},0|r the number, which being: 
multiplied by itself, produces the pumber representee! by A. 

A^^ being an abbreviation of A X Ax Aj indicates the third 
power or cube of A. 

\,A indicates the ^ube iVQt of A^ or thf^ QWibef ffhkh^ \t6i^$ 
multiplied twice by itself, produces the number Alt. 

The square of a line AB is denoted by Ali. 

The square root of a product Ax B\^ represented by yAxJ^. 

All numbers are not perfect squares or perfect cubes, that is, 
they have not square roots or cube roots which c^n be exactly 
expressed; 19, for example, as it is between 16, the square of 4, 
and 25, the square of 5, has for its. roo( a number comprehenc^ed 
between 4 and 5, but which canpot be exactly assigned. 

In like manner 89, which is between 64, the cube of 4, ^nd 
1^5, the cube of ^, has for itft cube rc^t a number between 4 and 
5, but v^hich cannot be exactly assigned*. Algebra furnishes 
methods for approximating^ as nearly as we please^ the roots o( 
i;iumbers which are not perfect powers. 

IIL 1. When two proportions l\ave a comnaon ratio, it is evi- 
dent tha^ the (wo other ratios may be put into a proportion, 
since they are each ^qual to that wl^ch is con^o;kon. If^ fpr ex- 
ample, we have 
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E:F:: C:D, 
then we shall have A i B i: E : F. 

2. When two proportions have the same antecedents, the con- 
sequents may be put into a proportion ; for, if we have 

A:B:: C : D, 
AiEi'.CiFj 

if thdbjging th^ plaice of the means, these proportions will be- 
come 

A: Ci: B:D, 

A: CiiEiF; 
whence B: D:: E : F^ 

or B: E::D:F. 

IV. Other changes, beisided the transposition of terms, may be 
made among proportionals without destroying the equality of the 
product of the extremes to that of the. means. 

1. If to th^ consequent of a ratio we add the antecedent, and 
compare this siim with the antecedent, this last will be contained 
once mote than it was in tne first cbilsequent ; the new ratio then 
Will b6 dcpial to the primitive ratio increai&ed by tihity. If the 
same d^^ation b^ jf^rforin^ upon tfa^ Wa f atiog df a proportion, 
thei* will evidently result from It t#b new ratite eqiial to each 
other, and consequently a new proportion. 

L<et therd be, Uff examfpld, th^ pt'Opdhion 

4: 6:: 12 : 18 
we shall have 6 +4 : 4 : : 18 + 12 : 12, 

or 10 : 4 ! ; 30 MS* 

2. If from the consequent of a ratio wb subtract the antece- 
dent, and compare the difference with the antecedent, this last 
will be contained once less than it was in the first consequent ; 
the new ratio will be eqtial to the primitive ratio diminished by 
unity. If the same operation be performed upon the two ratios 
of a proportion, there will result from it two new ratios equal to 
each other, and consequently a ne\V proportion. 

From the proportion 

4: 6 : : 12 : 18, 
we thus deduce 6 — *4 : 4 : : 18 — 12:1^ 
pr 2: 4: : 6 : 12. 
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There being a proportion among any magnitudes whatever 

designated by the letters 

A:B:: C : D^ 

we have, by the above changes, 

B + A:A::D+ Ct C, 
B — AiJl.xD—Ci C. 

If we change the place of the means in these results, they will 
become 

B + A:D+ C::A:C, 
B—A:D—C::A: C; 

but, by the same change, the proportion 

AiBii CiD 
gives also A : C : : B : Dj 

and, since the ratios A : C^ B : D^ are equal, we obtain 

B+A:D+C:: Ai C or 11 B:D, 
B — A:D—C::A: C or : : J8 : Z), 

a result which may be thus enunciated. 

In any proportion whatever ^ the sum of the two first terms is to the 
sum of the two lastj and the difference of the two first terms is to the 
difference of the two last^ as the first is to the thirds or as the second 
is to the fourth* 

Moreover the two ratios A : C, B : Dj bejjbg common to the 
two proportions above obtained, it follows thiHl ^^^ other ratios 
of the same proportions are equal, and that consequently 

B + A:D+C::B — A:D—C, 

or, by changing the place of the means, 

B + A : B — A : I D + C : D— Ci 

that is, the sum of the two first terms of a proportion is to their dif 
ference^ as the sum of the two last is to their dfference. 
For.example, 

6+4: 6 — 4: : 18 + 12: 18— -12, 
'or 10 : 2 : : 30 : 6. 

When the proportion 

A:B:: C:D, 
is changed into A : C: : B ;D^ 
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^ tttlwB are the antecedents, C and D the consequents ; and the 
profpArlions 

B + A:D+C::A: Cov::B:D, 
B-^AiD—GiiAi CoriiBiD, 

answer to the following enunciation ; 

The sum of the antecedents of a proportion is to the sum of the 
consequents^ and the difference of the antecedents is to the difference 
of the consequents^ as one antecedent is to its consequent ; 

Whence it follows, that the sum of the antecedents is to their dif- 
ference, as the sum of the consequents is to their difference^ 

If we have a series of equal ratios 

AiB::C:D:iE:F, 

by considering only the two first, which form the proportion 

A:B:: C:D, 

we obtain by what precedes 

A + C:B + D::A:B; 

and, since the third ratio E : F^is equal to the first A : BjWe 
have 

A + C:B + Di:E:F. 

If we take the sum of the antecedents and that of the consequents 
in this last proportion, the result will be 

A + C-jrEiB+D+FiiEiForiiAzB. 

By proceeding in the same manner with any^ number of equal 
ratios, it will be seen, that the sum of any number whatever of an- 
tecedents is to the sum of their con^sequents, as one antecedent is to 
its consequent, 

V. Let there be any two proportions 

AiBi: C:D, 

EiFiiGiH, « 

if we multiply them in order, that is, term by term, the product^ 
will form a proportion, thus 

AxEiBxF:: CxOz DxH, 

ji \( V O V Tf 
This is evident, since Ihfe new ratios -j — =-, -^ -, are respec- 
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-^ and-,- and ^, 

which are equal. 

If we multiply the proportion 

diBt: Cx D 
by AiBiiC.D 

we shall have (II) w4* : J5» : : O : D*, 

whence it follows, that the squares of four proportional quantities 
form a new proportion. 

By multiplying the prop<)rtion 

by 4 iB :: C :D, 

we shall have A^ : B» : : C» : fl% 

that is, the cubes of four proportional quantities form fa fKto pro*^ 
portion. 

VI. When a proportion is said to exist among certain magni- 
tudes, these magnitudes ar6 supposed to be represented, or to be 
capable of being represented by numbers ; if, for example, in 
the proportion 

A:B:: C:D, 

A, fi, C, jD, denote certain lines, we can always suppose one of 
these lines, or a fifth, if we please, to answer as a common 
measure to the whole, and to be taken for unity ; then A^ B^ C, 
D, will ea<ih represent a certain number of units, entire or frac*^ 
tional, commensurable or incommensurable, and the proportion 
among the lines A^ B, C, jD, becomes a proportion in numbers. 

Hence the product of two lines A and D, which is called also 
their rectangle^ is nothing else than the number of linear units 
^ntained in A multiplied by the number of linear units con- 
tained in B'j and we can easily conceive this product to be 
equal to that wiiicb results from the multiplication of the lines 
B and C. 

The magnitudes A and B in the proportion 

A:B:: C:D, 

may be of dne kind", i^ lines, and the magnitudes C and D of 
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another kind, as surfaces ; still these magnitudes are always to 
be regarded as numbers ; A and B will be expressed in linear 
units, C and D in superficial units^ and the product Ax D will 
be a number, as also the product Bx C. 

Indeed, in all the operations, which are made upon propor- 
tional quantities, it is necessary to regard the terms of the pro- 
portion as so many numbers, each of its proper kind ; then we 
shall have no difficulty in conceiving of these operations and of 
the consequences wl^ich result from them. 
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Definitions and Preliminary Remarks. 

1. Geometry is a science which has for its object the measure 
of extension. 

Extension has three dimensions, length, breadth, and thick- 
ness. 

2. A line is length without breadth. 

The extremities of a line are called points. A point, therefore, 
has no extension. 

3. A straight or right line is the shortest way from one point 
to another. 

4. Every line, which is neither a straight line nor composed 
of straight lines, is a curved line. 

Thus AB {Jig. 1) is a straight line, ACDB is a broken line, or Fig. i. 
one composed of straight lines, and AEB is a curved line. 

5. A surface is that which has length and breadth, without 
thickness. 

6. A plane is a surface, in which any two points being taken, 
the straight line joining those points lies wholly in that surface. 

7. Every surface, which is neither a plane nor composed of 
planes, is a curved surface. 

8. A solid is that which unites the three dimensions of ex- 
tension. 

9. When two straight lines, AB^ AC^ {fig. 2), meeL'the quan-Fig.a 
tity, whether greater or less, by which they depart from each 
other as to their position, is called an angle ; the point of meeting 

or intersection A, is the vertex of the angle ; the lines AB^ AC^ 
are its sides. 

An angle is sometimes denoted simply by the letter at the vef" 
tex, as A ; sometimes by three letters, as BAC^ or CAB^ the 
letter at the vertex always occupying the middle place. 

Geom. 1 
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Angles, like other quantities, are susceptible of addition, sub- 
traction, multiplication, and division ; thus, the angle DCE 

Fig.20. {fig' 20) is the sum of the two angles DCjB, BCE, and the angle 
DCB is the difference between the two angles £)C£, BCE. 

Fig. 3. 10. When a straight line AB {Jig. 3) meets another straight 
line CD in such a manner that the adjacent angles BAC^ BAD^ 
are equal, each of these angles is called a right angle, and the 
line AB is said to he perpendicular to CD. 

Fig. 4. 11. Every angle BAC {Jig. 4), less than a right angle, is an 
acute angle ; and every angle, DEF, greater than a right angle is 
an obtuse angle. 

Tig. 5. 12. Two lines are said to be parallel {Jig. 5), when, being 
situated in the same plane and produced ever so far both ways, 
they do not meet. 

13. A plane fgure is a plane terminated on all sides by lines. 
If the lines are straight, the space which they contain is 

Fig. 6. called a rectilineal Jigure^ ov polygon {Jig. 6), and the lines taken 
together make the perimeter of the polygon. 

14. The polygon of three sides is the most simple of these 
figures, and is called a triangle ; that of four sides is called a 
quadrilateral ; that of five sides, ^pentagon ; that of six, a hexa-^ 
gon^ &c. 

^'S«7. 15. A triangle is denominated equilateral {Jig. 7), when the 
Fig, 8. three sides are equal, isosceles {Jig. 8), when two only of its sides 
Fig. 9. are equal, and scalene {Jig, 9), when no two of its sides are equal. 

16. A right-angled triangle is that which has one right angle. 
The side opposite to the right angle is called the hypothenuse. 

Fig. 10; Thus ABC {Jig. 10) is a triangle right-angled at j?, and the side 
BC is the hypothenuse. 

17. Among quadrilateral figures we distinguish ; 

; Fig. 11. The square {Jig. 1 1), which has its sides equal and its angles 
right angles, (See art. 80) ; 

Fig. 12. The rectangle {fg. 12), which has its angles right angles with- 
out having its sides equal (See art. above referred to) ; 

Fig. 13. The parallelogram {Jig. 13), which has its opposite sides par- 
allel ; 

Fig. 14. The rhombus or lozenge {Jig. 14), which has its sides equal 
without having its angles right angles ; 

Fig. 15. The trapezoid {Jig. 1 5), ly hich has two only of its sides parallel. 
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18. A diagonal is a line which joins the vertices of two angles 

not adjacent, as ^C (/g, 42). Fig. 42. 

19. An equilateral polygon is. one which has all its sides equal ; 
an equiangular polygon is one which has all its angles equal, 

20. Two polygons are equilateral with respect to each other ^ 
when they have their sides equal, each to «ach, and placed in the 
same order, that is, when by proceeding round in the same 
direction the first in the one is equal to the first in the other, the 
second in the one to the second in the other, and so on. In a 
similar sense are to be understood two polygons equiangular with 
respect to each other. The equal sides in the first case, and the 
equal angles in the second, are called homologous (A). 

21. An Axiom is a proposition, the truth of which is self-evi- 
dent. 

A Theorem is a truth which becomes evident by a process of 
reasoning called a demonstration. 

A Problem is a question proposed wTiich requires a solution. 

A Lemma is a subsidiary truth employed in the demonstration 
of a theorem, or in the solution of a problem. 

The common name of Proposition is given indifferently to 
theorems, problems, and lemmas. 

A Corollary is a consequence which follows from one or sev- 
eral propositions. 

A Scholium is a remark upon one or more propositions which 
have gone before, tending to show their connexion, their restric- 
tion, their extension, or tlie manner of their application. 

A Hypothesis is a supposition made either in the enunciation of 
a proposition, or in the course of a demoostration. 

Axioms. 

22. Two quantities, each of which is equal to a third, are 
«qual to one another. 

23. The whole is greater than its part. 

24. The whole is equal to the sum of all its parts. 

25. Only one straight line can be drawn between two points. 

26. Two magnitudes, whether they be lines, surfaces, or solids, 
are equal, when, being applied the one to the other, they coin- 
cide with each other entirely, that is, when they exactly fill the 
same space. 
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OF PLANE FIGURES. 



SECTION FIRST. 

First Principles^ or the Properties of perpendicular^ ohlique^ and 

parallel Lines. 

THEOREM* / 

27. All right angles are equal. 

Demonstration. Let the straight line CD be perpendicular to 
Fig. 16. AB {fig. 16), and GHto EF, the angles ACD, EGH, will be 
equal. . -- 

Take the four distances C/i, CS, GE, GF, equal to each other, 
the distance AB will be eijual to the distance £F, and the line 
EF may be applied to AB^ so that the point E will fall upon A, 
and the point F upon B. These two lines, thus placed, will co- 
incide with each other throughout; otherwise there would be 
two straight lines between A and B, which is impossible (25). 
The point G therefore, the middle of £F, will fall upon the point 
C, the middle oi' AB. The side GE being thus applied to CA^ 
the side GH will fall upon CD ; for, let us suppose, if it be pos- 
sible, that it falls upon a line CK^ diflforent from CD; since, bj 
» hypothesis (10), the angle EGH = HGF, 
it follows that ACK = KCB. 

But ACK > ACD, 

and KCB <^ BCD; 

besides, by hypothesis, 

ACD = BCD ; 
hence ACK > KCB. 

and the line GH cannot fall upon a line CK different from CD ; 
consequently it falls upon CD^ and the angle EGH upon ACD^ 
and JEGff is equal to ACD ; therefore all right angles are equal. 
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Fig. 17. 28. A straight Knc CD (fig. 17), which meets another straight 
line AB) makes with it two adjacent angles ACD, BCD, whdch^ taken 
iogdher^ are equal to two right angles. 
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Demonstration. At the point C, let CE be perpendicular to • 
AB. The angle ACD is the sum of the angles ACE, ECD ; 
therefore ACD + BCD is the sum of the three angles ACE^ 
ECD, BCD. The first of these is a right angle, and the two 
others are together equal to a right angle ; therefore the sum of 
the two angles ACD, BCD, is equal to two right angles. 

29. Corollary i. If one of the angles ACD, BCD, is a right 
angle, the other is also a right angle* 

30. Corollary ii. If the line DE {fig. 18) is perpendicular to Fig.w. 
AB ; reciprocally, AB is also perpendicular to DE. 

For, since DE is perpendicular to AB, it follows that the angle 
ACD is equal to its adjacent angle DCjB, and that they are both 
right angles. But, since the angle ACD is a right angle, it fol- 
lows that its adjacent angle ACE is also a right angle ; therefore 
the angle ACE = ACD, and AB is perpendicular to DE. 

Z\. Corollary in. All the successive angles, BAC, CAD, 
DAE, EAF, {fig. 34), formed on the same side of the straight Fig. 84. 
line BF, are together equal to two right angles ; for their sum is 
equal to that of the two angles BAM, MAF ; AM being perpen- 
dicular to BF. 
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32. Two straight lints, which have two points common, coincide 
throughout, and form one and the same straight line. 

Demonstration. Let the two points, which are common to the ^ 
two lines, be A arid B {fig. 19). In the first place it is evident Fig. 19. 
that they must coincide entirely between A and B ; otherwise^ 
two straight lines could be drawn fronrwJ to B, which is impossi- 
ble (25). Now let us suppose, if it be possible, that the lines, 
when produced, separate from each other at a point C, the one 
becoming CD, and the other CE. At the point C, let OF be 
drawn, so as to make the angle ACF, a right angle ; then, ACD 
being a straight line, the angle FCD is a right angle (29); arid, 
because ACE is a straight line, the angle FCE is a right angle. 
But the part FCE cannot be equal to the whole FCD ; whence 
. straight lines, which have two points common A and B, cannot 
separate the one from the other, when produced ; therefore they 
must form one and the same straight line. 
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Pig. 20. 33. If tzoo adjacent angles ACD, DCB (fig. 20), are together 
equal to two right angles^ the two exterior sides AC, CB, are in the 
same straight line. 

Demonstration. For if CB is not the line AC produced, let 
CE be that line produced ; then, ACE being a straight line, the 
Singles ACD^ DCE^ are together equal to two right angles (28); 
but, by hypothesis, the angles ACD^ DCB^ are together equal to 
two right angles, therefore ACD + DCB = ACD ^ DCE. Take 
away the common angle ACD^ and there will remain the part 
DCB equal to the whole DCE^ which is impossible; therefore 
CB is the line AC produced. 



r's^ 
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THEOREM. ^ 

%. 21. 34. Whenever two straight lines AB, DE (fig. 21), cut each other, 
the angles opposite^ to each other at the vertex are equal. 

Demonstration. Since DE is a straight line, the sum of the 
angles ACDj ACE, is equal to two right angles; and, since AB 
. is a straight line, the sum of the angles ACE^ BCE, is equal to 
two right angles ; therefore ACD + ACE = ACE +BCE, from ' 
each of these take away the common angle ACE, and there will 
remain the angle ACD equal to its opposite angle BCE. 

It may be demonstrated, in like manner, that the angle ACE 
is equal to its opposite angle BCD. 

36. Scholium. The four angles, formed about a point by two 
straight lines which cut each other, are together equal to four 
right angles; for the angles ACE, BCE, taken together, are 
equal to two right angles; also the other angles ACD, BCD, 
^re together equal to two right angles. 
Fig. 22. In general, if any number of straight lines, as CA, CB {fig. 22), 
&c., meet in the same point C, the sum of all the successive an- 
gles, ACB, BCD, DCE, ECF, FCA, will be equal to four right 
angles. For, if at the point C, four right angles be formed by 
two lines perpendicular to each other, they will comprehend the 
same space as the successive angles, -flCJB, BCD, &c. 

— - —^.^-^^ .11 ^__^^^,.__ 

t These are often called vertical angles. 



4f 



Of Perpendicular and'Obhque Lines. 7 

THEOREM, tj 

36. Two triangles <ire equal^ when two sides and the included 
angle of the one are equal to two sides and the included angle of the 
ether^ each to each. 

Demonstration. In the two triangles ABC^ DEF {Jig. 23), let Fig. 23. 
the angle A be equal to the angle D, the side AB equal to the 
side DE, and the side AC equal to the side £)F; the two trian- 
gles ABC, DEF, will be equal. 

Indeed the triangles may be so placed, the one upon the other, 
that they shall coincide throughout. If, in the first place, we 
apply the side DE to its equal AB, the point D will fall upon A, 
and the point E upon B. But, since the angle D is equal to the 
angle A, when the side DE is placed apon AB, the sideDF will 
take the direction AC ; moreover DF is equal to AC ; therefore 
the point F will fall upon C, and the third side EF will exactly 
coincide with the third side BC ; therefore the triangle DEF is. i 

equal to the triangle ABC (26). 

37. Corollary. When, in two triangles, these three things are 
equal, namely, the angle A:=D, the sideAB = DE, and the side 
AC = DF, we may thence infer, that the other three are also 
equal, namely, the angle B =z E, the angle C = F, and the side 
BC = EF. 

THEOREM. J 

38. Two triangles are equal, when a side and the two adjacent 
angles of the one, are equal to a side and the two adjacent angles of 
the other^ each to each. 

Demonstration. Let the side BC {fig. 23) be equal to the side Fig. 23. 
EF, the angle B equal to the angle E, and the angle C equal to 
the angle F ; the triangle ABC will be equal to the triangle DEF. 

For, in order to apply the one to the other, let EF be placed 
upon its equal BC, the point E will fall upon B and the point F 
upop C Then because the angle E is equal to the angle B, 
the side ED will take the direction BA, and therefore the point 
D will be somewhere in BA ; also because the angle F is equal 
to C, the %vA!&FD will take the direction CA, and therefore the 
point JD win be somewhere in CA ; whence the point D, which 
must be at the same time in the lines BA and CA, can only 
be at their intersection A ; therefore the two triangles ABC, 
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DEF^ coincide, the one with the other, and are equal in all res- 
pects. 

39. Corollary. When, in two triangles, these three things arc 
equal, namely, BC=EF^B=z E^ and C=jP, we may thence 
infer that the other three are also equal, namely, AB = Z)£, 
wiC = Z)i^, and w3=Z). 

THEOREM. r ^ 

40. One side of a triangle is less than the sum of the other two» 
Fig. 23. Demonstration. The straight line BC (Jig. 23), for example, 

is the shortest way from B to C (3) ; BC therefore is less than 
BA+AC. 

THEOREM. / 

Fig. 24. 41. If from a point O (fig. 24), within a triangle ABC, there 
be drawn straight lines OB, OC, to the extremities of BC, one of 
its sides^ the sum of these lines will be less than that of AB, AC, 
the two other sides. 

Demonstration. Let BO be produced till it meet the side AC 
in jD; the straight line OC is less than OD + DC ; to each of 
these add BO, and BO + OC < BO + OD + DC ; that is 

BO + OC<:BD-hDC. 

Again, BD <^ BA + AD ; to each of these add DC, and we 
shall have BD + DC < BA +AC. But it has just been shown 
that BO + 0C <i BD + DC, much more then is 

bo + oc<:ba+ac. 

THEOREM. ^' 1/ \ . V ■ 

Fig. 25. 42. Iftvjo sides AB, AC (fig. 25), of a triangle ABC, (m equal 
to two sides DE, DF, of another triangle DEF, each to each ; if at 
the same time, the angle BAC, contained by the former, is greater 
than the angle EDF, contained by the latter ; the third side BC of 
the first triangle, will be greater than the third side EF of the second. 

Demonstration. Make the angle CAG = D, take AG = DE, 
and join CG, then the triangle GAC is equal to the triangle 
EDF (36), and therefore CG = EF. Now there may be three 
case^, according as the point 6 falls without the triangle ABC, 
on the side BC, or within the triangle. 

Case u Because GC <^GI + IC, and AB <C,AI+ IB, there^ 
fore GC+AB<iGI + AI + lC + IB, that is, 



Of Perpendicular and Oblique Lirusi 9 

GC+AB<AG+BC. 

Prom one of these take away AB^ and from the other its equal 
^G, and there remains GC <^BC ; therefore EF <iBC. 

Case II. If the point G {Jig. 26) fall upon the side BC, then Fig.ea 
it is evident that GC^ or its equal EF, is less than BC. 

Case III. If the point G {fig. 27) fall within the triangle Fir v. 
BAG, then .^G + GC < .45 4- -BC (41), therefore, taking away 
the equal quantities, ^G, AB^ we shall have GC < BC, or 
fi/' < BC. 11 

THEOREM. / / 

43. Two triangles are equal, when the three sides of the one are 
equal to the three sides of the other, each to each. 

Demonstration. Let the side AB = DE {fig. 23,) AC — DF, ^''&-^ 
BC =i EF ; then the angles will be equal, namely, A == D, 
J? = JE, and C=F. 

For, if the angle A were greater than the angle Z), as the 
sides AB, AC, are equal to the sides DE, DF, each to each, the 
side BC would be greater than EF (42) ; and if the angle A 
were less than the angle D, then the side BC would be less than 
EF ; but BC is equal to EF, therefore the angle A can neither 
be greater nor less than the angle D, that is, it is equal to it. 
In the same manner it may be proved, that the angle B = JE, and 
that the angle C = F. 

44. Scholium, It may be remarked, that equal angles are 
opposite to equal sides; thus, the equal angles A and D are 
opposite to the equal sides BC and EF. ^ / V 

THEOREM. / ,; 

V 

45. In an isosceles triar^le the angles opposite to the equal sides 
are equal. 

Demonstration. Let the side AB=:AC {fig. 28), then will the Fig.4'2ai 
angle C be equal to B. 

Draw the straight line AD from the vertex A to the point D 
the middle of the base BC ; the two triangles ABD, ADC, will 
have the three sides of the one, equal to the three sides of the 
other, each to each, namely, AD common to both, AB ^ AC, 
by hypothesis, and BD = DC, by construction ; therefore (43) 
the angle B is equal to the angle C. 

'46. Corollary. An equilateral triangle is also equiangular, 
that is, it has its angles equal. 

Geom. 2 
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47. Scholium. From the equality of the triangles ABDy ACD^ 
it follows, that the angle BAD^ DAC^ and that the angle 
BDAz=iADC ; therefore these two last are right angles* Hence 
a straight line drawn from the vertex of an isosceles triangle^ to the 
middle of the base^ is perpendicular to Aat base^ and dvoides the ver- 
tical angle into two equal parts. 

In a triangle that is not isosceles, any one of its sides may be 
taken indifferently for a base ; and then its vertex is that of the 
opposite angle. In an isosceles triangle, the base is that side« 
which is not equal to one of the others. 
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y 48. Reciprocally^ if two angles of a triar^le are equals the oppo^ 

site sides are equals and the triangle is isosceles. 
Fig.sa Demonstration. Let the angle ABCz=zACB {fig. 29), the side 
A C will 1 e equal to the side AB. 

For, if these sides are not equal, let AB be the greater* Take 
BD = AC, and join DC. The angle DBC is, by hypothesis, 
equal to ACB^ and the two sides DBj BC, are equal to the 
two sides AC, CB, each to each ; therefore the triangle DBC 
is equal to the triangle ACB (36) ; but a part cannot be equal 
to the whole; therefore the sides AB, AC, cannot be unequal; . 
that is, they are equal, and the triangle is isosceles. 

THEOREM. / ' i 

49. Of the two sides of a triangle, that is the greater, which is 

opposite to the greater angle ; and conversely, of the two angles of cl 

' triangle, that is the greater, which is opposite to the greater side. 

Fig. 30. Demonstration. 1. Let the angle C^ B {fig. 30), then will 

the side AB, opposite to the angle C, be greater than the side 

AC, opposite to the angle B. 

Draw CD making the angle BCD = B. In the triangle JBDC, 
BD is equal to DC (48) ; but AD + DCy AC, and 

AD + DC = AD + DB^AB,iheTt{ovQAB:>AC. 
2. Let the side AB ^ AC^ then will the angle C, opposite to 
the side AB, be greater than the angle B, opposite to the side 
AC. For, if C were less than B, then according to what has 
just been demonstrated we should have AB <^AC^ which is con- 
trary to the hypothesis ; and if C were equal to B, then it woul^ 
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follow, that AC = AB (48), which is also conti-ary to the hypo- 
thesis; whence the angle C can be neither less than B, nor 
equal to it ; it is therefore greater. 

/ "• 
/ *■ 

THEOREM. / ^ 

50. From a given point A (fig. 31), inihout a strai^ line DE, Flg3]L, 
only one perpendicular can he drawn to that line. 

Demonstration. If it be possible, let there be two AB and 
AC', produce one of them AB^ so that BF^ AB, and join CF, 

The triangle CBF is equal to the triangle ABC. For the 
angle CBF is a right angle (29), as well as CBA, and the side 
BFrszfBA ; therefore the triangles are equal (36), and the angl^ 
BCF— BCA. But BCA is, by hypothesis, a right angle ; there- 
fore BCF is also a right angle. But, if the adjacent angles 
BCA, BCF, are together equal to two right angles, ACF must 
be a straight line (33); and hence it would follow that two 
straight lines ACF, ABF, might be drawn between the same 
two points A and F, which is impossible (25) ; it is then equally 
impossible to draw two perpendiculars from the same point to 
the same straight line. 

51. Scholium. Through the same point C {Jig. 17), inthepig, if, 
line AB, it is also impossible to draw two perpendiculars to that 

line ; for, if CD and CE were these two perpendiculars, the an- 
gle DCB would be a right angle as well as BCE; and a part 
wpuld be equal to the whole. ^ 

THEOREM. / U 

52. If from a point A (fig. 31), loithout a straight line DE, ctf\g,^i, 
perpendicular AB be drawn to that line, and also different oblique 
lines AE, AC, AD, &c., to different points of the same line; 

1. 77ie perpendicular AB t^ less than any one of the oblique 
lines ; 

2. The two oblique lines AC, AE, which meet the line DE on 
opposite sides of the perpendicular, and at equal distances BC, BE, 
from it, are equal to one (mother ; 

• 3. Of any two oblique lines AC, AD, or AE, AD, that which is 
more remote from the perpendicular is the greater. 

Demonstration. Produce the perpendicular AB, so that 
BF = BA, arid join FC, FD. 
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1. The triangle BCF is equal to the triangle BCA; for thtf 
right angle CBF = CBA^ the side CB is common, and the side 
BF=: BA; therefore the third side CF is equal to the third side 
A C (36). But .^F < ^ C -I- CF (40), and AB half of AF is less 
than AC half of AC -f CF, that is, the perpendicular is less than 
any one of the oblique lines. 

3. If BE = BC, then, as AB is common to the two triangles 
ABE, ABC, and the right angle ABE = ABC, the triangle ^BB 
is equal to the triangle ABC, and AE =zAC. 

3. In the triangle DFA, the sum of the sides AD, DF, is 
greater than the sum of the sides AC, CF (41); therefore AD 
half of AD + DF is greater than ^C half of .^C + CF, and the 
oblique line, which is more remote from the perpendicular, is 
greater than that which is nearer. 

53. Corollary i. The perpendicular measures the distance of 
any point from a straight line. 

64. Corollary ii. From the same point, there cannot be 
drawn three equal straight lines terminating in a given straight 
line ; for, if this could be done, there would be on the same side 
of the perpendicular two equal oblique lines, which is impossibles^ 

THEOREM. 

ft 

JCig.32. 55. If frwn the point C (fig. 32), the middle of the straight line 

AB, a perpendicular EF be drartm ; 1. each point in the perpen-- 

dicular EF is equally distant from the two extremities of the line 

AB; 2. any point without the perpendicular is at unequal distances 

from the same extremities A and B. 

Demonstration. 1. Since .5 C-^ CJ5, the two oblique lines wJD, 
DB, are drawn to points which are at the same distance from the 
perpendicular. They are therefore equal (62). The same rea- 
soning will apply to the two oblique lines AE, EB^ also to AF^ 
FB, &c. Whence each point in the perpendicular EF is equally 
distant from the extremities of the line AB. 

2. Let / be a point out of the perpendicular ; join lA, IB^ one 
of these lines must cut the perpendicular in D ; join DB, theri 
DB = DA. But the line IB < ID 4- DB Rnd 

ID + DB^ID-^ DA rz: I A ; 
therefore IB < lA ; that is, any point without the perpendicular^ 
is at unequal distances from the extreniities of AB. 
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THEOREM. 

i6. Two right-angled triangles are equals when the hypothenuse 
nnd a side of the one art equal to the hjfpothenuse and a side of 
the other, each to each. 

Demonstration. Let the hypothenuse ^C = DF (fg. 33), and Pig-^- 
the side AB = DE; the right-angled triangle ABC will be equal 
to the right-angled triangle DEF* 

The proposition will evidently be true, if the third side BC 
be equal to the third side EF. If it be possible, let these sides 
be unequal, and let BC be the greater. Take BG = EF, and 
join AG ; then the triangle ABG is equal to the triangle DEF, 
for the right angle B is equal to the right angle £, the side 
AB = DE and the side BG = EF ; therefore these two triangles 
being equal (36), AG = DF ; jand, by hypothesis, DF =z AC ; 
whence AG — AC. But AG cannot be equal to AC (52) ; there- 
fore it is impossible that BC should be unequal to £F, that is, it 
is equal to it, and the triangle ABC is equal to the triangle DjE-F. 
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57. If two straight lines^ AC, BD, (fig. 35), are perpendicular tOY\g,2S^, 
a third AB, these two lines are parallel, that is, they will not meet^ 
Jiojtoever far they are produced (1 2). 

Demonstration, If they could meet in a point O on one side 
or the other of the line AB^ there would be two perpendiculars 
drawn from the same point O to the same straight line AB, 
which is impossible (50). 

V /! V V 

LEMMA, ,\ ' 

58. The straight line BD (fig. 35), being perpendicular to AB, Fig. 35. 
if another straight line AE make with AB an acute angle BAE, 

the straight lines BD, AE, being produced sufficiently far, will meet. 
Demonstration. From any point jF, taken in the direction AE, 
let fall upon AB the perpendicular FG ; the point G will not 
fall upon A, since the angle FAB is less than a right angle; 
still less can it fall upon H in BA produced, for then there would 
be two perpendiculars KA^ KH, let fall from the same point K 
upon the same straight line AH. The point 6 then must fall, as 
. the figure represents it, in the direction -w9J?. 
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Let there be taken in the line AE another point L at a di§i 
tance JlL greater than AF^ and let there be drawn to AB the 
perpendicular LM; it may be shown, as in the preceding case, 
that the point JIf can neither fall upon G nor upon any point in 
the direction GA^ so that the distance AM will be necessarily 
greater than AG, 

It may be observed, moreover, that if the figure is constructed 
with care, and AL be taken double of AF^ we shall find that 
•^Jlf is exactly double o(AG; also, if •^L be taken triple of AF^ 
we shall find that AG is triple of AG^ and in general there will 
always be the same ratio between AM and AG^ that there is 
between AL and AF. From this proportion it follows, not only 
that the right line AE^ must meet JBZ), if the two lines are pro- 
duced sufficiently far, but also that we may even assign upon AE 
the distance of the point of meeting of the two lines. This dis- 
tance will be the fourth term of the proportion, 

AGiAB: : AF : x. 

59. Scholium. The foregoing explanation, founded upon a 
relation which is not deduced from reasoning merely, and for 
which recourse is had to measures taken upon a figure accurately 
constructed, has not the same degree of strictness, as the other 
demonstrations of elementary geometry. It is given here only as 
a simple method, by which one may satisfy himself of the truth 
of the proposition. We shall resume the subject with a view to 
a rigorous demonstration in the third of the notes subjoined to 
these elements. 
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F3g.36. 60» ^f ^^^ straight lines AC, BD, (fig. 36), m^e with a third 
AB two interior angles CAB, ABD, the sum of which is equal to 
two right angles^ the two lines AC, BD, are parallel. 
^ Demonstration. From the point G, the middle of wlB, draw the 

straight line EGF perpendicular iqAC ; this line will be perpen- 
dicular to BD. Indeed the sum GAE + GBD is, by hypothesis, 
equal to two right angles, and the sum GBF + GBD is also equal 
to two right angles (28) ; taking therefore from each GBD we shall 
have the angle GAE = GBF. Besides, the angles AGE. BGF, 
are equal, being vertical angles ; therefore the triangles AGE, 
BGF^ have a side and the two adjacent angles of the one res- 
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pectively equal to a side and the two adjacent angles of the 
other ; they are therefore equal (38), and the angle 

BFG = AEG ; 
but the angle AEG is, by construction, a right angle, conse- 
quently the straight lines AC^ BD^ are perpendicular to the same 
straight line EF^ therefore they are parallel (57). 
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61* If two straight lines^ A I, BD (fig. 36), make with a third Fig. ^ 
line AB two interior angles BAI, ABD, the sum of which is less 
than two right angles, the lines AI, BD, produced, will meet* 

Demonstration. Draw AC making the angle CAB = ABF, 
that is, in such a manner as to make the two angles CAB, ABD, 
together equal to two right angles, and finish the construction, as 
in the preceding theorem. Since the angle AEK is a right angle, 
AE is a perpendicular, and consequently less than the oblique 
line, AK ; whence in the triangle AEK the angle AKE, opposite 
to the side AE, is less than the right angle AEK, opposite to the 
side AK (49). Therefore the angle /jSTI^ equal to the angle 
AKE, is less than a right angle, ajid the Ikes KI, FD, being 
produced, must meet (58). 

62. Scholium. If the lines AM and BD make with AB two 
angles BAM, ABD, the sum of which is greater than two right 
angles, then the two lines AM, BD, would not meet above AB, 
but they would meet below it. For the two angles BAM, BAJV, 
would together be equal to two right angles, as also the two 
angles, ABD, ABF, and the four angles taken together would 
be equal to four right angles. But the sum of the two angles 
BAM, ABD, is greater than two right angles, therefore the sum 
of the two remaining ones BAJST, ABF, is less than two right 
angles^ and the two right lines AJV, BF, being produced, must 
meet. 

.63. Corollary. Through a given point A only one line can be 
drawn parallel to a given line BD. For there can be only one 
line AC, which makes the sum of the two angles BAC, ABD, 
equal to two right angles ; this is the parallel required, every 
other line AI or AM would make the sum of the interior angles 
less or greater than two right angles, therefore it would meet the 
line BD. 
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THEOREM. /\ y 

Fig.S7. 64. If two parallel straight lines AB, CD (fig. 37), meet a thiri 
line EF, the sum of the interior angles upon the same side AGH^ 
GHC, will be equal to two right angles* 

Demonstration* If this sum were greater or less than two light 
angles, the two straight lines JlB^ CD^ would meet on one side 
or the other of £F, and would not be parallel (61). 

65. Corollary i. If GHC be a right angle, AGH will also be 
a right angle ; therefore every line, which is perpendicular to- 
one of the parallels, is also perpendicular to the other. 

66. Corollary ii. Since the sum AGH+ GHC is equarto-two^ 
right angles, and the sum GHD + GHC is also equal to two* 
right angles, if we take away the common part GHC^ we shalK 
have the angle AGH = GHD. Besides, AGH^ BGE, and 

GHD=:CHF (S4); 
therefore the four acute angles AGH^ BGE^ GHD^ CHF^ are 
equal to each other ; the same may be proved with respect to the 
four obtuse angles AGE^ BGH, GHC^ DHF. It may be observ- 
ed, moreover, that bj adding one of the four acute angles to one 
of the four obtuse 4|les, the sum will always be equal to two 
right angles. 

S7. Scholium* The angles of which we have been speaking, 
compared, two and two, take different names. We have alreadji 
called the angles AGH^ GHC^ interior upon the same side ; the 
angles BGH^ GHD^ have the same name ; the angles AGHy 
GHD^ are called altemate'intemal^ or simply alternate; .the same 
may be said of the angles BGH^ GHC. Lastly, we denominate 
. internal-external the angles EGB^ GHD^ and EGA^ GHC, and 
alternate-external EGB, CHF, and AGE, DHF. This being ' 
premised, we may regard the following propositions as already 
demonstrated. 

1. The two interior angles upon the same side, taken together^ 
are equal to two right angles. 

2. The alternate-internal angles are equal, as also the internal* 
external, and the alternate-external. 

Reciprocally, if in this second case, two angles of the same 
name are equal, we may infer that the lines to which they are 
referred are parallel. Let there be, for example, the angle 
AGH=z GHD ; since GHC + GHD is equal to two right angles^ 
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we have also AGH + GHC equal to two right angles, therefore 
the lines AG, CH, are parallel (60). . , . v v 

THEOREM. K -H 

68. Two lines AB, CD (fig. 38), which are parallel to a third^^^' 
EF, are parallel to one another. 

Demonstration. Draw PQR perpendicular to EF. Then, 
since AB is parallel to EF, the line PR will be perpendicular to 
AB (65) ; also, since CD is parallel to EF, the line PR wUl be 
perpendicular to CD. Consequently AB and CD are perpen- 
dicular to the same straight line PQ, therefore they are par-^ 
allel (57). 

THEOREM. / ) ^' 

69. Two parallel lines are throughout at the same distance from 
each other. 

Demonstration* The two parallels AB, CD (fig. 39), being Fig. 39. 
given, if through two points taken at pleasure we erect upon AB 
the two perpendiculars EG, FH, the straight lines EG, FH, will 
be at the same time perpendicular to CD (65) ; moreover these 
straight lines will be equal to each other. 

For, by drawing GF, the angles GFE, FGH, considered with 
reference to the parallels AB^ CD, being alternate-internal an- 
gles (67), are equal ; also since the straight lines EG, FH, are 
perpendicular to the same straight line AB and consequently 
parallel to each other, the angles EGF, GFH, considered with 
reference to the parallels EG, FH, being allernate-intemal an- 
gles, are equal. The two triangles then EFG, FGH, have a 
side and the two adjacent angles of the one equal to a side and 
the two adjacent angles of the other, each to each ; these Iwo 
triangles are therefore equal (38) ; and the side jEG, which meas- 
ures the distance of the parallels AB, CD, at the point E, is 
equal to the side FH, which measures the distauce of the same 
parallels at the point F. / 

THEOREM, z"^, ^ 



70. If two angles, BAG, DEF (fig. 40), have their sides par' f^g,/^, 
allel, each to each, and directed (he same way, the^e two angles will 
be equal, 

Geom. 3 
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Demmisiration. Produce D£, if it be necessary, till it meet 
ACm G; the angle DEF is equal to DGC^ because jBjP is par- 
allel to GC (67) ; the angle DGC is equal to BAC, because DG 
is parallel to AB ; therefore the angle DEF is equal to BAC. 

71. Scholium. There is a restriction in this proposition, 
namely, that the side EF be directed the same way as AC, and 
ED the same way as AB ; the reason is this ; if we produce FE 
toward jF/, the angle DEH would have its sides parallel to those 
of the angle BAC^ but the two angles would not be equal. In 
this case the angle DEH and the angle BAC would together 
make two right angles. 

THEOREK. A. ' 

72. In every triangle the sum of the three angles is equal to two 
right angles. 

Fig. 41. Demonstration. Let ABC {Jig. 41) be any triangle ; produce 
the side CA toward D, and draw to the point A the straight liae 
AE parallel to BC. 

Because AE, CB, are parallel, the angles w4CB,Dwf£, consid- 
ered with reference to the line CAD, are equal, being internal* 
external angles (67); in like manner ./2JJC, BAE, considered 
with reference to the line AB, are equal, being alternate-internal 
angles ; consequently the three angles of the triangle ABC make 
the same sum as the three angles CAB, BAE, EAD ; therefore 
this sum is equal to two right angles (31). 

73. Corollary i. Two angles of a triangle being given, or 
only their sum, the third will be known by subtracting the sum 
of these angles from two right angles. 

74. Corollary ii. If two angles of one triangle are equal to 
two angles of another triangle, each to each, the third of the one 
will be equal to the third of the other, and the two triangles will 
be equiangular. 

75. Corollary iii. In a triangle there can be only one right 
angle ; for if there were two, the third angle must be nothing ; 
still less then can a triangle have more than one obtuse angle. 

76. Corollary iv. In every right-angled triangle the sura of 
the acBte angles is equal to a right angle. 

77. Corollary v. Every equilateral triangle, as it must be also 
oc|uiangular (45), has each of its angles equal to a third of two^ 
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right angles, so that if a right angle be expressed by unity, the 
angle of an equilateral triangle will be expressed by |. 

78. Corollary vi. In every triangle ABC (Jig. 41) the exterior Flgv4ii 
angle BAD is equal to the two opposite interior angles B and 

C; for, AE being parallel to BC, the part BAE is equal to the 
angle B, and the other part OAE is equal to the angle C (67). 

THEOREM. / \ ^^ 

79. 7%e sum of all the interior angles of a polygon is equal to as 
many times ttoo right angles as there are units in the number of 
sides minus two. 

Demonstration. -Let ABCDE &c. {fg. 42) be the proposed Fig.^t 
polygon ; if from the vertex of the angle A we draw to the ver- 
tices of the opposite angles the diagonals AC^ AD^ AE^ &c, it 
is evident, that the polygon will be divided into five triangles, if 
it have seven sides, and into six, if it have eight, and in general 
into as many triangles wanting two, as the polygon has sides ; 
for these triangles may be considered as having for their com- 
mon vertex the point A^ and for their bases the different sides of 
the polygon, except the two which form the angle BAG. Wc 
see, at the same time, -that the sum of the angles of all these 
triangles does not differ from the sum of the angles of the poly- 
gon ; therefore this last sum is equal to as many times two right 
angles, as there are triangles, that is, as there are units in the 
number of sides of the polygon minus two* 

80. Corollary i. The sum of the angles of a quadrilateral is 
equal to two right angles multiplied by 4 • — 2, which makes four 
right angles ; therefore, if all the angles of a quadrilateral 
are equal, each of them will be a rjght angle, which justifies the 
definition of a square and rectangle (17). 

81. Corollary ii. The sum of the angles of a pentagon is 
equal to two right angles multiplied by 5 — 2, whidh makes § 
right angles^ therefore, when a pentagon is equiangular, each 
angle is equal to a fifth of six right angles, or | of one right * 
angle. 

82. i^oroliaiy in. The sum of the angles of a hexagon is 
equal to 2 x (6 — 2), or 8, right angles; therefore, in an equi- 
angular hexagon, each angle is the sixth of eight right angles, 
or I of one right angle. The process may be easily extended 
tb other polygons. 
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83. Scholium. If we would apply this proposition to poly- 
gons, which have any re-entering] angles, each of these angles is 
to be considered as greater than two right angles. But, in order 
to avoid confusion we shall confine ourselves in future to those 
polygons, which have only saliant angles, and which may be 
called convex polygons. Every convex polygon is such, that a 
straight line, however drawn, cannot meet the perimeter in more 
than two points. 

THEOREM. A "/ \ 

84. The opposite sides of a parallelogram are equal^ and the oppo" 
site angles also are equal. 

^' 44. Demonstration. Draw the diagonal BD {fig. 44) ; the two 
triangles ADB^ DBC^ have the side BD common ; moreover, oa 
account of the parallels AD, BC, the angle ADB = DBC (67), 
and on account of the parallels AB, CD, the angle ABD = BDC; 
therefore the two triangles ADB, DBC, are equal (38) ; conse- 
quently the side AB opposite to ADB is equal to the side DC 
opposite to the equal angle DBC, and likewise the third side 
AD is equal to the third side BC ; therefore the opposite sides 
of a parallelogram are equal. 

Again, from the equality of the same triangles it follows, that 
the angle w3 = C, and also that the angle ADC, composed of 
the two angles ADB, BDC, is equal to the angle ABC, compos^ 
ed of the two angles DBC, ABD; therefore the opposite angles 
of a parallelogram are equal. 

85. Corollary. Hence two parallels AB, CD, comprehended 
between two other parallels AD, BC, are equal. 
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Fig. 44. 86. If, in a quadrilateral ABCD (fig. 44), the opposite sides art 
equal, namely, AB = CD, and AD = CB, the equal sides will be 
parallel, and the figure will be a parallelogram. 

Demonstration^ Draw the diagonal BD ; the two triangles 
ABD, BDC, have the three sides of the one equal to the three 

t A re-entering angle is one whose vertex is directed inward, as 
Fig. 43. ODE {fig. 43), while a saliant angle has its vertex directed outward 
as ABC. 
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sides of the other, each to each, they are therefore equal, and 
the angle ADB opposite to the side AB is equal to the angle DBC 
opposite to the side CD ; consequently the side AD is parallel 
to BC (67), For a similar reason AB is parallel to CD; there- 
fore the quadrilateral ABCD is a parallelogram. 

THEOREM. ^ ' / 

87. If two (^[fposite sides AB, CD (fig. 44), of a quadrilateral r\g.4i. 
are equal and parallel, the two other dflb will also be equal and 
parallel, and the figure ABCD will be a parallelogram. 

Demonstration. Let the diagonal BD be drawn ; since AB is 
parallel to CD, the alternate angles ABD,BDC, are equal (67). 
Besides, the side AB = CD, and the side DB is common, there* 
fore the triangle ABD is equal to the triangle DBC (36), and 
the side AD = BC, the angle ADB = DBC^ and consequently 
AD is parallel to BC ; therefore the figure ABCD is a parallel- 
ogram. 

THEOREM. aJ7 ^ 

88. TTie two diagonals AC, DB (fig. 45), of a parallelogram Fig. i^, 
mutually bisect each other. 

Demonstration. If we compare the triangle ADO with the 
triangle COB, we find the side AD = CB, and the angle 

AD0-CB0{61)i 
also the angle DAO = OCB ; therefore these two triangles are 
equal (38), and consequently AO, the side opposite to the angle 
ADO, is equal to OC, the side opposite to the angle OBC ; DO 
likewise is equal to OB. 

89. Scholium. In the case of the rhombus, the sides AB^ BC, 
being equal, the triangles AOB, OBC, have the three sides of 
the one equal to the three sides of the other, each to each, and 
are consequently equal ; whence it follows, that the angle 

AOB = BOC, 
and that thus the two diagonals of a rhombus cut each other 
mutually at right angles. 
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SECTION SECOND. 

i _, Of the Circle and the Measure of Angles. 

» 

DEFimTIOJ^S. 

90. The circumference of a circle is a curved line all the points 
of which are equally distfpt from a point within called the centre. 

The circle is the space terminated by this curved line*. ,-- 
Fi6..46. 91. Every straight line C^, CE, CD {Jig. 46), &c. drawn 
from the centre to the circumference is called a radius or semi- 
diameter^ and every straight line, as AB^ which passes through 
the centre and is terminated each way by the circumference, is 
called a diameter. 

By the definition of a circle the radii are all equal, and all the 
diameters also are equal and double of the radius. 

92. An arc of a circle is any portion of its circumference, as 
FHG. 

The chord or subtense of an arc is the straight line FG, which 
joins it-s extremities**. 

" 93. A segment of a circle is the portion comprehended be- 
tween an arc and its chord. 

94. A sector is the part of a circle comprehended between an 
arc DE and the two radii CD^ CE^ drawn to the extremities of 
this arc. 

95. A straight line is said to be inscribed in a circle^ when its 
Fig. 43. extremities are in the circumference of the circle, as AB (Jig. 47). 

An inscribed angle is one whose vertex is in the circumference, 
and which is formed by two chords, as BAC. 

An inscribed triangle is a triangle whose three angles have 
their vertices in the circumference of the circle, as BAC. 

* In common discourse the circle is sometimes confouDded with it9 
circumference ; but it will always be easy to preserve the exactness 
of these expressions by recollecting that the circle is a surface which 
has length and breadth, while the circumference is only a line. 

** The same chord, as FG, corresponds to two arcs, and conse- 
quently to two segments ; but, in speaking of these, the smaller i§ 
always to be understood, when the contrary is not expresseiil 
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And in general*^an inscribed figure is one, all whose angles 
have their vertices in the circumference of the circle. In this 
case, the circle is said to be circumscribed about the figure. 

96. A secant is a line, which meets the circumference in two 
points, as AB {fig. 48). Fig. 4$, 

97. A tangent is a line which has only one point in common 
with the circumference, as CD^ 

The common point M is called the point of contact- 

Also two circumferences are tangents to each other {fig. 59, 60), Fig. 59^ 
when they have only one point common. ^^• 

A polygon is said to be circumscribed about a circle, when all 
its sides are tangents to the circumference ; and in this case the 
circle is said to be inscribed in the polygon. 

THEOREM. / 

98. Every diameter AB (fig. 49) bisects the circle and its cir" tig, 49. 
cumference. . v 

Demons trati(m. If the figure AEB be applied to AFB, so 
that the base AB may be common to both, the curved line AEB 
must fall exactly upon the curved line AFB ; otherwise, there 
would be points in the one or the other unequally distant from 
the centre, which is contrary to the definition of a circle. 

THEOREM. ^ 

99. Every chord is less than the diameter. 

Demonstration. If the radii CA, CD {fig. 49), be drawn from Fig. 49. 
the centre to the extremities of the chord AD^ we shall have the 
straight line AD<^AC+CD, that is, AD < AB (91). 

100. Corollary. Hence the greatest straight line that can be 
inscribed in a circle is equal to its diameter. 

THEOREM. y 

101. A straight line cannot meet the circumference of a circle in 
more than two points. 

Demonstration. If it could meet it in three, these three points 
being equally distant from the centre, there might be three equal 
straight lines drawn from a given point to the same straight line^ 
which is impossible (54). 
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THEOREM. ' » 

102. In the same circle^ or in equal circles j equal arcs are sub* 
tended by equal chords^ and conversely^ equal chords subtend equal 
arcs. 

Jig. 5a Demonstration. The radius AC {fig. 50) being equal to the 
radius £0, and the arc AMD equal to the arc JEJVG ; the chord 
AD will be equal to the chord EG. 

For, the diameter AB being equal to the diameter JSF, the 
semicircle AMDB may be applied exactly to the semicircle 
EJSTGF^ and then the curved line AMDB will coincide entirely 
with the curved line EJVGF ; but the portion AMD being sup- 
posed equal to the portion EJ^TG^ the pomt D will fall upon G ; 
therefore the chord AD is equal to the chord EG. 

Conversely, AC being supposed equal to JEO, if the chord 
AD = EG, the arc AMD will be equal to the arc EJVG. 

For, if the radii CD, OG^ be drawn, the two triangles ACD^ 
EOG, will have the three sides of the one equal to the three 
sides of the other, each to each, namely, AC:= EO^ CD i= OG 
and AD = EG ; therefore these triangles are equal (43) ; hence 
the angle A CD = EOG. Now, if the semicircle ADB be placed 
upon JSGF, because the angle ACD = JEOG, it is evident, that 
the radius CD will fall upon the radius OG, and the point D 
upon G, therefore the arc AMD is equal to the arc EJ^TG. 

/ 

THEOREM. >■: ^ '^N 

t 

103. In the same circle, or in equal circles, if the arc he less than 
half a circumference, the greater arc is subtended by the greater 
chord ; and, conversely, the greater chord is subtended by the greater 
arc. 

Kig. 50. Demonstration. Let the arc AH {fig. 50) be greater than 
AD, and let the chords AD and AH, and the radii CD, CH, be 
drawn. The two sides, AC, CH, of the triangle ACH, are equal 
to the two sides AC, CD, of the triangle ACD, and the angle 
ACH is greater than ACD ; hence the third side AH is greater 
than the third side AD (42), therefore the greater arc is sub- 
tended by the greater chord. 

Conversely, if the chord AH be greater than AD, it may be 
inferred from the same triangles that the angle ACH is greater 
than ACD, and that thus the arc AH is greater than AD. 
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104. Scholium. The arcs of which we have been speaking, 
are supposed to be less than a semicircumference ; if they were 
^eater, the contrary would be true ; in this case, as the arc 
in<*rease5, the chord would diminish, and the reverse ; thus, the 
arc AKBD being greater than AKBH^ the chord AD of the first 
is less than the chord AH of the second. 

THEOREM. Q 

105« The radius CG (fig. 51), perpendicular t^a chord AB,Fi£.A. 
insects this chord and du arc subtended by it A6B. 

Demonstration. Draw the radii C/J, CB ; these radii are, with 
respect to the perpendicular CD, two equal oblique lines, there- 
fore they are equally distant from the perpendicular (53), and 
AD=DB. 

Again, since AD = fiJD, and CG is a perpendicular erected 
upon the middle of AB, each point m CG is at equal distances 
from A and B {55). The point O is one of these points ; there- 
fore AG=^GB. But, if the chord AG is equal to the chord 6B, 
the arc AG will be equal to the arc GB (102) ; therefore the 
radius CG, perpendicular to the chord AB, bisects the arc sub^ 
tended by ^ this chord in the point G. 

106* Scholiufn. The centre C, the middle D of the chord 
AB, and the middle G of the arc subtended by this chord, are 
three points situated in the same straight line perpendicular to 
the chord. Now, two points in a straight line are sufficient to 
determine its position; therefore a straight line whieb passes 
through any two of these points must necessarily pass through 
the third ; and must be perpendicular to the chords 

It follows also^ that a perpendtcubtr erected upon the middle of a 
chord passes through the centre^ and the middle of the arc subtended 
by that chord. 

For this perpendicular is the same as that let fall from the 
centre upon the same chord, since they both pass through the 
middle of the chord (51). 

THEOREM. 

107. T%e circumference of a circle may be made to pass through 
any thru points^ A, B, C (fig. 53), zohich are not in the samewi^^, 
Geom^ 4 
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straight line^ but the circumference of only one circle may be m^ade 
to pass through the same points. 

Demonstration. Join AB^ BC^ and bisect these two straight 
lines by the perpendiculars Z)£, FG ; these perpendiculars will 
meet in a'point O. 

For the lines Z)£, FG, will necessarily cut each other, if they 
are not parallel. Let us suppose that they are parallel; the line 
AB perpendicular to DE will be perpendicular to FG (65), and 
the angle K will be a right angle ; but BK^ which is BD pro- 
duced, is different from BF, since the three points A^ J5, C, are 
not in the same straight line ; there are then two perpendiculars 
£F, JSAT, let fall from the same point upon the same straight line, 
which is impossible (50) ; therefore the perpendiculars Z)F, FG, 
will always cut each other in some point 0. 

Now the point O, considered with reference to the perpendicu- 
lar Z)£, is at equal distances from the two points A and B (55) ; 
also this same point O, considered with reference to the perpen- 
dicular FG^ is at equal distances from the two points B and C; 
hence the three distances 0.4, 0J5, OC^ are equal ; therefore the 
circumference, described from the centre with the radius OBj 
will pass through the three points A^ jB, C. 

It is thus proved, that the circumference of a circle may be 
made to pass through any three given points, which are riot in 
the same straight line ; it remains to show, that there is only one 
circle, which can be so described. 

If there were another circle, the circumference of which passed 
through the three given points A^ J5, C, its centre could not be 
without the line DE (55), since, in this case, it would be at 
unequal distances from A and B ; neither can it be without the 
line FG, for a similar reason ; it will then be in both of these 
lines at the same time. But two lines can cut each other in only 
one point (32) ; there is therefore only one circle, whose circum- 
ference can pass through three given points. 

108. Corollarym Two circumferences can meet each other 
only in two points ; for, if they had three points common, they 
would have the same centre, and would make one and the same 
circumference. 
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THEOREM. 

109. Two equal chords are at the same distance from the centre^ 
and of two unequal chords the less is at the greater distance from 
the centre. 

Demonstration 1. Let the chord AB = DE {Jig. 53). Bisect Fig. 33: 
these chords by the perpendicular CF, CG^ and draw the radii 
CA, CD. 

The right-angled triangles CjIF, DCG^ have the hypothe- 
nuses CA^ CD. equal ; moreover the side AF^ the half of AB^ is 
equal to the side Z)G, the half of DE ; the triangles then are 
equal (59), and consequently the third side CF is equal to the 
third side CG ; therefore the two equal chords AB^ DE^ are at 
the same distance from the centre. 

2. Let the chord AH be greater than DE, the arc AKH will 
be greater than the arc DME (103). Upon the arc AKH take 
the part AJ^B = DME, draw the chord AB, and let fall the per- 
pendicular CF upon this chord, and the perpendicular CI upon 
AH^ CF is evidently greater than CO, and CO than CI (52) ; 
for a still stronger reason CF > CL But CF ~ C 7, since the 
chords AB^ DE, are equal. Therefore CG >► CI, and of two 
unequal chords the less, is at the greater distance from the centre. 
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no. The perpendicular BD (fig. 54), at the extremity of the Fig. S4: 
radius AC, is a tangent to the circumference. 

Demonstration, Since every oblique line CE is greater than 
the perpendicular CA (52), the point E is without the circle, and 
the line BD has only the point A in common with the circum- 
ference ; therefore BD is a tangent (97). 

lU. Scholium. We can draw through a given point A only 
one tangent AD to the circumference; for, if we could draw 
another, it would not be a perpendicular to the radius CA, and 
with respect to this new tangent the radius CA would be an 
oblique line, and the perpendicular let fall from the centre upon 
this tangent would be less than CA ; therefore this supposed 
tangent would pass into the circle and become a secant. 
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THEOREM. . ^ 

F%.66. n2. Two parallels AB^ DE (fig. 55), interct^t upon the circuni'^ 
fermce equal arcs MN, PQ. 

Demonstration. The proposition admits of three cases. 
1. If the two parallels are secants, draw the radius Cff per- 
pendicular to the chord MP^ it will also be perpendicular to its 
parallel JVQ (64), and the point H will be at the same time the 
middle of the arc MHP and of JVHQ (105) ; whence the arc 
MH^HP, and the arc JVH=l HQ; also 

MH—JVH^ HP—HQ, that is, Mjy^ PQ. 

r«. 56. 2. If of the two parallels AB, DE (Jig. 56), one be a secant 
and the other a tangent ; to the point of contact H draw the ra* 
dius CH; this radius will be perpendicular to the tangent DE 
(110), and also to its parallel MP. But, since CHh perpendic* 
alar to the chord MP, the point H is the middle of the arc 
MHP ; therefore the arcs JUH, HP, comprehended between the 
parallels AB^ DE, are equal. 

3. If the two parallels, DE, IL, are tangents, the one at H 
and the other at K ; draw the parallel secant AB, and we shall 
have, according to what has just been demonstrated MH^HP^ 
and MK=zKP; therefore the entire arc HMK^HPK, and it 
Is moreover evident, that each of these arcs is a semicircumfei> 
ence. 

THEOREM* / / 

113. I/* the circumferences of two circles cut each other in two 
points, the line which passes through their centres will be perpemr 
dicular to the chord, which joins the points of tnlersection, and mR 
bisect it. 
F!jE.57, Demonstration. The line AB (Jig. 57, 58), which joins the 
* points of intersection, is a chord common to the two circles ; and, 
if a perpendicular be erected upon the middle of this chord, it 
must pass through each of the centres C and D (106). But 
through two given points only one straight line can be drawn ; 
therefore the straight line^ which passes through the centres, will- 
be perpendicular to the middle of the common chord. 
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THE0R£1».»;s '' ^^ s • 

114. If the distance of two centres is less than the sum of iht 
radii^ and if at the same time the greater radius is less than the sum 
of the smaller and the distance of the centres^ the two circles will cut 
each other. 

Demonstration. In order that the intersection may take place, 
the triangle ACD {fig. 67, 58) must be possible. It is necessary F1fi,5t. 
then, not only that CD {fig. 57) should be less than AC +AD^ Fig. 5T. 
but also that the greater radius AD {fig. 58) should be less than Fig. 89. 
AC + CD. Now, while the triangle CAD can be constructed, 
it is clear that the circumferences described from the centres C 
and D will cut each other in A and B. 

I ^ 

THEOREM. / p' 

115. If ihA distance CD (fig* 59) of the centres of two circles it fig. 5S 
equal to the sum of their radii CA, CD, tfuse two circles will touch 
each other externally. 

Demonstration. It is evident that they will have the point 41 
common, but they can have no other, for in order that there may 
be two points common, it is necessary thai the distance of the 
centres should be less than the sum of the radii (114). 

» 

TBEORElf. /-J ^ 

116. If the distance CD of the centres of two circles is equal to 

the difference of their radii CA, AD (fig. 60), these two circles Torill ng. 6a 
touch each other interrujtlly. 

Demonstration. In the first place it is evident, that they will 
have the point A common ; and they can have no other, for in 
.order that they may have two points common, it is necessary 
that the greater radius AD should be less than the sum of the 
radius AC and the distance of the centres CD (114), which is 
contrary to the supposition. 

117. Corollary. Hence, if two circles touch each other, either 
internally or externally, the centres and the point of contact are 
in the same straight line* 

118. Scholium. All the circles, which have their centres in 
the straight Ime CD and whose circumferences pass through the 
point wl, touch each other, and have only the point A common. 
And if through the point A' we draw AE perpendicular to CD^ 
the straight line AE wiU be a tangent common to all these circles. 
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119. In the same circle^ or in equal circles^ equal angles ACB, 
fig. 61. DCE (fig. 61), the vertices of which are at the centre^ intercept upon 

the circumference equal arcs AB, DE. 

Reciprocally, if the arcs AB, DE, are equal^ the angles ACB, 
DCE, also vnll be equal. 

Demonstration. 1. If the angle ACB is equal to the angle 
DCE, these two angles may be placed the one upon the other, 
and as their sides are equal, it is evident, that the point A will 
fall upon D, and the point B upon E. But in this case the arc 
AB must also fall upon the arc DE ; for if the two arcs were not 
coincident, there would be points in the one or the other at un- 
equal distances from the centre, which is impossible; therefore 
the arc AB = DE. 

2. If we suppose AB = DE, the angle ACB will be equal to 
DCE ; for, if these angles are not equal, let ACB be the greater, 
and let ACl he taken equal to DCE ; and we have, according 
to what has just been demonstrated, AI = DE. But, by hypo- 
thesis, the arc^jB ^DE; we should consequently have .4/= w2J3, 
or the part equal to the whole, which is impossible; therefore 
the angle ACB = DCE. 

THEOREM. .' 

120. In the same circle, or in equal circles, if two angles at the 
Fig. 62. centre ACB, DCE (fig. 62), are to each other, as two entire num- 
bers, the intercepted arcs AB, DE, will be to each other, as the same 
numbers, and we shall have this proportion ; 

angle ACB : angle DCE : : arc AB : arc DE. 
Demonstration. Let us suppose, for example, that the angles 
ACB, DCE, are to each other, as 7 to 4 ; or, which amounts to 
the same, that the angle M, which will serve as a common meas- 
ure, is contained seven times in the angle ACB, and four times 
in the angle DCE. The partial angles AC m,mCn,n Cp, &c., 
DC X, X Cy, &LC., being equal to each other, the partial arcs A m, 
mn, np, &c., D x,xy, &c., will also be equal to each other (119), 
and the entire arc AB will be to the entire arc DE, as 7 to 4. 
Now it is evident, that the same reasoning might be used, what- 
ever numbers w^ere substituted in the place of 7 and 4 ; there- 
fore, if the ratio of the angles ACB, DCE, can be expressed bj 
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entire numbers, the arcs AB^ DE^ will be to each other, as the 
angles ^CjB,jDCJE- 

121 • Scholium. Reciprocally, if the arcs ABy DE^ are to 
each other, as two entire numbers, the angles ACB^ DCE^ will 
be to each other, as the same numbers, and we shall have always 
ACB : DCE : : AB : DE ; for the partial arcs Am^mrL, &LC.y 
Dx^xy^ &c., being equal, the partial angles ACm^mCn^ &c., 
DC Xy X C y^ &LC*, are also equaL 

/ 

THEOREM. / / 

• 12?. Whatever may be ihe ratio of two angles ACB, ACD, 
(fig. 63), these two angles will always he to each other^ as the flrcs Fig. 63. 
AB, AD, intercepted between their sides and described from their 
vertices^ as centres, with equal radii. 

Demonstration^ Let us suppose the less angle placed in the 
greater ; if the proposition enunciated be not true, the angle 
ACB will be to the angle ACD^ as the arc AB is to an arc 
greater or less than AD. Let this arc be supposed to be greater, 
and let it be represented by AO ; we shall have, 

angle ACB : angle ACD:: arc AB : arc AO. 

Let us now imagine the arc AB to be divided into equal parts, 
of which each shall be less than DO, there will be at least one 
point of division between D and ; let / be this point, and join 
CI ; the arcs AB^ AI^ will be to each other, as two entire num- 
bers, and we shall have, by the preceding theorem, 

angle ACB : angle ACT :: arc AB : arc AI. 

Comparing these two proportions together, and observing, that 
the antecedents are the same, we conclude that the consequents 
are proportional (m)'*', namely, 

angle ACD : angle ACI :: arc AO : arc AI. 

Bnt the arc AO is greater than the arc AI ; it is necessary 
then, in order that this proportion may take place, that the an- 
gle ACD should be greater than the angle ACI ; but it is less; 
it is therefore impossible, that the angle ACB should be to the 
angle ACD^ as the arc AB is to an arc greater than AD. 

By a process of reasoning altogether similar, it may be shown, 
that the fourth term of the proportion cannot be less than AD^ 

-- ■■in-' - ri - ■ ■ r ■-! J - - _ I —■-—1—1- I ■ I ■_■ ■_!■ 

t The reference by Roman numerals is to the Introduction. 
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therefore it is ^x^i]j AD^ and we have the proportion 
angle Adff: angle .4CI) : : arc .^B : arc AD. 

1 33. Corollary. Since the angle at the centre of a circle and 
the arc intercepted between its sides have such a connexion, that 
when one increases or ditninishes in any ratio whatever, the 
other increases or diminishes in the same ratio, we are author- 
ized to establish one of these magnitudes as the measure of the 
other ; thus we shall, in future, take the arc AB as the measure 
of the angle ACB. ■ The only thing to be observed in the com- 
parison of angles with each other is, that the arcs, which are 
used to measure them, must be described with equal radii* This 
is to be understood in the preceding propositions. v ^ 

134. Scholium. It may seem more natural to measure a quan- 
tity by another quantity of the same kind, and upon this princi- 
ple it would be convenient to refer all angles to the right angle ; 
and thus, the right angle being the unit of measure, the acute 
angle would be expressed, by a number comprehended between 
and 1, and an obtuse angle by a number between 1 and S. 
But this manner of expressing angles would not be the moat 
convenient in practice. It has been found much more simple to 
measure them by arcs of a circle on account of the facility of 
making arcs equal to given arcs and for many other reasons. 
Besides, if the measure of angles by the arcs of a circle be in 
some degree indirect, it is not the less easy to obtain, by means 
of them, the direct and absolute measure ; for, if we compare 
the arc, which is used as the measure of an angle, with the 
fourth part of the circumference, we have the ratio of the given 
angle to a right angle, which is the absolute measure. 

135. Scholium ii. All that has been demonstrated in the three 
preceding propositions, for the comparison of angles with arcs, 
is equally applicable to the purpose of comparing sectors with 
arcs ; for sectors are equal, when their arcs are equal, and m 
general they are proportional to the angles ; hence two sectors 
ACB, ACD, taken in the same circle or in equal circles^ are to eac& 
oiher^ as the arcs AB, AD, the bases of these sectors* 

It will be perceived therefore, that the arcs of a circle, which 
are used as a measure of angles, will also serve as the measure 
of different sectors of the same circle or of equal circles. 
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126. The inscribed angle BAD (fig. 64, 65), has for Us measure Fig. Bi, 
the half of the arc BD comprehended between its sides* 

Demonstration. Let us suppose, in the first place, that the 
centre of the cut:le is situated in the angle BAD {Jig. 64) ; we Fig. 64. 
draw the diameter AE, and the radii CB, CD. The angle 
JBCJB, being the exterior angle of the triangle ABC^ is equal to , 

the sum of the two opposite interior angles, CAB^ ABC. But, 
the triangle BAC being isosceles, the angle CAB = ABC', hence 
the angle BCE is double of BAC. The angle JBCjB, having its 
vertex at the centre, has for its measure the arc BE ; therefore 
the angle BAC has for its measure the half of BE. For a simi- 
lar reason the angle CAD has for its measure the half of ED ; 
therefore B.4C+ C./2Z), or BAD, has for its measure the half 
BE + ED, or the half of BD. 

Let us suppose, in the second place, that the centre C {Jig. 65), F*- ^5. 
is situated without the angle BAD ; then, the diameter AE being 
drawn, the angle BAE will have for its measure the half of BE, 
and the angle DAE the half of DE ; hence their difference BAD 
will have for its measure the half of BE minus the half of ED, 
or the half of BD. 

Therefore every inscribed angle has for its measure the half 
of the arc comprehended between its sides. 

127. Corollary i. All the angles BAC, BDC {Jig. 66), &c.,Fig.66. 
inscribed in the same segment, are equal ; for they have each 

for their measure the half of the same arc i30C. 

128. Corollary 11. Every angle BAD {Jig. 61), inscribed in Fig. 67. 
a semicircle, is a right angle ; for it has for its measure the half 

of the semicircumference BOD, or the fourth of the circumfer- 
ence. 

To demonstrate the same thing in another way, draw the ra- 
dius AC; the triangle BAC is isosceles, and the angle 

BAC^ABC, 
the triangle CAD is also isosceles, and the angle CAD ^ ADC \ 
hence BAC + CAD, or BAD = ABD + ADB. But, if the two 
angles B and D of the triangle ABD are together equal to the 
third BAD, the three angles of the triangle will be equal to twice 
the angle BAD ; they are also equal to two right angles ; there- y 
fore the angle BAD is a right angle. ^ 

6eom. 5 
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Fig.6& 129. Corollary iiu Every angle BAC {Jig. 66)j inscribed in 
a segment greater than a semicircle, is an acute angle ; for it 
has for its measure the half of the arc BOC less than a semicir- 
cumference. 

And every angle BOC, inscribed in a segment less than a 
semicircle, is an obtuse angle ; for it has for its measure the half 
of the arc BAC greater than a semicircumference. 

Fig. 68. 130. Corollary iv. The opposite angles A and C {Jig, 68) of 
an inscribed quadrilateral ABCD are together equal to two right 
angles ; for the angle BAD has for its measure the half of the 
arc BCD^ and the angle BCD has for its measure the half of the 
arc BAD; hence the two angles BAD^ BCD^ taken together, 
have for their measure the half of the circumference ; therefore 
their sum is equal to two right angles. 

THEOREM. / "7 

fig. Ql. 131. The angle BAC (fig. 69)^ formed by a tangent and a chords 
has for its measure the half of the arc AMDC, comprehended bettoeen 
its sides. 

Demonstration. At the point of contact A draw the diameter 
AD', the angle BAD is a right angle (110), and has for its meas- 
ure the half of the semicircumference AMD; the angle DAC 
has for its measure the half of DC ; therefore BAD -f DAC, or 
BAC, hdis for its measure the half of AMD plus the half of DC, 
or the half of the whole arc AMDC. 

h may be demonstrated, in like manner, that CAE has for its 
measure the half of the AC, comprehended between its sides* 



Problems relating to the two first Sections. 

PROBLEM. 7 

Fig. 70. 132. To divide a given straight line AB (fig. 70) into tToo equal 
parts. 

Solution. From the points A and B, as centres, and with a 
radius greater than the half of AB, describe two arcs cutting 
each other in D ; the point, D will be equally distant from the 
points A and B ; find in like manner, either above or below the 
line AB a second point E equally distant from the points A and 
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B ; through the two points D and E draw the line DE ; this 
line will divide the line AB into two equal parts in the point C 
For, the two points D and E being each equally distant, from 
the extremities A and J5, they must both be in the perpendicular 
which passes through the middle ofAB. But through two given 
points only one straight line can be drawn ; therefore the line 
DE will be this perpendicular, which divides the line AB into 
two equal parts in the point C 

9 

PROBLEM. Z^ 

133. From a given point A (fig. 71), in the line BC, to erect a Fig. 71; 
perpendicular to this line. 

Solution. Take the points B and C, at equal distances from 
A ; and from B and C, as centres, with a radius greater than 
BA^ describe two arcs cutting each other in D; draw«^2>, which 
will be the perpendicular required. 

For the point D, being equally distant from B and C, must 
be in a perpendicular to the middle of BC (55); therefore AD 
is this perpendicular. 

134. Scholium. The same construction will serve to make a 
right angle BAD at a given point ji in a given line BC. 

■ Ll 

PROBLEM, n^' } 

135. From a given point A (fig. 72) without the straight line BD, Fig. 72. 
to let fall a perpendicular upon this line. 

^Solution. From A^ as a centre, with a radius sufficiently great, 
describe an arc cutting the line BD in two points B and 2); then 
find a point £, equally distant from the points B and D (132^, 
and draw AE^ which will be the perpendicular required. 

For the two points A and E are each equally distant from 
the points B and D ; therefore the line AE is perpendicular to 
the middle of BD. 

4 

X 

PROBLEM. ;^^ 

1 36. At a given point A (fig. 73) in the line AB, to mofte on angle psg. 72. 
equal to a given angle K. 

Solution. From the vertex JST, as a centre, with any radius, 
describe an arc IL meeting the sides of the angle, and from the 
point A, as a centre, with the ^m^ radius, describe an inrk^fmite 

r 
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arc BO ; from B, as a centre, with a radius equal to the chord 
L/, describe an arc cutting the arc BO in D ; draw AD^ and the 
angle DAB will be equal to the given angle K. 

For the arcs jBD, L/, have equal radii and equal chords ; they 
are therefore equal (102), and the angle BAD = IKL. 

/.-■ 

PROBLEM. J 

137. To bisect a given arc or angle. 

Fig. 74. Solution 1. If it is proposed to bisect the arc AB {fig. 74) ; 
from the points A and J?, as centres, with the same radius, des- 
cribe two arcs intersecting each other in D ; through the point 
D and the centre C draw CD, which will divide the arc AB 
into two equal parts in the point E. 

For, since the points C and D are each equally distant from 
the extremities A and JB of the chord AB, the line CD is per- 
pendicular to the middle of this chord ; therefore it bisects the 
arc AB (105). 

2. If it is proposed to bisect the angle ACB ; from the vertex 
C, as a centre, describe the arc AB, and complete the construc- 
tion, as above described. It is evident that the line CD will 
bisect the angle ACB. 

138. Scholium. By the same construction, we may bisect 
each of the halves AE, EB, and thus, by successive subdivis- 
ions, we may divide an angle or arc into four, eight, sixteen, &c., 
equal parts. / 

PROBLEM, n 

JPig. 75. 139. Through a given point A (fig. 75), to draw a straight line 
parallel to a given straight line BC. 

Solution. From the point A, as a centre, with a radius suflS- 
ciently great, describe the indefinite arc EO ; from the point £, 
as a centre, with the same radius, describe the arc AF ; take 

ED^AF, 
and draw AD^ which will be the parallel required. 

For, AE being joined, the alternate angles AEF, EAD, are 
equal ; therefore AD, EF, are parallel (67). 

PROBLEM. / 

Fig. 76. 1 40. Two angles A and B (fig. 76) of a triangle being given^ te 
find the third. 
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Sx)luiioru Draw the indefinite line DEF ; at the point E make 
the angle DEC=^A^ and the angle CEH — B; the remaining 
angle HEF will be the third angle required ; for these three 
angles are together equal to two right angles. 

PROBLEM* j\) 

141. Two sides of a triar^le B and C (fig. 77) being givtn^ and Fig. 77^ 
4he angle A contained by them^ to construct the triangle. 

Solution. Draw the indefinite line DE, and make at the point 
D the angle EDF equal to the given angled ; then take DG = B, 
JDH=: C, and draw GH; DGHmll be the triangle required (36)* 

PROBLEM. / 

142. One side and two angles of a triangle being given^ to con- 
struct the triangle. 

Solution. The two given angles will be either both adjacent 
to the given side, or one adjacent and the other opposite. In this 
last case, find the third angle (140) ; we shall thus have the two 
adjacent angles. Then draw the straight line DE (Jig. 78)rig. 7«. 
equal to the given side, at the point D make the angle EDF 
equal to one of the adjacent angles, and at the point E the angle 
DEG equal to the other \ the two lines DjF, JEGf, will cut each 
. ^ther in H, and DEH will be the triangle requured (38). 

143. The three sides A, B, C (fig. 79), of a triar^le fcctnggtrw, Fig. TO. 
to construct the triangle. 

Solution. Draw DE equal to the side A ; from the point JS, 
as a centre, with a radius equal to the second side 5, describe 
an arc ; from the point D, as a centre, with a radius equal to the 
third side C, describe another arc cutting the former in F ; draw 
DF, EF, and DEF will be the triangle required (41). 

144. Scholium. If one of the sides be greater than the sum of 
the other two, the arcs will not cut each other ; but the solution 
will always be possible, when each side is less than the sum of 
iother two. 
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PROBLEM. 



■I 



145. Two sides A and Bofa triangle being given with ike angfe 
C opposite to the side B, to construct the triangle. 

Solution. The problem admits of two cases. 1. If the angle 
Fig. 80. C {Jig. 80) is a tight angle^ or an obtuse angle, make the angle 
EDF equal to the angle C ; take DE = Ay from the point JB, a«. 
a centre, and with a radius equal to the given side B, describe 
an arc cutting the line DF in F ; draw EF, and DEF will be 
the triangle required. 

It is necessary, in this case, that the side JB should be greater 

than Ay for the angle C being a right or an obtuse angle, it is the 

greatest of the angles of the triangle, and the side opposite must 

consequently be the greatest of the sides. 

Fig. 81. 2. If the angle C {Jig. 81) is acute, and B greater than A, the 

construction is the same, and DEF is the triangle required. 
F^,82. But if, while C {Jig. 82) is acute, the side B is less than A^ 
then the arc described from the centre E with the radius JEF— By 
will cut the side DF in two points F and 6 situated on the same 
side of D ; there are therefore two triangles DEFy DEGy which 
equally answer the conditions of the problem. 

146. Scholitim. The problem would be in every case impos- 
sible, if the side B were less than the perpendicular let fafl from 
E upon the line DF. 

PROBLEM. ' • 

Fig. 83. 147. The adjacent sides A and B (fig. 83) of a parallelogram 
being given together with the included angle C, to construct the par- 
allelogram* 

Solution. Draw the line DE =A; make the angle FDE^ C, 
and take DF^:^B ; describe two arcs, one from the point Fy as 
a centre, with the radius FG = DEy and the other from the point 
jB, as a centre, with the radius EG=DF; to the point G, where 
the two arcs cut each other, draw FGy EG ; and DEGF will be 
the parallelogram required. 

For, by construction, the opposite sides are equal, therefore 
the figure is a parallelogram (86), and it is formed with the 
given adjacent sides and included angle. 

148. Corollary. If the given angle be a right angle, the figure 
will be a rectangle ; and, if the adjacent sides are also equal, the 
figure will be a square. 
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PROBLEM. / ^r 

149. To find the centre of a given circle^ or of a gwen arc. 

Solution. Take at pleasure three points .4, B, C (fiff. 84), in r%.l4 
the circumference of the circle or in the given arc ; join jlB and 
J?C, and bisect them by the perpendiculars DEyFG ; the point 
O, in which these perpendiculars meet, is the centre sought. 

160. Scholium. By the same construction a circle may be 
found, the circumference of which will pass through three given 
points w4, B, C, or in which a given triangle ABC may be u> 
scribed. 

! ' 

PROBL£M. ^ 

151» Through a given pointy to drain a tangent to a given circle. 

Solution. If the given point A {fig. 85) be in the circumfer- Fig. 85, 
ence, draw the radius CA, and through A draw AD perpendicu- 
lar to CAj then AD will be the tangent sought (1 10). If the point 
A {fig. 86) be without the circle, join the point A and the centre Fig 86. 
by the straight line AC ; bisect AC in O, apd from 0, as a 
centre, with the radius OC^ describe an arc cutting the given 
circle in the point B ; draw AB^ and AB will be the tangent 
required. 

For, if we draw CB, the angle CBA inscribed in a semicircle 
is a right angle (128); therefore AB^ being a perpendicular at 
the extremity of the radius CB, is a tangent, 

152. Scholium. The point A being without the circle, it is 
evident that there are always two equal tangents AB^ AD^ which 
pass through the point A; they are equal {56) because the 
right-angled triangles CBA, CDA, have the hypothenuse CA 
common, and the side CB = CD ; therefore AD = AB^ and at 
the same time the angle CAD = CAB. 



PROBLEM. 
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1 53. To inscribe a circle in a given triangle ABC (fig. 87), Yig. 87/ 

Bisect the angles A and B of the triangle by the straight lines 
AO and BO, which will meet each other in O ; from the point O 
draw the perpendiculars OD, 0£, OF, to the three sides of the 
triangle ; these lines mV r other. For, by construc- 

tion, the angle DJ^^ e ADO = AFO ; 
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consequently the third angle AOD is equal to the third AOF,^ 
Besides, the side AO is common to the two triangles AOD^ AOF; 
therefore, a side and the adjacent angles of the one being respec- 
tively equal to a side and the adjacent angles of the other, the 
two triangles are equal; hence DO = OF. It may be shown, in 
like manner, that the two triangles BOD^ BOE^ are equal ; con- 
sequently OD = OE ; therefore the three perpendiculars OD^ 
OE^ OF^ are equal to each other. 

Now, if from the point O, as a centre, and with the radius OD, 
we describe a circle, it is evident that this circle will be inscribe 
ed in the triangle ABC ; for the side AB^ perpendicular to the 
radius at its extremity, is a tangent. The same may be said of 
the sides BC,^C. 

154. Scholium. The three lines, w^hich bisect the three angles 
of a triangle, meet in the same point. 

PROBLEM, t ^^ 

Fig.8d, 155. upon a given straight line A6 (fig. 88, 89) to describe A 
' segnunt capable of containing a given angle C, that is a segment 
such^ that each of the angles, which may be inscribed in it, shall h& 
equal to a given angle C» 

Solution. Produce AB toward X), make at the point B the 
angle DBE = C, draw BO perpendicular to BE, and GO per- 
pendicular to AB, G being the middle of AB; from the point of 
meeting O, as a centre, and with the radius OB, describe a 
circle ; the segment required will be AMB. 

For, since BF is perpendicular to the radius at its extremity, 
BF is a tangent, and the angle ABF has for its measure the half 
of the arc AKB (131) ; besides, the angle .^JkfB, as an inscribed 
angle, has also for its measure the half of the arc AKB ; con- 
sequently the angle AMB = ABF = EBD = C ; therefore each 
of the angles inscribed in the segment AMB is equal to the given 
angle C. 

156. Scholium. If the given angle were a right angle, the 
segment sought would be a semicircle described upon the diam- 
eter AB. 
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PROBLEM* 

157. To find the numerical ratio of two given straight lines 

A6, CD (fig. 90), provided, however, these two Urns have a common Fig. 90^ 
9neasure. 

Solution. Apply the smaller CD to the greater AB, as many 
times as it will admit of, for example, twice with ^a remainder 
BE. 

Apply the regiainder BE to the line CD, as many times as it 
will admit of, for example, once with a remainder DF. 

Apply the second remainder DF to the first BE^ as many 
times as it will admit of, once, for example, with a re.mainder BG. 

Apply the third remainder BG to the second DF, as many 
times as it will admit of. 

Proceed thus, till a remainder arises, which is exactly con- 
tained a certain number of times in the preceding. 

This last remainder will be the common measure of the two 
proposed lines ; and, by regarding it as unity, the values of the 
preceding remainders are easily found, and, at length, those of 
the proposed lines from which their ratio in numbers is deduced* 

If, for example, we find that GB is contained exactly twice in 
FD, GB will be the common measure of the two proposed lines. 
Let GB = 1, we have FD == 2; but EB contains FD once plus 
GB ; therefore EB = 3 5 CD contains EB once plus FD ; there- 
fore CD = 5 ; AB contains CD twice plus EB ; therefore- 
AB = 13 ; consequently the ratio of the two lines AB, CD, is as 
1'3 to 6. If the line CD be considered as unity, the line AB 
would be y ; and, if the line AB be considered as unity, the 
line CD would be ^\. 

158. Scholium. The method, now explained, is the same as 
that given in arithmetic for finding the common divisor of two 
numbers {Arith. 61), and does not require another demonstration. 

It is possible, that, however far we continue the operation, we 
may never arrive at a remainder, which shall be exactly con- 
tained a certain number of times in the preceding. In this case 
the two lines have no common measure, and they are said to be 
incommensurable. We shall see, hereafter, an example of this in 
the ratio of the diagonal to the side of a square. But, although 
the exact ratio cannot be found in numbers, by neglecting the 
last remainder we may find an approximate ratio to a greater 

Geom* 6 , 
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or less degree of exactness, according as the operation is more 
or less extended. , 

PROBLEM. / Vx 

Fig, 91. 159. Two angles A anc^- B (fig. 91) being given, to find theii^ 
common measure^ if they have one, and from this their ratio in 
numbers* 

Solution, Describe, with equal radii, the arcs CD, EF, which 
may be regarded as the measure of th€se angles ; in order then 
to compare the arc CD, EF, proceed as in the preceding prob- 
lem ; for an arc may be applied to an arc of the same radius, as 
a straight line is applied to a straight line. We shall thus obtain 
a common measure of the arcs CD, EF, if they have one, and 
their ratio in numbers. This ratio will be the same as that of 
the given angles (122) ; if DO is the common measure of the 
arcs, DAO will be the common measure of the angles. 

160. Scholium. We may thus find the absolute value of an 
angle by comparing the arc, which serves as its measure, with 
the whole circumference. If, for example, the arc CD is to the 
circumference as 3 to 25, the angle A will be -^j of four right 
angles, or \% of one right angle. 

It may happen, as we have seen with respect to straight lines, 
that arcs also, which are compared, have not a common meas- 
ure ; we can then obtain, for the angles, only an approximate 
ratio in numbers, more or less exact, according to the degree to 
which the operation is extended. 



SECTION THIRD. 

Of the Proportions of Figures, 

DEFimTIOJ^S, 

161. I SHALL call those figures equivalent whose surfaces are 
equal. 

Two figures may be equivalent, however dissimilar ; thus a 
circle may be equivalent to a square, a triangle to a rectangle, &c. 

The denomination of equal figures will be restricted to those, 
which being applied, the one to the other, coincide entirely ; thus 
two circles having the same radius are equal ; and two triangles 
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having the three sides of the one equal to the three sides of the 
other, each to each, are also equal* 

162. Two figures are simiiar^ which have the angles of the 
one equal to the angles of the other, each to each, and the ho- 
moU^ous sides proportional. By homologous sides are to l>e 
understood those, which have the same position in the two 
figures, or which are adjacent to equal angles. The angles, 
which are equal in the two figures, are called homologous angles. 

Equal figures are always similar, but similar figures may be 
very unequal. \^ 

163. In ttro difierent circles, similar arcs^ similar sectors^ simi- 
lar segments, are such as correspond to equal angles at the cen- 
tre. Thus, the angle A {Jig. 92) being equal to the angle O, the Fig, 98. 
arc JSC is similar to the arc 1>£, the sector ABC to the sector 
ODE, &c. 

164. The altitude of a parallelogram is the perpendicular 
which measures the distance between the opposite sides AB, CD 
(fig^ 93), considered as bases. Fig. 93. 

The altitude of a triar^le is the perpendicular AD {Jig. 94), Fig. 94. 
let fall from the vertex of an angle A to the opposite side taken 
for a base. 

The altitude of a trapezoid is the perpendicular jE^ {Jig» 95) Fig. 95. 
drawn between its two parallel sides AB, CD. 

165. The area and the surface of a figure are terms nearly 
synonymous. Area, however, is more particularly used to de- 
note the superficial extent of the figure considered as measured, 
pr compared with other surfaces. 
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1 66. Parallelograms, which have equal bases and equal altitudes^ 
are equivalent. 

Demonstration. Let AB (Jig. 96) be the common base of the Fig. 96. 
two parallelograms ABCD, ABEF\ since they arc supposed to 
have the same altitude, the sides DC, FE, opposite to the bases, 
will be situated in a line parallel to AB (69). Now, by the 
nature of a parallelogram, AD = BC (84), and AF=z BE ; for 
the same reason, 13 C = A3, and FE = AB ; therefore DC = FE. 
If DC be taken from DE, there will remain CE ; and if FE, 
equal to DC, be taken also from DE, there will remain DF ; 
Jconsequently CE = DF. 
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Hence the triangles DAF, CBE^ have the three sides of the 
one equal to the sides of the other, each to each ; they are there- 
fore equal (43). 

But, if from the quadrilateral ABED the triangle ADF be 
taken, there will remain the parallelogram ABEF\ and, if from 
the same quadrilateral ABED the triangle CBE^ equal to the 
former, be taken, there -will remain the parallelogram ABCDi 
therefore the two parallelograms ABCD, ABEF, which have 
the same base and the same altitude, are equivalent. 
Fig. 97. 167. Corollary. Every parallelogram ABCD (Jig. 97) is 
equivalent to a rectangle of the same base and altitude. 

THEOREM. 






*'«-98- 168. Every triangle ABC (fig. 98) w half of a parallelogram 
ABCD of the same base and altitude. 

Demonstration. The triangles ABC^ ACD^ are equal (87), 
therefore each is half of the parallelogram ABCD. 

169. Corollary i. A triangle ABC is half of a rectangle 
BCEF of the same base BC and the same altitude AO ; for the 
rectangle BCEF is equivalent to the parallelogram ABCD (167). 

170. Corollary ii. All triangles, which have equal bases and 
equal altitudes, are equivalent. 
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171. Two rectangles which have the same altitude^ are to ecu:h 
other as their bases. 
Fig. 99. Demonstration. Let ABCD^ AEFD {fig. 99), be two rect- 
angles, which have a common altitude AD ; they are to each 
other as their bases AB, AE.' 

Let us suppose, in the first place, that the bases AB^ AE^ are 
commensurable, and that they are to each other, as the numbers 
7 and 4, for example ; if we divide AB into 7 equal parts, AE 
will contain four of these parts ; erect at each point of division, 
a perpendicular to the base, we shall thus form seven partial 
rectangles which will be equal to each other, since they will 
have the same base and the same altitude (166). The rect- 
angle ABCD will contain seven partial rectangles, while AEFD 
will contain four; therefore the rectangle ABCD is to the rect- 
angle AEFD, as 7 is to 4, or as AB is to AE. The same rea- 



fioniag may be applied to any other ratio beside that of 7 to 4 ; 
iieiice,'WhateYer be the ratio, provided it is commensurable^ we 
have 

ABCD : AEFD :: JlB : AE. 
Let us su{qpo6e, in the second place, that the bases AR, AE 
{/g. 100), are incommensurable ; we shall have notwithstanding '>&• loa 

ABCD : AEFD iiABi AE. 

For, if this proportion be not true, the three first terms remain- 
ing the same, the fourth will be greater or less than AE» Let 
us suppose that it is greater, and that we have 

ABCD : AEFD ::AB:AO. 

Divide the line AB into equal parts smaller than £0, and 
there will be at least one point of division / between E and O : 
at this point erect the perpendicular IK\ the bases AB^ AI^ will 
be commensurable, and we shall hjye, according to what has 
just been demonstrated, 

ABCD : AIKD ::AB: AI. 
But we have, by hypothesis, 

ABCD : AEFD : : AB : AO. 
In these two proportions the antecedents are equal, therefore the 
consequents aie proportional (m); that is 

AIKD : AEFD ::AI: AO. 
Now AO is greater than w2/; it is necessary then, in order that 
this proportion may take place, that the rectangle AEFD should 
be greater than AIKD ; but it is less ; therefore the proportion is 
impossible, and ABCD cannot be to AEFD^ as AB is to a line 
greater than t^JS. 

By a process entirely similar it may be shown, that the fourth 
term of the proportion cannot be smaller than AE ; consequently 
it is equal to AE. 

"Whatever thei*efore be the ratio of the bases, two rectangles 
ABCD^ AEFD^ of the same altitude, are to each other as their 
bases AB, AE. 
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172. Any two rectangles ABCD, AEGF (fi|l 101), are to cacft Fig. 101. 
other, as the products of their bases by their altitudes^ that isj 
ABCD : AEGF : : AB x AD : AE x AF. 
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Demonstration. Having disposed the two rectangles in such a 
manner, that the angles at A shall be opposite to each other, 
produce the sides G£, CD^ till they meet in H ; the two rectan- 
gles ABCD^ AEHD^ have the same altitude AD •, they are conse- 
quently to each other as their bases AB, AE. Likewise the two 
rectangles AEHD^ AEGF^ have the same altitude AE ; these 
are therefore to each other as their bases AD, AF. We have 
thus the two proportions 

ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD : AF. 

Multiplying these proportions in order and observing, that the 
connecting term AEHD may be omitted, being a multiplier com- 
mon to the antecedent and consequent, we have 

ABCD : AEGF iiABxADiAEx AF. 

173. Scholium. We may^take for the measure of a rectangle 
the product of its base by its altitude, provided that, by this 
product, we understand that of two numbers which are the num- 
ber of linear units contained in the base, and the number of 
linear units contained in the altitude. 

This measure, however, is not absolute, but relative ; it sup- 
poses that we estimate, in a similar manner, another rectangle 
by measuring its sides by the same linear unit ; we obtain thus 
a second product, and the ratio of these two products is equal to 
that of the rectangles, conformably to the proposition, which has 
just been demonstrated. 
Fig. 102. If, for example, the base of a rectangle A (fig. 102) be three 
units and its altitude ten, the rectangle would be represented by 
the number 3 x 10, or 30, a number which, thus disconnected, 
has no meaning ; but, if we have a second rectangle J?, whose 
base is twelve and altitude seven units, this rectangle will be re- 
presented by the number 7 x 12, or 84. Whence the two rect- 
angles A and B are to each other, as 30 to 84. If therefore it is 
agreed to take the rectangle A, as the unit of measure for sur- 
faces, the rectangle B will have for its absolute measure |f , that 
is, it will be equal to f f superficial units. 

The more comn^n and simple method is to take the square as 
the unit of surface ; and that square has been preferred, whose 
side is the unit of length ; the measure therefore, which we have 
regarded as simply relative, becomes absolute. The number 30, 
for example, by which we have measured the rectangle A, 
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pepresents 30 superficial units, or 30 of those squares, the side 
of each of which is equal lo unity. This is illustrated by figure 
102. 

In geometry, the product of two lines often signifies the same • 
thing as their rectangle^ and this expression is introduced into 
arithmetic to denote the product of two unequal numbers, as that 
of square is used to express the product of a number by itself. 
. The squares of the numbers 1, 2, 3, &c., are 1, 4, 9, &c* 
Thus a double line gives a quadruple square (Jig. 103), a triple Fig. 16a; 
line a square nine times as great, and so on. 

THEOREM. ^ y 

174. 7?ie area of any parallelogram is equal to the product of its 
hase by its altitude. 

Demonstration. The parallelogram ABCD {fig. 97) is equiva- Fig. d7, 
lent to the rectangle ABEFj which has the same base AB and 
the same altitude BE (167); but this last has for its measure 
JiB X BE (173) ; therefore AB x BE is equal to the area of the 
parallelogram ABCD. 

175. Corollary. Parallelograms of the same base are to each 
other as their altitudes, and parallelograms of the same altitude 
are to each other as their bases ; for, A^ B, C, being any three 
magnitudes whatever, we have generally A X'C '^Bx C ::A:B. 

/ 

THEOREM. ) 

1 76. The area of a triangle is equal to the product of its base hy 
half of its altitude. 

Demonstration. The triangle ABC {fig. 104) is half of theFig. i(y. 
parallelogram ABCEj which has the same base BC and the same 
altitude AD (168) ; now the area of the parallelogram =^BCx AD 
(174) ; therefore the area of the triangle = ^ BC x AD^ or 
BC x^ AD. 

177. Corollary. Two triangles of the same altitude are to 
each other as their bases, and two triangles of the same base 
are to each other as their altitudes. 

THEOREM. V T "^ 

178. The area of a trapezoid ABCD (fig. 105) is equal to the Fig. loa 
product of its altitude EF byhalfofthe sum of its par 

CD. 



48 Elements of Geometry. 

Demonstration. Through the point /, the middle of the side 
CB^ draw KL parallel to the opposite side AD, and produce DC 
till it meet KL in K. 

In the triangles /5L, ICK, the side IB = IC, by construction ; 
the angle LIB = CIK, and the angle IBL = ICK, since CK and 
BL are parallel (67) ; therefore these triangles are equal (38), 
and the trapezoid ABCD is equivalent to the parallelogram 
ADKL, and has for its measure EFx AL. 

But AL = DK ; and, since the triangle IBL is equal to the 
triangle KCI, the side BL= CiT; therefore 

thus .^jL is half the sum of the sides AB, CD ; and consequently 
the area of the trapezoid ABCD is equal to the product of the 
altitude EF by half the sum of the sides jJJB, CD, which may be 

(AB A- CD\ 
~ J. 

179. Scholium. If through the point /, the middle of BC, IH 
be drawn parallel to the base AB, the point H will also be the 
middle of AD ; for the figure AHIL is a parallelogram, as well as 
DHIK, since the opposite sides are parallel ; we have therefore 
AH= IL, and X)i/=t IK-, but IL = IK, because the triangles 
BIL, CIK, are equal ; therefore AH = DH. 

AB + CD 

It may be remarked, that the line HI = AL = — -^ ; 

theref(N*e the area of the trapezoid may be expressed also by 
EF X HI ; that is, it is equal to the product of the altitude of the 
trapezoid by the line joining the middle points of the sides which 
are not parallel. y 

THEOREM. TS 

Fig. 106. 1^^- V ^ ^^^ ^^ (^S* ^^^) ^ divided into two parts AB, EC, 
the sqttare described upon the whole line AC will contain the sqtmre 
described upon the part AB, plus the square described upon the 
other part BC, plus twice the rectangle contained by the two parts 
AB, BC ; which may be thus expressed, 

AC or (AB + BcJ'rs AbV BcV 2 AB x BC. 
Demonstration. Construct the square ACDE, take AF ss AB, 
draw FG parallel to AC, and BH parallel to AE. 
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The square ACDE is divided into four parts ; the first ABIF is 
the square described upon w2B, since AF was taken equal to AB ; 
the second IGDH is the square described upon JSC; for, since 
AC = AE, and AB=i AF, the difference AC—AB-AE — AF, 
ivhich gives BC = JBF; but, on account of the parallels, lO :=BC, 
and DG = JBF, therefore HIGD is equal to the square described 
upon BC. These two parts being taken from the whole square, 
there remain the two rectangles BCGI, EFIH, which have each 
for their measure AB x BC ; therefore the square described 
upon AC, &c. 

181. Scholium. This proposition corresponds to that given in 
algebra for the formation of the square of a binomial, which k 
thus expressed, 
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182. If the line AC (fig. 107) is the difference of two lines AB, Fig. lot. 
BC, the square described upon AC will contain the square of AB 

phis the square of BC, mimi^ twice the rectangle contained by AB 

and BC ; that is, AC or (AB — BC) = AB + BC*— 2 AB x BC. 

Demonstration. Construct the square ABIF, take AE = AC^ 
draw CG parallel to BI, HK parallel to AB^ and finish the 
square EFLK. 

The two rectangles CBIG, GLKD, have each for their meas- 
ure AB X BC', if we subtract them from the whole figure 

ABILKEA, which has for its value AB + BC \i is evident, that 
there will remain the square ACDE ; therefore, if the line AC, 
&c. 

183. Scholium. This proposition answers to the algebraic 
formula (a — by =ia^ +b' — 2 a 6. 
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184« The rectangle contained by the sum and difference of two 
lines is equal to the difference of their squares ; that is, 

(AB + BC) X (AB — BC) = AB — BC*(fig. 108). ^h- ws, 

Demonstration. Construct upon AB and AC the squares 

ABIF, ACDE ; produce AB making BK =: BC, and complete 

the rectangle AKLE. 

Geom. -1 
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The base AK of the rectangle is the sum of the two lines AB, 
BC^ its altitude AE is the difference of these lines 5 therefore the 
rectangle AKLE = {AB + BC) x (AB — BC). But this same 
rectangle is composed of two parts ABHE 4- BHLK^ and the 
part BHLK is equal to the rectangle EDGF, for BH = DE, and 
BK=^EF'y consequently AKLE = ABHE + EDGF. Now these 
two parts form the square ABIF^ minus the square DHIG which 
is the square described upon BC; therefore 



{AB + BC)x{AB—BC):=iAB—BC. 
185. Scholium. This proposition agrees with the algebraic 
formula {a + h)x (a — 6) = (a^— 6^) (Alg. 34). 
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1 86. Tlie square described upon the hypothenuse of a right-angled 
triangle is equal to the sum of the squares described upon the two 
other sides. 
Ffe, 109. Demonstration. Let ABC {fig. 109) be a triangle right-angled 
at A. Having constructed squares upon the three sides, let fall, 
from the right angle upon the hypothenuse, the perpendicular 
AD^ which produce to JE, and draw the diagonals AF^ CH. 

The angle .dtBF is composed of the angle ABC plus the right 
angle CBF\ and the angle HBC is composed of the same angle 
ABC plus the right angle ABH\ hence the angle ABFz^HBC. 
But AB= BH^ being sides of the same square; and BFzs BC, 
for the same reason ; consequently the triangles ABF, HBC, 
have two sides and the included angle of the one respectively 
equal to two sides and the included angle of the other ; they are 
therefore equal (36). 

The triangle ABF is half of the rectangle 5Et, which has the 
same base BF and the same altitude BD (169). Also the trian- 
gle HBC is half of the square AH; for, the angle BAC being a 
right angle as well as BAL^ AC and AL are in the same straight 
line parallel to HB; hence the triangle HBC and the square 
AH have the same base JBH, and the same altitude AB ; there- 
fore the triangle is half of the square. 



t An abridged expression for BDEF, 
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It has already been proved, that the triangle ABF is equal to 
the triangle HBC ; consequently the rectangle BDEF^ double of 
the triangle ABF^ is equivalent to the square AH^ double of the 
triangle HBC. It may be demonstrated, in the same manner, 
that the rectangle CDEG is equivalent to the square AI; but the 
two rectangles BDEF, CDEG^ taken together, make the square 
BCGF; therefore the square BCGF^ described upon the hy- 
pothenuse, is equal to the sum of the squares ABHL^ACIK^ des- 
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cribed upon the two other sides ; or, BC = AB + AC. "f^ V ^ 

187. Corollary i. The square of one of the sides of a right- ' 
angled triangle is equal to the square of the hypothenuse minus 

the square of the other side ; or AB z=zBC — AC. 

188. Corollary ii. Let ABCD {fig. 118) be a square, AC its Fig. lis. 
diagonal ; the triangle ABC being right-angled and isosceles, we 
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have AC=- AB + BCc=: ^AB ; therefore the square described upon 
the diagonal AC is double of the square described upon the side AB. 
This property may be rendered sensible by drawing, through 
the points A and C, parallels to JSZ), and through the points B 
and D, parallels to AC-^ anew square EFGH is thus formed 
which is the square of A C It is manifest that EFGH contains 
eight triangles, each of which is equal to ABE^ and ihzt ABCD 
contains four of them ; therefore the square EFGH is double of 
ABCD. 

2 2 

Since AC : AB : : 2 : 1, we have, by extracting the square 
root, A C : AB : : \/2 : 1 ; therefore the diagonal of a square is ini 
commensurable with its side {A\g. 99). 

This will be more fully developed hereafter. 

189. Corollary in. It has been demonstrated, that the square 
AH {fig. 109) is equivalent to the rectangle BDEF\ now, on j^ig. id^ 
account of the common altitude BF, the square BCGF is to the 
rectangle BDEF as the base BC is to the base BD ; therefore 

BC:AB::BC:BD, 

or, the square of the hypothenuse is to the square of one of the sidm 
of the right angle^ as the hypothenuse is to the segment adjacent to this 
side. We give the name of segment to that part of the hypothe- 
nuse cut off by the perpendicular let fall from the right angle \ 
thus BD is the segment adjacent to the side AB^ and DC the 
segment adjacent to the side AC. We have likewise 
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BCiACiiBC: CD. 



190. Corollary iv. The rectangles BDEF, DCQE^ having 
also the same altitude D£, are to each other as their bases BD^ 
CD. Now these rectangles are equivalent to the squares •^ff, 
AI^ therefore, . ** 



AB:AC::BD:DC, 

or, the squares of the two sides of a right angle are to each other^ as 
the segments of the hypothentise adjacent to these sides. 

^- V y 
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Fijg. 110. 191. In a triangle ABC (fig. 110), if the angle C be acute, the 
square of the side opposite to it will be less than the sum qf iht 
squares of the sides containing it, and, AD being drawn perpendicur 
lar to BC, the difference will be equal to double the rectangU 
BC X CD, or. 



AB = AC + Bi:; — SBC X CD. 
Demonstration. The proposition admits of two cases. 1. If ^ 
the perpendicular fall within the triangle ABC, we shall have 
BD=:BC— CD, and consequently (182) 

BD = BC+ClJ — 2BCxCD; 

adding AD to each member, we have 

AD + BD=zBC+CD + AD^2BCx CD; ' 
but the right-angled triangles ABD, ADC, give AD + BD =zAB, 
CD + AD=:AC', therefore 

lB = BC-h AC — ^BC X CD. 

2. If the perpendicular AD fall without the triangle ABC, we 
shall have BD= CD — BC, and consequently (182) 

BD=:CD + BC — 2BCx CD-, 
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add to each AD, and we shall obtain, as before, 

ABz^BC + AC — 2BCx CD. 
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Fig. Ill, 192. In a triangle ABC (fig. Ill), if the angle C be obtuse, the 
square of the side opposite to it will be greater than the sum of the 
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sifuares of the sides containing i/, andf, AD being drawn perpen- 
dicular to BC produced, the difference vnll he equal to double the 
. rectangle BC X CD, or, 



AB = AC + BC + 2BCxCD. 

Demonstration. The perpbidicular cannot fall within the tri- 
angle ; for if it should fall, for example, upon £, the triangle 
ACE would have at the same time a right angle £ and an obtuse 
angle C, which is impossible (75) ; consequently it falls without^ 
and we have BD=iBC+ CD, and from this (180) 

BD=iBC+CD + 2BCx CD. 

Adding to each term AD, and making the reductions as in the 
preceding theorem, we obtain • 

AB=zBC+AC + 2BCx CD. 

193. Scholium. The right-angled triangle is the only one in 
which the sum of the squares of two of the sides is equal to the 
square of the third ; for, if the angle contained by their sides be 
acute, the sum of their squares will be greater than the square 
of the side opposite ; if it be obtuse, the reverse will be true. 
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194. In any triangle ABC (fig. 1 12), if we draw from the vertex Fig. 112. 
to the middle of the base the line AE, we shall have 

AB + AC = 2AE + 2EB. 
Demonstration. Let fall the perpendicular AD upon the base 
BC, the triangle AEC will give (191 ); 

AC = AE + EC — 2ECxED', 

the triangle ABE will give (192), 

AB:=zAE + EB + 2EBxED; 

therefore, by adding the corresponding members, and observing 
that EB = EC, we shall have 

AB + AC-2AE + ^EB. 

1 95. Corollary. In every parallelogram the sum of the squares 
of the sides is equal to the sum of the squares of the diagonals. 

For the diagonals AC, BD {fig. 113), mutually bisect each Fig. lis. 
Other in the pomt E (88), and the triangle ABC gives 
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18+ BC=: 2AE + ^BE', 
the triangle ADC gives likewise 

AD + DC = 9jiE + StDE', 

adding the corresponding members and observing that BE = DE^ 
we have 

2 2 2 2 2 , J 

AB + JiD + DC + BC = 4AE + 4DE. 

2 % 

But 4c4i:J is the square of 2AE or of AC; and 4DE is the square 
of BD ; therefore the sum of the squares of the sides of a paral- 
lelogram is equal to the sum of the squares of the diagonals. 
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Fig. 114. 196. TTie line DE (fig. 114), drawn parallel to the base of a 
triangle ABC, divides the sides AB, AC ^ proportionally ^ so thcU 
AD : DB : : AE : EC. 

Demonstration. Join BE and DC ; the two triangles BDE, 
DEC^ have the same base DE ; they have also the same altitude, 
since the vertices B and C are situated in a parallel to the base; 
therefore the triangles are equivalent (170). 

The triangles ADE^ BDE^ of which the common vertex is fJ, 
have the same altitude, and are to each other as their bases ADj 
DB(177); thus, 

ADE : BDE ::AD: DB. 

The triangles ADE^ DEC^ of which the common vertex is Z>, 
have also the same altitude, and are to each other as their bases 
AE, EC ; that is, ADE : DEC ::AE: EC. 

But it has been shown that the triangle BDE = DEC ; there- 
fore, on account of the common ratio in the two proportions (iii), 

AD:DB::AE:EC. 

197. Cordllary i. We obtain from the above theorem by c(m^ 
positi&ii (iv) 

AD + DB:AD::AE+EC:AE, 
or AB:AD::AC : AE, 

also . AB: BDiiAC: CE. 

198. Corollary ii. If between two straight lines AB, CD, 
iig. 115. (^S- ^^^)i Pf^rallels AC, EF, GH, BD, ^c, be drawn, these two 

straight lines will be cut proportionally, and we shall have, 

AE : CF : : EG : FH :: GB : HD. 
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For, let O be the point of meeting of the straight lines, ABj 
CD I in the triangle OEJP, the line AC being drawn parallel to 
the base EF, OE:AE::OF : CF, or OE :OF::AE: CF. 
In the triangle OGH we have likewise 

OE:EG:iOF:FH,otOE:OFi:EGiFH', 
therefore, on account of the common ratio OE : OF, these two 
proportions give 

AE : CF : : EG : FH. 
It may be demonstrated, in the same manner, that 

EGiFH:: GB : HD, 
and so on ; therefore the lines AB^ CD^ are cut proportionally 
by the parallels EF, GH, &c. 

THEORteM. / 1/ 

199. Reciprocally^ if the sides AB, AC (fig. 116), are cut pro-Flg, 116. 
portionally by the line DE, so that AD : DB : : AE : EC, the line 

DE will be parallel to the base BC. 

Demonstration. If DE is not parallel to BC let us suppose 
that DO is parallel to it ; then, according to the preceding theo- 
rem, AD:DB::AO: 00. 
But, by hypothesis, AD : DB :: AE : EC ^ 
consequently AO : 00 : : AE : EC, 
which is impossible, since of the antecedents AE is greater than 
AO^ and of the consequents EC is less than 00; hence the line, 
drawn through the point D parallel to BC, does not diflFer from 
DE ; therefore DE is this liae. 

200. Scholium. The same conclusion might be deduced from 
the proportion AB : AD :: AC : AE. 

For this proportion would give (iv) 
AB— AD: AD:: AC — AE : AE, or BD :AD::EC: AE. 
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201. The line AD (fig. 117), which bisects the angle BAC of a Fig. 117. 
triangle, divides the base BC into two segments BD, DC, propor- 
tional to the adjacent sides AB, AC ; so that, BD : DC : : AB : AC. 

Demonstration. Through the point C draw CE parallel to 
AD to meet BA produced. 

In the triangle JJCJE, the line AD being parallel to the base 
196), GE, BD : DC : : AB : AE. 
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But the triangle ACE is isosceles ; for, on account of the paral- 
lels w3D, C£, the angle ACE- DAC, and the angle AEC=: BAD 
(67); and, by hypothesis, DAC ^ BAD; therefore the angle 
ACE = AEC, and consequently AE = AC (48); substituting 
then AC for AE in the preceding proportion, we have 

BDiDC: : AB : AC. 

I ^/ 

THEOREir. / ^ 

202. Two equiangular triangles have their homologous sides pro- 
poriional and are similar. 

fiig. 110. Demonstration. Let ABCj CDE (^g. 119), be two triangles, 
which have their angles equal, each to each, namely, BA C = CDE^ 
ABC = DCE, and ACBz=^DEC\ the homologous sides, or those 
adjacent to the equal angles, will be proportional, that is, 

BC: CEi.BA: CD::AC:DE. 

Let the homologous sides J?C, C£, be in the same straight 
line, and produce the sides BA^ ED^ till they meet in F. 

Since BCfi is a straight line, and the angle BCA= CED, it 
follows that ACh parallel to DE (67). Also, since the angle 
•4J?C= DCjE, the line AB is pslrallel to DC : therefore the 
figure A CDF is a parallelogram* 

In the triangle BFE^ the line AC being parallel to the base 
FE, BC : CE : : BA : AF (196) ; substituting in the place of 
AF its equal CD, we have 

BC: CEiiBA : CD. 

In the same triangle J?FE, BF being considered as the base, 
since CD is parallel to BF.BC: CE .:FD: DE. Substituting 
for FD its equal AC^ we have 

BC: CE::AC:DE. 

From these two proportions, which contain the same ratio 
BC : CE, we have 

AC:DE::BA: CD. 

Hence the equiangular triangles BAC^ CDE, have the homolo^ 
gous sides proportional. But two figures are similar, when they 
have, at the same time, their angles equal, each to each, and the 
homologous sides proportional (162); therefore the equiangular 
triangles BAC, CDE, are two similar figures. 

203. Corollary. In order to be similar, it is sufficient that 
two triangles have two angles of the one respectively equal to 
two angles of the other ; for then the third angles will be equal 
and the two triangles will be equiangular. 
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f04% 3^hMwf^ It may be remarked, that in similar triangles 
tlie hoiDoIog^ms sides are opposite to* equal angles; thus, the 
9i:\gieACB being eqaal to DEC^ the side AB is homologous to 
J^C; likewke AC, DE^ are homologous, being opposite to the 
e.jiiai angles ABC^ DCE* Knowing the homologous sides, we 
readily form the proportions ; 

ABiDC::ACzDE::BC: CE. 



tmCOREM. 



/9 



205. Two triangles, which have their homologous sides propor^ 
iional, are equiangular and similar* 

Demonstration* Let us suppose that 

BC:EF::AB:DE::AC:DF {Jig. 120) ; Fig. w. 

the triangles ABC, DEF, will have their angles equal, namely, 
A = D,B=^E,C = F. 

Make, at the point E, the angle FEG = J?, and at the point F, 
the angle jBi^G^ = C, the third angle G will be equal to the third 
angle A, and the two triangles ABC, EFO, will be equiangular ; 
whence, by the preceding theorem, BC : EF : : AB : EG • but, 
hj hypothesis, BC : EF:: AB : BE ; consequently EG = DE. 
We have, moreover, by the same theorem, BC : EF :: AC: FG ; 
but, by hypothesis, BC : EF : : AC : DF\ consequently FG = DF; 
hence the triangles EGF, DEF, have the three sides of the one 
equal to the three sides of the other, each to each ; they are 
therefore equal (43). But, by construction, the triangle EGF 
is equiangular with the triangle ABC; therefore the triangles 
DEF, ABC, are, in like manner, equiangular and similar. 

206. Scholium. It will be perceived, by the two last proposi- 
ticms, that, when the angles of one triangle are respectively equal 
to those of another, the sides of the former are proportional to 
those of the latter, and the reverse ; so that one of these conditions 
is suflScient to establish the similitude of triangles. This is not 
true of figures having more than three sides ; for, jrith respect to 
those of only four sides, or qua4^-ilaterals, we may alter the pro- 
portion of the sides without changing the angles, or change the 
angles without altering the sides ; thus, from the angles being 
equal it does not follow that the sides are proportional, or the 
reverse. We see, for example, that by drawing EF (Jig. 121) Fig. i«i. 
parallel to BC, th^ angles of the quadrilateral AE]FB are equal 

Geqiif! e 
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to those of the quadrilateral ABCD\ but the proportion of the 
sides is different. Also, without changing the four sides AB^BC^ 
CD^ AD^ we can bring the points B and D nearer together, or 
remove them further apart, which would alter the angles. 

207. Scholium. The two preceding theorems (202, 205), 
which, properly speaking, make only one, added to that of the 
square of the hypothenuse (186), are of all the propositions of 
geometry the most remarkable for their importance, and the 
number of results that are derived from them ; they are almost 
sufficient of themselves, for all applications and for the resolution 
of all problems ; the reason is, that all figures may be resolved 
into triangles, and any triangle whatever into two right-angled 
triangles. Thus the general properties of triangles involve those 
of all figures. ^ i. 

THEOREM. / (I 

208« Two triangles^ which have an angle of the one equal to an 
angle of the other and the sides about these angles proportional^ art 
similar. 

Demomtration. Let the angle w4 = D {Jig.^ 122), and let 
Fig. 122. j^jg .DE::jiC : DF, the triangle .ABC is sunilar to the triangle 
DEF. 

Take AG = DE, and draw GH parallel to J?C, thie angle 
AGH = ABC (61); and the triangle AGH will be equiangular 
with the triangle ABC i 
whence AB : AG i : AC : AH] 

but, by hypothesis, AB : BE ::AC: jDJ^, 
and, by construction, AG = DE ; therefore AH == DF. The two 
triangles AGH^ DEF^ have the two sides and the included angle 
of the one respectively equal to two sides and the included angle 
of the other; they are consequently equal. But the triangle 
AGH is similar to ABC; therefore DEF is also similar to 
ABC. 

? I 

209. Two triangles^ which have the sides of the one parallel, or 

which have them perpendicular, to those of the other^ each to each, are 

similar. 

Fig. 123. Demonstration. 1 . If the side AB {fig^ 1 23) is parallel to DJ5, 

and BjC to EF, the angle ^JBC will be equal jto DEF (70) ; if 
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nroreover/^C is parallel to DF^ the angle ACB will be equal to 
DFE, and also BAC to EDF; therefore the triangles .45 C, 
DEF, are equiangular and consequently similar. 

2. Let the side DE {fig. 124) be perpendicular to AB^ and the pig. 124. 
side DF to j3C. In the quadrilateral AIDH the two angles /, H, 
will be right angles, and the four angles will be together equal to 
four right angles (80) ; therefore the two remaining angles lAH^ 
IDH^ are together equal to two right angles. But the two angles 
EDF^ IDH^ are together equal to two right angles, consequently 
the angle EDF is equal to I AH or BAC» In like manner, if the 
third side jBJ'is perpendicular to the third side BC, it may be 
shown that the angle DFjB= C, and Z)£F=fi; therefore the 
two triangles ABC, DEF, which have the sides of the one per- 
pendicular to those of the other, each to each, are equiangular 
and similar. 

210. Scholium. In the first of the above cases the homologous 
sides are ihe parallel sides, and in the second the homologous 
isides are those which are perpendicular to each other. Thus, 
in the second case, DE is homologous to AB, DF to ACy and JEF 
lo BC. 

The case of the perpendicular sides admits of the two. trian- 
gles being differently situated from those represented in, figure 
124; but the equality of the respective angles may always be 
proved, either by means of quadrilaterals, such as AIDHj which 
have two right angles, or by comparing two triangles which, 
beside the vertical angles, have each a right angle ; or we can 
always suppose, within the triangle ABC^ a triangle DEF, the 
sides of which shall be parallel to those of the triangle to be 
compared with ABC, and then the demonstration will be the 
same as that given for the case of figure 124. 
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211. Lanes AF, AG, &c. (fig. 125), drawn at pleasure through^ ^^ ^ 
the vertex of a triangle, divide proportionally the base BC and its 
parallel DE, so that ^ 

DI : BF : : IK : FG : : KL : GH, *-c. 

Demonstration. Since DI is parallel to BF, the triangles 
ADI, ABF, are equiangular, and DI:BF::AI:AF ; also, IK 
being parallel to FO, AI : AF :: IK : FG\ hence, on account of 
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the common ratio, AI : AF, DIiBFii IK: FG. It may be 
shown, in like manner, that IK : FO : : KL : Gfl, &c. ; therefore 
the line DE is divided at the points /, K^ L, as the base BC is at 
the points F^ G, ff. 

212. Corollary. If BC should be divided into equal parts at 
the points JP, G, H, the parallel DE would be divided likewige- 
into equal parts at the points /, K^ L. 

THEOREM. /\ ^ 

Pig. 126. 213. If from the right angle A (fig. 126) of a right-angled tri- 
angle the perpendicular AD 6c let fall upon the hypothenuse ; 

1. 7%e two partial tiiangles ABD, ADC, will he simHar to etuh 
other and to the whole triangle ABO ; 

2. Each side A B or AC will he a mean proportional between the 
hypothenuse BC and the adjacent segment BD or DC ; 

3. The perpendicular AD will he a mtan proportional between the 
two segments BD, DC. 

Demonstration. 1. The triangles BAD^ BAC^ have the angle 
B common; moreover the right angle BDA =i BAC ; conse* 
quently the third angle BAD of the one is equal to the third 
angle C of the other, and the two triangles are equiangular and 
similar. It may be demonstrated, in the same manner, that the 
triangle DAC is similar to the triangle BAC\ therefore the 
three triangles are equiangular and similar. 

2. Since the triangle BAD is similar to the triangle BACj 
their homologous sides are proportional. Now the side BD in 
the smaller triangle is homologous to the side BA in the larger, 
because they are opposite to the equal angles, BAD^ BCA ; the 
hypothenuse BA of the smaller is homologous to the hypothec 
nuse BC of the larger; 

hence BDiBAiiBA : BC. 

In the same manner it may be shown that 

DC:AC::AC:BC; 
therefore each of the sides AB^ .4C, is a mean proportional be.- 
tween the hypothenuse and the segment adjacent to this side. 

3. By comparing the homologout sides of the similar triangles 
ABD, ADC, we have 

BD: AD:: AD: DC; 
therefore the perpendicular AD is a mean proportional between 
the segments BD, DC, of the hypothenuse. 



Bf the Prcportions of F^rts. 6 1 

914, StMwm. The proportion BD : AB ::AB: BC, by 
putting the product of the extremes equal to that of the mean3, 
gives 

AB^BDxBC. 

We have, in line manner, 

TCz^DCxBC, 

hence AB+4C^BD x BC + DCx BC; 

the soliond member, otherwise expressed, is (BD + DC) X BC, 

or fiC ; 






consequent! J AB + AC:=zBC ; 

therefore the square of the hypothenuse BC is equal to the sum 
of the squares of the two other sides AB^ AC. We thus fall 
again upon the proposition of the square of the hypothenuse by 
a process very difierent from that before pursued ; from which 
it appears, that, properly speaking, the proposition of the square 
of the hypothenuse is a consequence of the proportionality of the 
sides of equiangular triangles. Thus the fundamental proposi- 
tions of geometry reduce themselves, as it were, to this single 
one, that equiangular triangles have their homologous sides pro- 
portional. 

It often happens, as in the present instance, that by pursuing 
the consequences of one or several propositions, we return to the 
propositions before demonstrated* Generally speaking, that 
which particularly characterizes the theorems of geometry, and 
which is an irresistible proof of their certainty, is, that by com- 
bining them together in any manner whatever, provided the 
reasoning be just, we always fall upon accurate results. This 
would not be the case, if any proposition were false, or only true 
to a certain degree ; it would often happen, that, by combining 
the propositions together, the error would augment and become 
sensible. We have examples of this in all those demonstrations, 
in which we make use of the rediictio ad abstirdum* These de- 
monstrations, in which the object is to prove that two quantities 
are equal, consist in making it evident, that if there were between 
them the least inequality, *we should be led by a coiyse of rea- 
;soning to a manifest and palpable absurdity; whence we are 
obliged to conclude that the two quantities are equal. 
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Fig. 127. 215, Corollary. If from the point A {fig. 127) of the circum- 
ference of a circle two chords AB^ AC, be drawn to the extrem- 
ities of the diameter J?C, the triangle ABC will be right-angled 
at A (128) 5 whence, 1. the perpendicular AD is a niean propot' 
tional between the segments 6D, DC, of the diameter, or, which 
amounts to the same thing, 

AD^BDx DC. 

2. The chord AB is a mean proportional between the diamUer 
BC and the adjacent segment BD ; ^W^- 

or, AB = BDxBC. 

Also AC = DCx BC', therefore Yb :Tc :: BDi DC. If we 

2 2 

compare AB with BC, we shall have 

TB:BC::BD:BC', 

we have, in like manner, 

JCzBCiiDC : BC. 

These ratios of the squares of the sides to each other and to the 
square of the hypothenuse have already been given in articles 
189, 190. 
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21 6. Two triangles, which have an angle in the one equal to an 
angle in the other, are to each other as the rectangles of the sides 

Fig. 128. which contain the equal angles ; thus, the triangle ABC (fig. 128) 
is to the triangle ADE, as the rectangle AB X AC is to the rectangle 
ADxAE. 
4. demonstration. Draw BE-, the two triangles ABE, ADE, 
whose common vertex is E, have the same altitude, and are t# 
each other as their bases AB, AD (177) ; hence 

ABE : ADE :: AB: AD. 
In like manner, 

ABC:ABE::AC:AE, 

multiplying the two proportions in order and omitting the com- 
mon term ABE, we have, 

• ABC : ADE ::ABxA(f:ADx AE. 

217. Corollary. The two triangles would be equivalent, if the 
Fectangle AB x AC were equal to the rectangle AD x AE, or if 
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AB : wJD s : AE : AC^ which is the case when the line DC is 
parallel to BE. 
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218. Two similar triangles are to each other as the squares of 
their homologous sides. 

Demonstration. Let the angle A=iD {figl 122), and the an- Fig. 19SL 
gle JB = jB, then, by the preceding proposition, 

ABC : DEF ::ABxAC:DEx DF\ 
and, because the triangles are similar, 

AB : BE : : AC^ DF. 
This proportion being multiplied in order by the identical pro^ 
portion. 

AC:DF::AC:DF, 
we shall have 



ABxACi DExDF : : AC: DF. 



Hence 



ABC : DEF : : AC : DF. 



Therefore two similar triangles ABC^ DEF^ are to each other 
as the squares of the homologous sides ACj DF^ or as the 
squares of any other two homologous sides. 

THEOREM. /(^ 
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21 9. Two similar polygons are composed of the same number of 
niangles^ which are similar to each other and similarly disposed. 

Demonstration. In the polygon ABCDE {fig. 129) draw from Fig. lay. 
an angle A the diagonals AC^ AD^ to the other angles. In the 
other polygon FGHIK draw, in like manner, from the angle F, 
homologous to A, the diagonals FH^ FI^ to the other angles. 

Since the polygons are similar, the angle ABC is equal to the 
homologous angle FGH (162), moreover the sides AB^ BC, are 
proportional to the sides FG, GH, so that 

AB :FG:: BC : GH. 
It follows from this, that the triangles ABC^ FGH^ having an 
angle of the one equal to an angle of the other and the sides 
about the equal angles proportional, are similar (208), conse- 
quently the angle BCA = GHF. These equal angles being 
subtracted from the equal angles BCD. GHJ, the remaining 
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angles ACD, FHI, will be equal. Now, since the trianglet ABCi 
FGH^ are similar, 

M:FB::BC: GH; 

besides^ on account of the polygons being similar (162), 

BC:GH::CD:HI', 
consequently AC : FH ::CD: HI; 

but we have sef*n that the angle ACD^FHI; consequently tlie 
triangles JlCD^ FHI^ have an angle of the one equal to an angle 
of the other and the sides about the equal angles proportional ; 
they are therefore similar (208). We might proceed in the 
same manner to demonstrate, that the remaining triangles are 
similar, whatever be the humber of the sides of the proposed 
polygons ; therefore two similar polygons are composed of the 
same number of triangles, which are similar to each other and 
similarly disposed. 

220. Scholium, The converse of this proposition is equally 
true ; if two polygons art composed of the same number of triangles^ 
which are similar to each other and similarly disposed, these tW6 
polygons will be similar* 

For, the triangles being similar, the angles ABC = FGH, 
BCA^ GHF, ACD = FHI; consequently BCD:^GHI, also 
CDE =z HIK, &LC. Moreover, 

AB I FG :: BC : GH :: AC : FH :: CD : Hi, &c.; 
consequently the two polygons have their angles respectively 
equal and their sides proportional ; therefore they are similar. 

^THEOREM. /^ / 

221. The perimeters of similar polygons are as their homologous 
sides, and their surfaces are as the squares of these sides. 

Demonstration. 1. By the nature of similar figures we have 
Fig. 129. AB:FG::BC:GH::CD: HI, &c. {fig. 1129), 

and from this series of equal ratios we may infer, that the sum 
of the antecedents AB + BC + CD, &c., the perimeter of the 
first figure is to the sum of the consequents FG + GH+HI, &c., 
the perimeter of the second figure, as one antecedent, is to its 
consequent (iv), or as the side AB is to its homologous side 
FG. 
2. The triangles ABC, FGH, being similar 

ABC:FGH::TC:FH (218); 
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Ml like aiaa&er, JlCD^ FHI^ being similar, 

ACD:FHI::Ac\fh] 

Kence, on account of the common ratio jiC : FH^ 

ABC I FGH : : ACD : FHL 

By a similar process of reasoning it may be shown that 

ACD:FHI::JiDE:FIK', 
and so on, if there should be a greater number of triangles. 
Hence, from this series of equal ratios, the sum of the antece- 
dents ABC + JiCD + ADE, or the polygon ABODE, is to the 
sum of consequents FGH + FHI + FIK^ or the polygon FGHIK^ 

^8 

ad one antecedent ABC is to its consequent FGH^ or as AB is to 

— ^ 

FG (219). Therefore the surfaces of similar polygons are to 

each other, as the squares of their homologous sides. 

222. Corollary. If three similar iSgures be constructed whose 
tiomologous sides are equal to the three sides of a right-angled 
triangle, the figure described upon the greatest side will be equal 
to the sum of the two others ; for the three figures will be pro- 
portional to the squares of their homologous sides ; now the 
square of the hypothenuse is equal to the sum of tjie squares of 
the two other sides ; therefore, &c. 

THEOREM. ^ O 

223. Tht parts of two chords which cut each other m a circle are 
reciprocally proportional ; that w, AO : DO : ; CO : OB (fig. 130). Fig. 130., 

Demonstration. Join AC and BD. In the triangles ACO^ 
BOD^ the angles at O are equal, being vertical angles, and the 
angle A is equal to the angle X), because they are inscribed in 
tKe same segment (127) ; for the same reason the angle C = B ] 
therefore these triangles are similar, and the homologous sides 
give the proportion 

AOiDO:: CO : OB. 

224. Corollary. Hence AO x OB - DO x CO ; therefore the 
rectangle of the two parts of one of the chords is equal to the 
rectangle of the two parts of the other. 

THEOREM. ^ y 

225. If from a point O (fig. 131), taken rinthout a circle^ secants Y\g, isi. 
OB, OC, be dravm terminating in the concave arc BC, the entire 

Geom. 9 
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recants will be reciprocally proportional to the parts without the cir« 
cle; that is, OB : OC : : OD : OA. 

Demonstration. Join wJCand BD. The triangles OAC, OBD, 
have the angle O common ; moreover the angle JB = C (1 26) ; 
therefore the triangles are similar; and the homologous sid^s 
give the proposition 

OB:OC::OD:OA. 

226. Corollary. The rectangle OAxOB-OCx OTh 

227. Scholium. It may be remarked, that this proposition hat 
great analogy with the preceding ; the only difference is, that 
the two chords *wiJ5, CD, instead of intersecting each other in 
the circle, meet without it. The following proposition may also 
be regarded as a particular case of this. 

THEOREM. ^' 

Fig. 132. 228. If from the same point O (fig. 132), taken without the circle, 
a tangent OA he drawn and a secant OC, the tangent will be a 
mean proportional between the secant and the part without the circle ; 

that is, OC : OA : : OA : OD, or, OA = OC x OD. 
• Demonstration. By joining j^D and AC, the triangles OAD, 
OAC, have the angle O common; moreover, the angle OAD 
formed by a tangent and a chord (IS\) has for its measure the 
half of the arc AD, and the angle C has the same measure ; con- 
sequently the angle OAD=:^ C; therefore the two triangles are 

similar, and OC : OA ::0A: OD, which gives OA=zOCx OD. 

1 I 

THEOREM, r^ / 

Fig. 133. 229. In any triangle ABC (fig. 133), if the angle A be bisected 
by the line AD, the rectangle of the sides AB, AC, will be equal to 
the rectangle of the segments BD, DC, plus the square of the bisect' 
ing line AD. 

Demonstration. Describe a circle the circumference of which 
«hall pass through the points A, B, C; produce AD till it meet 
the circumference, and join CE, 

The triangle BAD is similar to the triangle EAC \ for, by 
•hypothesis, the angle BAD = EA C ; moreover the angle B = Ej 
since they have each for their measure the half of the arc AC ; 
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consequently the triangles are similar ; and the homologous sides 
give the proportion 

BA:AE::j1D:AC] 
whence BAx AC :=:AE x AD\ but AE = AD + DE, and, by 

multiplying each by AD, we have AE x AD = AD + ADxDE^ 
besides, ADxDE=^BDxDC (224) ; therefore 

BAxAC = AD + BDxDC. 

THEOREM- %/ rs^ 

230. In every triangle ABC (fig. 134) the rectangle of two o/'Fig. m. 
the sides AB, AC, is equal to the rectangle contained hy the diame- 
ter CE of the circumscribed circle and the perpendicular AD, let 

fall upon the third side BC. 

Demonstration. Join AE, and the triangles ABD, AEC, are 
right-angled, the one at D and the other at A 5 moreover the 
angle jB = £; consequently the triangles are similar; and they 
give the proportion, AB : CE :: AD : AC ; whence 

ABxAC=CExAD. 

231. Corollary. If these equal quantities be multiplied by 
BC, we shall have AB x AC x BC = CE xAD x BC. Now 
AD xBC is double the surface of the triangle (176) ; therefore 
the product of the three sides of a triangle is equal to the surface 
multiplied by double the diameter of the circumscribed circle. 

The product of three lines is sometimes called a solid, for a 
reason that will be given hereafter. The value of this product 
is easily conceived by supposing the three lines reduced to num- 
bers and these numbers multiplied together. 

232. Scholium, It may be demonstrated also, that the surface 
of a triangle is equal to its perimeter multiplied by half of the radius 
of the inscribed circle. . 

For the triangles AOB, BOC,AOC {fig. 87), which have their Fig 87. 
common vertex in O, have for their common altitude the radius 
of the inscribed circle ; consequently the sum of these triangles 
will be equal to the sum of the bases AB, BC, AC, multiplied 
by half of the radius OD ; therefore the surface of the triangle 
ABC is equal to the product of its perimeter by half of the radium 
of the inscribed circle. 
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•I V 

THEOREM. \ ^ 

Fig. 135. 233, In every inscribed quadnlateral figure A BCD (fig. 135), 
the rectangle of the two diagonals AC, BD, is equal to the sum of 
the rectangles of the opposite sides ; that is^ 

AC X BD = AB X CD + AD X BC. 
Demonstration. Take the arc CO = AD^ and draw BO meet- 
ing the diagonal AC in L 

The angle ABD = CB/, since one has for its measure half of 
the arc AD^ and the other half of CO equal to AD. The angle 
ADBz=zBCI^ because they are inscribed in the same segment 
AOB ; consequently the triangle ABD is similar to the triangle 
IBC, and AD : CI :: BD i BC-, whence 

ADxBC=CIxBD. 
Again, the triangle ABI is similar to the triangle BDC; for 
the arc AD being equal to CO^ if we add to each of these OD 
we shall have the arc AO=z DC\ consequently the angle ABI'ia 
equal to DBC\ moreover the angle BAI = BDC, because they 
are inscribed in the same segment ; therefore the triangles ABIj 
BDC^ are similar, and the homologous sides give the proportion 
AB:BD::AI:CD; whence, 

ABxCD = AIxBD. 
Adding the two results above found, and observing that 
AIxBD + CIxBD = {Al + CI)xBD=^ACxBD, 
we have 

AD X BC+AB X CD^ACxBD. 

234. Scholium. We may demonstrate, in a similar manner, 
another theorem with respect to an inscribed quadrilateral figure. 
The triangle ABD being similar to BIC, BD : BCiiAB: Bl, 
whence 

BIxBD = BCxAB. 

If we join CO^ the triangle ICO^ similar ABI^ is similar to BDC^ 
and gives ^he proportion BD : CO : : DC : 07, whence we have 
OIxBD-COx DC, or CO being equal to AD, 

OIxBD = ADxDC. 
Adding these two results, and observing that BI x BD + 0/ X BD 
reduces itself to BO x BD, we obtain 
^0 BOxBD = ABx BC+ADx DC. 
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If we had taken BP — dD^ and had drawrt CKP^ we should 
have found by similar reasoning 

CPxCa^ABxdD+BCxCD. 

But the arc BP being equal to CO^ if we add to each J5C, we 
shall have the arc CBP = BCO ; consequently the chord CP is 
equal to the chord JBO, and the rectangles BO x BD and 
CP X CA^ are to each other as BD is to CA ; therefore 
• BH : G4 : : ABxBC+AD x DC : AB x AD + BCx CD, 
that is, the two diagonals of an inscribed quadrilateral figure are td 
each other as the sums of the rectangles of the sides adjacent to their 
extremities. 

By means of these two theorems the diagonals may be found* 
when the sides are known. 



THEOREM. 



^A 



235. Let P (fig. 136) be a given point within a circle in /Ac Fig. 136^ 
radius AC, and let there be taken a point Q without the circle in the 
same radius produced such that CP : CA : : CA : CQ ; if from 
any point M of the circumference, straight lines MP, MQ, be drawn 
to the points P and Q, these straight lines will always he in the same 
ratio, and we shall have MP : MQ : : AP : AQ. 

Demonstration. By hypothesis CP : CA : : CA : CQ ; putting 
CM in the place of CA we shall have CP: CM:: CM : CQ ; 
consequently the triangles CPM, CQM, having an angle of the 
one equal to an angle of the other and the sides about the equal 
angles proportional, are similar (SOB) ; therefore 

MP:MQ::CP: CM or CA. 
But the proportion 

CPiCA ::CA: CQ 

gives, by division, 

CP : CA : : CA—CP : CQ^CA, 
or CP: CA::AP : AQ, 

therefore MP:MQ: : AP : AQ. 
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Prohlenns relating to the Third Section* 



PROBLEM 



. / 



236. To divide a given straight line into any number of equal 
parts^ or into parts proportional to any given lines* 

Fig. 137. Solution. 1. Let it be proposed to divide the line AB {Jig. 137) 
into five equal parts ; through the extremity A draw the inde- 
finite straight line AG^ and take AC of any magnitude whatever, 
and apply it five times upon AG; through the last point of the 
division G draw GB^ and through C draw CI parallel to GB; 
AI will be a fifth part of the line AB^ and, by applying AI five 
times upon AB^ the line AB will be divided into five equal parts. 
For, since CI is parallel to GS, the sides w3G, AB^ are cut 
proportionally in C and / (196). But •^C is a fifth part of AG^ 
therefore AI is a fifth part of AB. 

Fig. 138. 2^ Let it be proposed to divide the line AB (Jig. 138) into 
parts proportional to the given lines P, Q, R. Through the 
extremity A draw the indefinite straight line AG^ and take 
AC-P, CD = Q, DE=zR', join JEB, and through the poinU 
C, J9, draw CI, DK, parallel to EB ; the line AB will be divided 
at / and K into parts proportional to the given lines P, Q, R, 

For, on account of the parallels C/, DK, EB, the parts AI^ 
IK, KB, are proportional to the parts AC, CD, DE (196) ; and, 
by construction, these are equal to the given lines P, Q, R. 



PROBLEM. 



237. To find a fourth proportional to three given lines A, B, C 
%. 139. (fig. 139). 

Solution. Draw the two indefinite lines DE, DF, making 
any angle with each other. On DE take DA^A, DB=B'j 
and upon DF take Z)C= C; join AC, and through the point B 
draw J5-Y parallel to AC-, Z^-ST will be the fourth proportional 
required. 

For, since BX is parallel to AC, DA : DB : : DC . DX -, but 
the three first terms of this proportion are equal to the thre^ 
given lines, therefore DX is the fourth proportional required. 

238. Corollary. We might find in the same manner a third 
proportional to two given lines A, B ; for it would be the same 
as the fourth proportional to the three lines A, B, B. 
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PROBLEM. ) >- 

339. To find a mean proportional between two given lines A and 
:6 (fig. 140). Pig. 140. 

Solution. On the indefinite line DF take DE = j3, and 
EF = -B ; on the whole line DF, as a diameter, describe the 
^emicircumference DGF-^ at the point E erect upon the diame- 
ter the perpendicular EG meeting the circumference in G ; EG 
will be the mean proportional sought. 

For the perpendicular GJE, let fall from the point in the cir- 
cumfference upon the diameter, is a mean proportional between 
the two segments of the diameter DE^ EF (215), and these two 
segments are equal to the two given lines Ji and B. 

PROBLEM. 

240. To divide a given line AB (fig. 141) into two parts in such fig. 141 
a manner, that the greater shall be a mean proportional between the 
whole line and the other part. 

Solution. At the extremity B of the line AB erect the perpen- 
dicular BC equal to half of JlB ; from the point C as a centre, 
and with the radius CJ5, describe a circle ; draw JC cutting the 
circumference in D, and take .4F = j2 J5 ; the line ^B will be 
divided at the point F in the manner required ; that is, 

AB :AF:: AF : FB. 

For AB, being a perpendicular to the radius CB at its ex- 
tremity CB, is a tangent ; and, if AC be produced till it meet 
the circumference in E, we shall have 

AE:AB::AB:AD (228), 
and hence AE — AB : AB : : AB — AD : AD (iv). 
But, since the radius BC is half oi AB^ the diameter DE is equal 
to AB, and consequently AE — AB = AD = AF\ also, since 
AF = AD, AB — AD^ FB ; therefore, 

AF:AB::FB:AD or AF, 
and by inversion AB : AF : : AF : FB. 

241. Scholium,^ When a line is divided in this manner, it is 
said to be divided in extreme and mean ratio. Its application 
teill be seen hereafter. 

It may be remarked, that the secant AE is divided in extreme 
tad mean ratio at the point D ; for since AB = DE, . 

AE :DE::DE: AD. 
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Fig. 142. 242. Through a given point A (fig. 142) in a given angle BCD, 
to draw a line BD in such a manner that the parts AB, AD, eom" 
prehended between the point A and the two sides of the angle shall be 
equal. 

Solution. Through the point M draw AE parallel to CD, take 
BE = CE, and through the points B and A draw BAD, wbicli 
will be the line required. 

For AE being parallel to CD, SE : EC : : BA : AD, but 
BEzzzEC, therefore BA = AD. 

PROBLEM. - 

243. Ta make a square equivalent to a given parallelogram, or t0 
a given triangle. 
ri^ 143. Solution. 1. Let j?5 CD (/g. 143) be the given parallelogram, 
AB its base, and DE its altitude ; between AB and DE find a 
mean proportional XY (239) ; the square described upon XY 
will be equivalent to the parallelogram ABCD. 

For, by construction, AB : XY : : XY : DE-, hence 

XY=zABxDE', 

but AB X DE is the measure .of the parallelogram, and XY is 
that of the square, therefore they are equivalent. 
Fig. 144. 2. Let ABC {fig. 144J be the given triangle, BC its base, and 
AD its altitude •, find a mean proportional between BC and half 
of AD^ and let XY be this mean proportional ; the square des- 
cribed upon XY will be equivalent to the triangle ABC. 

For, since BCiXYiiXY:^ AD, iT= JSC X ^ ^D; there^ 
fore the square described upon XY is equivalent to the triangle 
ABC. \ 

PROBLEM* 

Fig. 145. 244^ Upon a given line AD (fig. 145) to construct a rectangle 
ADEX equivalent to a given rectangle ABFC. 

Solution. Find a fourth proportional to the three lines AD, 
AB, AC {] 37), and let AX be this fourth proportional ; the rect- 
angle contained by AD and AX will be equivalent to the rect* 
angle ABFC. 

For, since .4D :AB::AC: AX, AD x AX:=AB x AC-, there- 
fore the rectangle ADEX is equivalent to the rectangle ABFC^ 
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PROBLEM. U 

245. To find in lines the ratio of the rectangle of two given lines 

A and B (fig, 148) to the rectangle of two given lines C and D. Fig. 148. 

Solution. Let ^ be a fourth proportional to the three given 
lines fi, C, D; the ratio of the two lines A and X will be equal 
to that of the two rectangles Ax B^Cx D. 

For, since B : C :: D : X^ C x D=:B x X\ therefore 
Ax B : C X !>:: A X B : B X X :: A : X. 

246. Corollary, In order to obtain the ratio of the squads 
described upon two lines A and C, find a third proportional X 
to the lines A and C, so that we may have the proportion 

A: C:: C:Z; 
then we shall have A^ : C^ ::A: X. 



PROBLEM. 






247. To find in lines the ratio of the product of three given lines 
A, B, C (fig. 149), to the product of three given lines P, Q, R. Fifr I49i 

Solution* Find a fourth proportional X to the three given 
lines P^A^B't and a fourth proportional Y to the three given 
lines C, C jR. The two lines X and Y will be to each other as 
the products AxBxC^PxQxR* 

For, since P i A 1 1 B i X^ A X B=- P X X \ and, bj multiply- 
ing each of these by C, we shall have 

AxBx Cz=lCxPxX. 
In like manner, since 

C'.Q.iRx r, Qx/2=CxF; 
and, by multiplying each of these by P, we shall have 

PxQxR=Px Cx F; 
therefore the product 
AxBxC liheipvoductP x QxR:: C X PxX: P X CxYiiX: Y. 

PROBLEM. / C 

248. T« inake a triangle equivalent to a given polygon* 
Solution* Let ABODE {fig. 146) be the given polygon. Fig. I4e. 
I)raw the diagonal C£, which cuts off tiie triangle CDE\ 
through the point D draw DF parallel to CE to meet AE pro* 
Geonu 10 
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duced ; join CF, and the polygon ABODE will be equivalent to 
the polygon ABCF^ which has one side less. 

For the triangles CDjE, CFJB, have the common base C£, 
they are also of the same altitude, for their vertices D, F, are in 
a line DF parallel to the base ; therefore the triangles are equiv- 
alent. Adding to each of these the figure ABCE and we shall 
have the polygon ABODE equivalent to the polygon ABCF. 

We can in like manner cut off the angle B by substituting for 
the triangle ABC the equivalent triangle AGC^ and then the 
pentagon ABCDE will be transformed into an equivalent trian 
gle GCF. 

The same process may be applied to any other figure ; for, by 
making the number of sides one less at each step, we shall at 
length arrive at an equivalent triangle. 

249. Scholium. As we have already seen, that a triangle may 
be transformed into an equivalent square (243), we may accord- 
ingly find a square equivalent to any given rectilineal figure ; 
this is called squaring the rectilineal figure, or finding the quaSr 
rature of it. 

The problem of the quadrature of the circle consists in finding 
a square equivalent to a circle whose diameter is given. 

PROBLEM. / f 

250. To make a square which shall he equal to the sum or the 
difference of two given squares. 

Fig. 147. Solution. Let A and B {fig. 147) be the sides of the given 
squares. 

1. If it is proposed to find a square equal to the sum of these 
squares, draw the two indefinite lines JED, EF^ at right angles to 
each other ; take £D = ./3 and jEG = B ; join DG, and DG will 
be the side of the square sought. 

For the triangle DEG being right-angled, the square described 
upon DG will be equal to the sum of the squares described upon 
ED and EG. 

2. If it is proposed to find a square equal to the difference of 
the given squares, form in like manner a right angle FEH^ take 
GE equal to the smaller of the sides A and B ; from the point €r, 
as a centre, and with a radius GH equal to the other side, des- 
cribe an arc cutting EHm H; the square described upon EM 
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• 

will be equal to the difference of the squares described upon the 
lines A and B. 

For in the right-angled triangle GEH the hypothenuse 
GH=z A J and the side GE = B ; therefore the square described 
upon EH is equal to the difference of the squares described upon 
the given sides A and B. 

261 • Scholium* We can thus find a square equal to the sum 
of any number of squares 5 for the construction by which two 
are reduced to one, may be used to reduce three to two and 
these two to one, and so of a larger number. Also a similar 
method may be employed when certain given squares are to be 
subtracted from others. 



PROBLEM 



• /^ 



252. To construct a squure which shall he to a given square 
ABCD (fig. 150), as the line M is to the line N. Fig. 150 

Solution. On the indefinite line EG take EF:=^M^ and FGz=iN\ 
on EG, as a diameter, describe a semicircle, and at the point .P 
erect upon the diameter the perpendicular FH. From the point 
H draw the chords HG^ HE^ which produce indefinitely ; on the 
first take HK equal to the side AB of the given square, and 
through the point K draw KI parallel to EG ; HI will be the 
side of the square sought. 

For, on account of the parallels KI^ GE^ 

HI:HK::HE:HGi 

hence fl?: HK: : HE : HG (v). 

But, in the right-angled triangle EHG^ 

HE : HG : : segment EF : the segment FG (215), 
or, as^is to JV; 

therefore HI : HK iiMiJV. 

But HKzsAB ; therefore 

the square upon HI : the square upon AB : : JlSf : JV. 



PROBLEM 



7;^ 



253. Upon a side FG (fig. 129), homologous to AB, to describe a P>g- 1^- 
polygon similar to a given polygon ABCDE. 
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Solution* In the given polygon draw the diagonals AC^ AD. 
At the point F make the angle GFH=: BAC^ and at the point O 
the angle FOH = ABC ; the lines FH, GH^ will cut each other 
in jBT, and the triangle FGH will be similar to ABC. Likewise 
upon F£r, homologous to AC^ construct the triangle FIH similar 
to ADCj and upon F/, homologous to AD^ construct the triangle 
FIK similar to ADE. The polygon FGHIK will be iimilat to 
ABCDE. 

For these two polygons are composed of the same number of 
IriangleS) which are similar to each other and similarly disposed 
(219). , 

254. Two similar figures being given^ to construct a similar 
figure which shall be equal to their sum or their differencem 

Solution. Let A and jB be two homologous sides of the given 
figures, find a square equal to the sum or the difference of the 
squares described upon A and B; \eiX be the side of this square^ 
X will be, in the figure sought, the side homologous to A and B 
in the given figures. The figure may then be constructed by the 
preceding problem* 

For similar figures are as the square of their homologous sides ; 
but the square of the side X is equal to the sum or the difference 
of the squares described upon the homologous sides A and B* 
therefore the figure described upon the side X is equal to the 
sum or the difference of the similar figures described upon the 
sides A and B. . 

PROBLEM. / ' 

255. To construct a figure similar to a given figure^ and which 
shall be to this figure in the given ratio q/" M /o N. 

'Solution. Let A he a side of the given figure, and JIT the ho- 
mologous side of the figure sought ; the square of X must be to 
the square of A^ as JM" is to JV (221 ) ; X then may be found by 
art. 252 ; and, knowing X^ we may finish the problem by art. 
253. 

PROBLEM. / ''C 

Tig. 161. 256* To construct a figure similar to the figure P (fig. 151) and 
equivalent to thefigtire Q. 
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SaS^ition. Find the side Jtf of a square equivalent to the 
ligure P^ and the side JV of a square equivalent to the figure Q. 
Then let ^ be a fourth proportional to the three given lines My 
•AT, AB \ upon the side Xy homologous to AB^ describe a figure 
similar to the figure P ; it will be equivalent to the figure Q. 

For, by calling Y the figure described upon the side X^ we 
shall have 

PiYiiABiX. 

But, by construction, 

AB:X::M:JV, 

or ABiXiiM.JST} 

therefore Pi Y ::M:JV. 

9 2 

We have also, by construction, M^P^ and •7V= Q ; 
consequently P : F : : P : Q ; 

hence F=Q; therefore the figure Fis similar to the figure P 
and equivalent to the figure Q. 

/ 7 

PROBLEM. / ' 

257. To construct a rectangle equivalent to a given square C 

(fig. 152), and whose adjacent sides shall make a given sum AB. Fig. 152; 

Solution, On AB^ as a diameter, describe a semicircle, and 
draw DE parallel to the diameter, and at a distance AD^ equal 
to a side of the given square C. From the point jE, in which 
the parallel cuts the circumference, let fall upon the diameter the 
perpendicular EF ; AF and FB will be the sides of the rectan- 
gle sought. 

For their sum is equal to AB^ and their rectangle AF x FB is 
equal to the square of EF (215), or of AD 5 therefore the rect- 
angle is equivalent to the given square C. 

258. Scholium. It is necessary in order that the problem may 
be possible, that the distance AD should not exceed the radius, 
that is, that the side of the square should not exceed half of the 
WvkeAB. i / 

PROBLEM. / U 

259. To construct a rectangle equivalent to a square C (fig. 15S), Fig. 153. 
and whose adjacent sides shall differ bjf a given quantity AB. 
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Solutioru On the given line AB^ as a diameter, describe a 
circle ; from the extremity of the diameter draw the tangent AD 
equal to the side of the square C. Through the point D and the 
centre O draw the secant DF; DE and DF will be the adjacent 
sides of the rectangle required. 

For, 1. the difference of the sides is equal to the diameter EF 

or AB ; 2. the rectangle DE x DF is equal to .4D(228) ; there- 
fore this rectangle will be equivalent to the given square C 

PROBLEM. / / 

260. To find the common measure^ if there be one, between the 
diagonal and side of a square, 
rig. 154 Solution. Let ABCG {fig. 154) be any square, and AC its 
diagonal* 

We are, in the first place, to apply CB to C/i, as often as it 
can be done (157); and in order to this, let there be described, 
from the centre C, and with a radius CB^ the semicircle DBE. 
It will be seen, that CB is contained once in AC with a remain- 
der AD ; the result of the first operation therefore is the quotient 
1 with the remainder AD, which is to be compared with jBC, or 
its equal AB. 

We may take AF=zAD, and apply AF actually to AB ; and 
we should find that it is contained twice with a remainder. But, 
as this remainder and the following ones go on diminishing and 
would soon become too small to be perceived, on account of the 
imperfection of the mechanical operation, we can conclude noth- 
ing with regard to the question, whether the lines AC, CB, have 
a common measure or not. Now there is a very simple method 
by which we may avoid these decreasing lines, and which only 
requires an operation to be performed upon lines of the same 
magnitude. 

The angle ABC being a right angle, AB is a tangent, and AE 
is a secant, drawn from the same point, so that 

AD:AB::AB:AE (228). 
Thus, in the second operation which has for its object to com- 
pare AD with AB, we may, instead of the ratio of AD to AB^ 
take that of AB to AE* Now AB, or its equal CD, is contained 
twice in AE with a remainder AD ; therefore the result of the 
second operation is the quotient 2 with the remainder AD, which 
is to be compared with AB. 
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The third operation, which consists in comparing AD with AB^ 
i^edaces itself likewise to comparing AB^ or its equal CD, with 
AE^ and we have still the quotient 2 with the remainder AD. 

Whence it is evident that the operation will never terminate, 
and that accordingly there is no common measure between the 
diagonal and the side of a square, a truth already made known 
by a numerical operation, since these two lines are to each other 
: : V2 2 1 (188), but which is rendered clearer by the geomet- 
rical solution. 

261. It is not then possible to find in numbers. the exact ratio 
of the diagonal to the side of a square ; but we may approximate 
it to any degree we please by means of the continued fraction 
which is equal to this ratio. The first operation gave for a quo- 
tient 1 ; the second and each of the others continued without end 
gives 2 ; thus the fraction under consideration becomes 






^ + i 



If, for example, we take the four first terms of this fraction, 
we find that its value added to the first quotient 1 is m, or |^t; 
so that the approximate ratio of the diagonal to the side of a 
square is : : 41 : 29. The ratio might be found more exactly by 
taking a greater number of terms. 



SECTION FOURTH. 

Of regular Polygons and the Measure of the Circle. 

DEFimTIOJT. 

262. A POLYGON, which is at the same time equiangular and ' 
equilateral, is called a regular polygon. 

Regular polygons admit of any number of sides. The equi- 
lateral triangle is one of three sides ; and the square one of four. 

THEOREM. / 

263, Two regular polygons of the same number of sides are 
similar figures. 

Demonstration. Let there be, for example, the two regular 
hexagons ABCDEF^ abcdef (^fig. 155) ; the sum of the angles is Fig. 155. 

t See note on continued fractions at the end of Lacroix's Arithmetic. 
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the same in both, and is equal to eight right angles (8S). The 
angle A is the sixth part of this sum as well as the angle a ; 
therefore the two angles M and a are equal ; the same may be 
said of the angles B and 6, C and c, &c. 

Moreover, since by the nature of these polygons the sides AB^ 
BC^ CD^ &c., are equal, as also a 6, b c, c d, &c., 

JlB : ab :: BC : he :: CD : c d^ &c. ; 
consequently the two figures under consideration have their an- 
gles equal and their homologous sides proportional ; therefore 
they are similar (162), 

264. Corollary. The perimeters of two regular polygons of 
the same number of sides arc to each other as their homologous 
sides, and their surfaces are as the squares of these sides (231). 

265. Scholium, The angle of a regular polygon is determined 
by the number of its sides like the angle of an equiangular poly- 
gon (79). 

THEOREM. /^ 

266. Every regular polygon may he inscribed in a circle and 
may be circumscribed about a circle* 

Fig. 156. Demonstration. Let ABCDE &c, [fig. 156), be any regular 
polygon, and let there be described a circle, whose circumference 
shall pass through the three points .5, B, C ; let O be its centre, 
and OP a perpendicular let fall upon the middle of the side BC ; 
join AO and OD. 

The quadrilateral OPCD may be placed upon the quadrilat- 
eral OPBA\ in fact the side OP is common, and the angle 
OPC=OPB^ each being a right angle, consequently the side 
PC will fall upon its equal PB, and the point C upon B. More- 
over, by the nature of the polygon, the angle PCD = PBA j 
therefore CD will lake the direction BA^ and CD being equal to 
BA^ the point D will fall upon 4? £ind the two quadrilaterals will 
coincide throughout. Hence the distance OD is equal to the 
distance OA^ and the circumference, which passes through the 
three points A^ B, C, will pass also through the point D. By 
similar reasoning it may be shown, that the circumference, 
which passes through the three vertices jB, C, jD, will pass 
through the next vertex E, and so on ; therefore the same cir- 
cumference, which passes through the three points Aj By £7, 



problems. 81 

passes through all the vertices of the angles of the polygon, and 
the polygon is inscribed in this circumference. , 

Furthermoi'e, with respect to this circumference, all the sides 
AB^ BC^ CD^ &c. are equal chords; they are accordingly 
Equally distant from th^ centre (109) 5 if therefore from the point 
O) as a centre^ and with the radius OP^ a circle be dei»^ribed) 
the circumference will touch the side BC ai^d all the other side6 
df the polygon^ each at its middle poiht, and the circle will be 
inscribed in the polygon, or the polygon will be circumscribed 
about the circle. 

267« Scholiutn u I'be poit>t 0^ the common c^entre df the 
inscribed and cit^tumsttfib^d circle, taay be regarded also as the 
centre of the polyg h ; and for this reasoh we call the ar^k of 
the 'centre the angle JtOB formed by the two radii drawn to the 
extremities of the same side AB* 

Since all (he chords A6, BC^ &g., afe equal, it is evidetit that 
all the angles at the centre are equal, and that the value 6{ each 
is found by dividing four right angles by the number of the sides 
of the polygon. 

S68» Scholium tt. In order to inscribe a regular polygon of & 
certain number of sides in a given circle, it is only n^ces&ary to 
divide the circumference into ai» matiy equal pans as the poly- 
gon has sides; for, the arcs beihg equal, the sherds AB^ BC^ 
CD, 8tc« {fig. 156), will be equal; the triangteB ABO^ JJOO^ Fig. iss. 
COD^ &c., Vill also be equal, for the sides of the Orie will be 
respectively equal to those of the other ; consequently all the 
angles ABC^ BCD^ CDE^ &c., will be equal; therefore the 
#gure ABODE &c. will be a regular polygon. 

? 

PROBLEM. %^ 

269. To inscribe a square in d ^fo«i eJtVc/e. 

-. Solution. Draw the diameters AC^ BD {Jig. 157), Cutting Fig. 167. 
each other at right angles ; join the entremities A^ JJ, C, D, and 
the figure A BCD will be the inscribed square. 

For, the angles AOB^ BOC^ &c*, being equal, the chords AB^ 
BC^ &c. are equal. 

270. Scholium. The triangle BOC being right-angled and 
isosceles, BC : BO : : v8 2 1 (188) ; therefore, the side of m in* 
scribed square is to radius^ as the square root oftzoo is to. unity. 

Geom* 1 1 



82 Elements of Geometry* 

f 

PROBLEM* i. -\ 

I 

271* To inscribe a regular hexagon atid an equilateral triangh 
in a given circle. 

Solution. Let us suppose the problem resolved, and that AB 
Fig. 158. (^g. 1^8) is a side of the inscribed hexagon ; if we draw the 
radii ^O, 05, the triangle AOB will be equilateraL 

For the angle AOB is the sixth part of four right angles } thus, 
if we consider the right angle as unity, we shall have 

^OJB = | = |. 
The two other angles ABO^ BAO, of the same triangle, taken 
together, =2 — f = i ; and, as they are equal to each other, 
each of them = | ; hence the triangle ABO is equilateral ; there- 
fore the side of the inscribed hexagon is equal to radius* 

It follows from this, that in order to inscribe a regular hexa- 
gon in a given circle, the radius is to be applied six times round 
on the circumference, which will bring it to the point, from which 
the operation commenced. 

The hexagon ABCDEF being inscribed, if the vertices of the 
alternate angles A^ C, £, be joined, an equilateral triangle ACE 
will be formed. 

272, Scholium* The figure ABCO is a parallelogram, and a 
rhombus, since AB = BC = CO^^AO*^ therefore, the sum of the 
squares of the diagonals being equal to the sum of the squares of 
the sides (195), 

subtracting BO from each we shall have 

AC*= SBO 

hence AC: BO:: 3:1 

or AC: SO:: vs = ^5 

therefore the side of an inscribed equilateral triangle is to radius at 
the square root of three is to unity. 



PROBLEM* 



r- 



273. To inscribe in a given circle a regular decagofn^ also a pen- 
, tagon and a regular polygon of fifteen sides. 
Fig. 159. Solution. Divide the radius AO {fig. 159) in extreme and 
mean ratio at the point M (240), take the chord AB equal to the 
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greater segment OM^ and AB will be the side of a regular deca- 
gon, which is to be applied ten times round on the circumference. 

For, by joining MB^ we have, by construction, 

AO : OM'.iOM'.AM, 
or, because AB = OJIf, 

AO : AB II AB : AM\ 
therefore the triangles ABO^ AMB^ having an angle A common 
and the sides about this angle proportional, are similar (208). 
The triangle OAB is. isosceles ; consequently the triangle AMB 
is also isosceles, and w4jB = SJIf. Besides, AB=iOM; hence 
also BM=i OM', therefore the triangle BMO is isosceles. 

The angle AMB^ the exterior angle of the isosceles triangle 
BJIfO, is double of the interior angle (78). Now the angle 

AMB=:MABi 
consequently the triangle OAB is such that each of the angles at 
the base OAB^ OBA^ is double of the angle at the vertex O, and 
the three angles of the triangle are equal to five times the angle 
O, and thus the angle O is a fifth part of two right angles, or the 
tenth part of four right angles ; therefore the arc AB is the 
tenth part of the circumference, and the chord AB is the side of 
a regular decagon. 

274. Corollary i. If the alternate vertices A^ C, E, &c. of the 
decagon be joined, a regular pentagon ^^^CEGr/ will be formed. 

275. Corollary ii. AB being always the side of a decagon, let 
AL be the side of a hexagon ; then the arc BL will be, with res- 
pect to the circumference, | — ^\^ or j\ ; .therefore the chord 
BL will be the side of a regular polygon of 15 sides. It is man- 
ifest,^ at the same time, that the arc CL is a third of CB. 

276. Scholium. A regular polygon being formed, if the arcs 
subtended by the sides be bisected and chords to these half arcs 
be drawn, a regular polygon wilt be formed of double the num- 
ber of sides. Thus by means of the square we may inscribe 
successively regular polygons of 8, 1 6, 32, &c., sides. Likewise 
l?y means of the hexagon we may inscribe regular polygons of 
1 2, 24, 48, &c., sides ; with the decagon, polygons of 20, 40, 80, 
&c., sides ; with the regular polygon of fifteen sides, polygons of 
30, 60, 120, &c., sides.* 

* It was supposed, for a long time, that these were the only poly- 
gons which could be inscribed by the processes of elementary geom- 
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PROBLEM. 

Fig. 160 277. A regular msmhtd polygon ABCD itc (fig. IW), ieing 
^ven^ to circumscribe abovi iht smne circle a similar polygon. 

Solution. At the point T, the middle of the arc AR, draw tho 
tangent GH, which wHi be parallel to AB(\\i)', do the same 
with each of the other arcs BQ CD^ &c« ; these tangents will 
form, by their intersections, the regular circumscribed polygon 
GHIK &c., similar to the inscribed polygon. 

It will be readily perceived, in the first place, that the three 
points O, £, If, are in a right line, for the right angled triangles 
OTH^ OHJV^ have the common hypothenuse OH, and the side 
OT = OJV; they are consequently equal (12£), and the angle 
TOH= HOJV^ and the line OH passes through the point B, the 
middle of the arc T^. For the same reason, the point / is in 
DC produced, &c. But, since GH is parallel to AB, and HI to 
BC, the angle GHI^ABC (67) ; in like manner HIK sc BCB, 
&c* ; hence the angles of the circumscribed polygon are equal 
to those of the inscribed polygon. Moreover, on account of these 
same parallels 

GHiABiiOHiOB, 
and HI :BC::OH: OB, 

hence GH : AB : : HI : BC. 

But ABzizBC'y consequently GH=^HL For the same reason 
HI ?= /JST, &c. ; consequently the sides of the circumscribed poly- 
gon are equal to each other ; therefore this polygon is regular 
and similar to the inscribed polygon. 

278. Corollary i. Reciprocally, if the circumscribed polygon 
GHIK &C., be given, and it is proposed to construct, by means 
of it, the inscribed polygon ABCD &c., it is evidently suSicient 
to draw to the vertices G, H, /, &c., of the given polygon the 
lines OG, OH, 01, &c., which will meet the circumference at 
thd points A, J5, C, &c., and then to join these points by the 

etrj, OF, which amounts to the same thii^, hy the resolution of 
equations of the first and second degree. But M. Gaus has shown in 
a work, entitled Disquisitiones AritkrneticcB, LipsiaB, 1801, that we 
may, by similar methods, inscribe a regular polygon of seventeen 
sides and in general one of 2« + 1 sides, provided that 2" •+• 1 be a 
l^rime number. 
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ehopds jSR, BC^ CD^ fee, which will form the inscribed polygon. 
We might also, in this case, simply join the points of contact, 
r, JV, P, &c., by the chords TJV; JVP, PQ, &c., whicl^ would 
equally form an inscribed polygon similar to the circumscribed 
one. 

279. Corollary ii. There may be circumscribed, about a given 
ckck, all the regular polygons which can be inscribed within it ; 
and, reciprocally, there may be inscribed, within a circle, all 
the polygons that can be circumscribed about it. 

280. Tht area of a regular polygon is equal to the product of its 
perimeter by half of the radius of the inscribed circle* 

J)emonstrati<m. Let there be, for example, the regular poly- 
gon GHIK &LC. {fg. 160); the triangle GOHy for example, has Fig. 160. 
for its measure GHx iOT, the triangle OHI has for its measure 
j&/x^OJW But OJ\r^OT; consequently the two triangles 
\mited have for their measure (GH-i-HI) x \0T. By proceed- 
itJg thus with the other ttiangles, it is evident that the sum of all 
the triangles, or the entice polygon, has for its measure the sum 
of the bases GJEf, HJ, IK, &c.j or the perimeter of the polygon, 
multiplied by iOT, half of the radius of the inscribed circle* 

28 K Scholium. The radius of the inscribed circle is the same 
as the perpendicular let fall from the centre upon one of the sides. 

THEOREM. ^^ 

282. The perimeters of ngular polygons of the same number of 
sides are aa the radii of the circumscribed circUsy and mho as the 
radii of the inscvibid circles ; and their surfaces are as the squares 
af these same radii* 

Ikmonstration* Let AB (^fig* 161) be a side of one of thepig. i6i. 
polygons in question, O its centre, and OA the radius of the cir^ 
cumscribed circle, and OD^ perpendicular to AB^ the radius of 
the inscribed circle ; and let a 6 be the side of another polygon, 
similar to the former, o its centre, oa and od the radii of the 
circumscribed and inscribed circles. 

The perimeters of the two polygons are to each other as the 
sides AB, ab (221). Now the angles A and a are equal, being 
tech half of the angle of the polygon ; the same may be said of 
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the angles B and b ; therefore the triangles ABO^ nbo, are simi- 
lar, as also the right-angled triangles ADO^ ado\ 
hence , AB : ab :: AO : ao :: DO : do ; 

consequently the perimeters of the polygons are to each other as 
the radii AO, a o, of the circumscribed circles, and also as the 
radii DO, d o, of the inscribed circles. 

The surfaces of these same polygons are to each other as the 
squares of the homologous sides AB, ab (221); they are there- 
fore also as the squares of the radii of the circumscribed circles 
AO, a 0, and as the squares of the radii of the inscribed circles 
DO, d 0. 

283. Every curved line, or polygon, which encloses^ from one 
Fig. 162. extremity to the other, a convex line AMB (fig. 162), is greater than 
the enclosed line AMB. 

Demonstration. We have already said that, by a convex line, 
we understand a curved line or polygon, or a line consisting in 
part of a curve and in part of a polygon, such that a straight 
line cannot cut it in more than two points (83). If the line 
AMB had re-entering parts or sinuosities, it would cease to be 
convex, because, as will be readily perceived, it might be cut by 
a straight line in more than two points. The arcs of a circle are 
essentially convex ; but the proposition under consideration ex- 
tends to every line, which fulfils the condition stated. 

This being premised, if the line AMB be not smaller than any 
of those lines which enclose it, there is among these last a line 
smaller than any of the others, which is less than AMB, or at 
least equal to AMB. Let ACDEB be this enclosing line ; be* 
tween these two lines draw at pleasure the straight line PQ, 
which does not meet the line AMB, or at most only touches it ; 
the straight line PQ is less than PCDEQ (3) ; consequently if, 
instead of PCDEQ, we substitute the straight line PQ, we shall 
- have the enclosing line APQB, less than APDQB. But, by hy- 
pothesis, this must be the shortest of all ; this hypothesis then 
cannot be maintained ; therefore each of the enclosing lines is 
greater than AMB. 

284. Scholium. After the same manner, it may be demon- 
strated, without any restriction, 4hat a line which is convex and 
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returns into hself, AMB {fig. 163), is less than any line which Fig. 16S. 
encloses it on all sides, whether the enclosing line FHG touches 
AMB in one or more pouits, or whether it surrounds it without 
touching it. # 

285* Two concentric circles being given^ there may always be 
inscribed^ in the greater^ a regular polygon^ the sides of which shall 
not meet the circumference of the smaller ; and there may also be 
circumscribed^ about the smaller^ a regular polygon^ the sides of 
which shall not meet the circumference of the greater ; so that on the 
whole the sides of the polygon described shall be contained between 
the two circumferences. * 

Demonstration. Let CA^ CB (fig. 1 64), be the radii of the two Fig, 164. 
given circles. At the point A draw the tangent DE terminating, 
at the greater circumference, in D and E. Inscribe, in the 
greater circumference, one of the regular polygons, which can be 
inscribed by the preceding problems, and bisect the arcs ^b- 
tended by the sides, and draw the chords of these half arcs ; and 
a regular polygon will be described of double the number of 
sides. Continue to bisect the arcs until one is obtained which is 
smaller than DBE. Let MBH be this arc, the middle of which 
is supposed to be in JS ; it is evident that the chord MK will be 
further from the centre than DJE, and that thus the regular poly- 
gon, of which JtfJV is a side, cannot meet the circumference,-of 
which CA is the radius. 

The same things being supposed, join CM and CV, which 
meet the tangent DE in P and Q ; PQ will be the side of a poly- 
gon circumscribed about the smaller circumference similar to 
the polygon inscribed in the greater, the side of which is MJ^. 
Now it is evident that the circumscribed polygon, which has for 
its side PQ, cannot meet the greater circumference, since CP is 
less than CM. 

There may, therefore, by the same construction, be a regular 
polygon inscribed in the greater circumference, and a similar 
polygon circumscribed about the smaller, which shall have their 
sides comprehended between the two circumferences. 

286. Scholium. If we have two concentric sectors FCG^ ICH^ 
we can likewise inscribe, in the greater, a portion of a regular 
polygon, or circumscribe, about the smaller, a portion of a similar 
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polygon, so that the perimeters of the two polygons Would be 
comprehended between the two cux^Ies. It is only necessary to 
divide the arc FBG successively into 3, 4, 8, 16| &c.^ equal 
parts, until one is obtained smaller than DBJ^ 

By a portion of a regular polygon^ as the phrase is here used, 
is to be understood the figure terminated by a series of equal 
chords, inscribed in the arc FG^ from one extremity to the other. 
This portion has the principal properties of a regular polygon, it 
has its angles equal, and its sides equal ; it is, at the same time, 
capable of being inscribed in, and circumscribed about a cifle ; 
it does not, however, make a part of a regular pcdygon, properly 
so called, except when the arc, subtended by one of theile sideS| 
is an aliquot part of the circumference. 

// 

THEOREM* J f 

287. The circumferences of circles are as their radii^ and thdr 
surfaces are as the squares of their radii. 
Pig. 165. Demonstration. Denoting, by circ. CA and circ. OB (Jig. 165), 
the circumferences of thje circles whose radii are CA and OBj 
we say that circ. CA : circ. OB : : CA : OB* 

For, if this proportion be not true, CA will be to OB as circ 
CA is to a fourth term either greater or less than circ* OB. Let 
us suppose that it is less, and that, if possible, 

CAiOBi: circ. CA : circ. OD. 

Inscribe, in the circumference of which OB is the radius, a 
regular polygon EFGKLE^ whose sides shall not meet the cir- 
cumference of the circle, whose radius is OD (285) ; inscribe a 
similar polygon MNPSTM in the circle whose radius is CA. 

This being done, since the polygons are similar, their perime^ 
ters MNPSM, EFGKE^ are to each other as the radii CA, OBf 
of the circumscribed circles (282), and we have 

MJVPSM : EFGKE :: CA:OB; 
but, by hypothesis, 

CA :0B:: circ. CA : circ. OD ; 
therefore MJVPSM : EFGKE : : circ. CA : circ. OD. Now this 
proportion is impossible, because the perimeter MJVPSM is less 
than circ. CA (283), while EFGKE is greater than the drc. 
OD', therefore it is impossible that CA should be to OB as eire. 
CA is to a circumference less than circ. OB ; or, in other words, 
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it is impossible that the radius of one circle should be to that of 
another as the circumference of the first is to a circumference 
less than that of the second. 

It follows, moreover, from what has been said, that CA cannot 
be to OB as circ» CA is to a circumference greater than circ* 
OB ; for, if this were the case, we should h:ive by inversion^ 

OB : CA : : a circumference greater than circ. OB : circ* CA^ > 
dr, which is the same thing, 

OB : CA : : circ. OB : a circumference less than arc. CA\ 
therefore the radius of one circle may be to the radius of another, 
as the circumference described upon the former is to a circum- 
ference less than the one described upon the latter, which has 
been shown to be impossible. 

Since the fourth term of the proportion CA : OB : : arc. CA : X 
can be neither less nor greater than ctrc. 06, it must be equal to 
arc. OB 5 therefore the circumferences of circles are as their 
radii. 

By a construction and course of reasoning entirely similar, it 
may be demonstrated that the surfaces of circles are as the 
iSquares of their radii. 

We shall not enter into further details upon this proposition, 
which is indeed a corollary from the next. 

288. Corollary, Similar arcs AB^ DE {fig. 166), are as their Fig, 166, 
radii AC^ D0\ and similar sectors ACB^ DOl^^ are as the 
squares of their radii. 

For, since the arcs are similar, the angle C is equal to the 
angle O (163) ; now the angle C is to four right angles as the 
arc AB is to the entire circumference described upon the radius 
AC (122), and the angle O is to four right angles as the arc DE 
is to the circumference described upon the radius 0D\ there- 
fore the arcs AB^ DE^ are to each other as the circumferences 
of which they are respectively a part ; and these circumferences 
are as the radii AC^ DO*, therefore 

arc AB : arc DEiiAC: DO. 

For the same reason the sectors ACB, DOE^ are as the '»ntire 
eircles ; but the entire circles are as the squares of theur radii ; 
therefore 

sect. ACB : sect. DOE :iAC: JQO. 
Oeom. 12 
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289. The area of a circle is equal to the product of its circumr 
ference by half of the radiums. 

Demonstration. Denoting by surf CA the surface or area of 
a circle whose radius is C>^, we say that 

surf CA = ^^CA X circ. CA. 
Fig. 167. If^CA X circ. CA {fig. 167) be not the area of the circle of 
which CA is the radius, this quantity will be the measure of a 
circle either greater or less. Let us suppose, in the first place^ 
that it is the measure of a greater circle, and that, if it be possi- 
ble, \CAx circ. CA = surf. CB. ■ 

About the circle, of which CA is the radius, circumscribe a 
regular polygon DEFG &c., the sides of which shall not meet 
the circumference of the circle whose radius is CB (285) ; the 
surface of this polygon will be equal to its perimeter 

DE-hEF + FG + Sic., 
multiplied by ^ AC (280). But the perimeter of the polygon is 
greater than that of the inscribed circle, since it encloses it on 
all sides ; consequently the surface of the polygon DEFG &c. 
is greater than ^ AC x circ. AC^ which, by hypothesis, is the 
measure of the circle, of which CB is the radius ; hence the 
polygon would be greater than the circle ; but it is less, since it 
is contained within it ; therefore it is impossible that 

^CAk circ. CA 
should be greater than surf. CA^ or, in other words, it is impos- 
sible that the circumference of a circle multiplied by half of the 
radius should be the measure of a greater circle. 

Again, this same product cannot be the measure of a less cir- 
clfe; and, not to change the figure, I will suppose that the circle 
in question is that whose radius is CB^ it is to be proved then, 
that I CB X circ. CB cannot be the measure of a less circle, of 
the circle, for example, whose radius is CA. Let us suppose, if 
it be possible, that ^ CB x circ. CB = surf. CA. 

The same construction being supposed as above, the surface of 
the polygon DEFG &c. will have for its measure 

(D£ + EF^FG +&C.) xiCA', 
but the perimeter DE -f EF + FG -f- &c., is less than circ. CB 
which encloses it on all sides ; hence the area of the polygon is 
less than | CA x circ. CB^ and for a still stronger reason, less 
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than \CBx circ. CB. This last quantity is, by hypothesis, the 
measure of the circle of which CA is the radius ; consequently 
the polygon would be less than the inscribed circle, which is 
absurd ; it is impossible then that the circumference of a circle 
multiplied by half of the radius should be the measure of a less 
circle. 

Therefore the circumference of a circle multiplied by half of 
the radius is the measure of this circle. 

290. Corollary i. The surface of a sector is equal to the arc 
of this sector multiplied by half of the radius. 

For the sector ACB {Jig. 168) is to the entire chicle, as the Fig. 168. 
arc AMB is to the entire circumference ABD (125), or as 
AMB \ ^ AC is to ABD x ^AC. But the entire circle is equal 
to ABD X jAC'j therefore the sector ACB has for its measure 
AMB X i AC. 

291. Corollary 11. Since the circumferences of circles are as 
their radii, or as their diameters, calling tt the circumference of 
a circle whose diameter is one, we have this proportion ; thq 
diameter of a circle 1 is to its circumference ;r, as the diameter 
^CA is to the circumference of a circle whose radius is CA, 

or 1 : 7F : : 2CA : circ. CA ; 

hence drc. CA =z27C x CA. 

Multiplying each member by ^ CA^ we have 

iCAx circ. CA=i7ixCA, 

or surf CA ==7€X CA; 

therefore, the surface of a circle is equal to the product of the square 
of the radius by the constant number tt, which represents the circum- 
ference of a circle whose diameter is 1, or the ratio of the circumferr 
^nce to the diameter. 

In like manner, the surface of a circle whose radius is OB^ is 

2 

equal to ti x 0B» But 

7€ X CA'.jiX OB:: CA: OB; 

therefore, the surfaces of circles are to each other as the squares of 
their radii^ which agrees with the preceding theorem. 

292. Scholium. We have already said, that the problem of 
the quadrature of the circle consists in finding a square equal in 
surface to a circle whose radius is known ; now we have just 
shown that a circle is equivalent to a rectangle contained by the 
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circumference and half of the radius, and this rectangle is change 
ed into a square by finding a mean proportional between its two 
dimensions (S43). Thus the problem of the quadrature of the 
circle reduces itself to finding the circumference, when the radius 
is known ; and, for this purpose, it is sufficient to know the ratio 
of the circumference to the radius or to the diameter. 

Hitherto we have not been able to obtain this ratio except by 
approximation ; but the process has been carried so far, that a 
knowledge of the exact ratio would have no real advantage over 
the approximate ratio. Indeed this question, which occupied 
much of the attention of geometers, when the methods of approx- 
imation were less known, is now ranked among those idle ques* 
tions which engage the attention of such only as have scarcely 
attained to the first principles of geometry. 

Archimedes proved that the ratio of the circumference to the 
diameter is comprehended between 3^^ and Z\\ ; thus 3^ or y 
i^ a yalue already approaching very near to the number, which 
we have represented by n ; and this first approximation is much 
in use on account of its simplicity. Meiius gave a much nearer 
value of this ratio in the expression f ff. Other calculators 
have found the value of ^, developed to a certain number of de- 
cimals, to be 3,1415926535897932 fee, and some have had the 
patience to extend these decimals to the hundred and twenty- 
seventh, and even to the hundred and fortieth. Such an approx- 
imation may evidently be taken as equivalent to the truth, and 
the roots of imperfect powers are not better known. 

We shall explain, in the following problems, two elementary 
methods, the most simple, for obtaining these approximations. 

/ . 

PROBLEM. / /' 

/ \ 

293. The surface of a regular inscribed polygon and that of a 
similar circumscribed polygon being given^ to find the surfaces of 
regular inscribed and circumscribed polygons of double the number 
of sides. 

169. Solution. Let AB {fig. 169) be the side of a given inscribed 
polygon, EF parallel to AB^ that of a similar circumscribed 
polygon, C the centre of the circle ; if we draw the chord AM, 
and the tangents AP^ BQ^ the chord AM will be the side of an 
inscribed polygon of double the number of side3, and PQ double 
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of PM will be that of a similar circumscribed polygon (277) ; 
and, as the different angles of the polygon equal to ACM will 
admit of the same construction, it is sufficient to consider the 
angle ACM only, and the triangles here contained will be to 
each other as the entire polygons. Let A be the surface of the 
inscribed polygon whose side is AB^ B the surface of a similar 
circumscribed polygon, A' the surface of a polygon whose side 
is AM^ B' the surface of a similar circumscribed polygon. A 
and B are known, and it is proposed to find A' and B. 

1. The triangles ACD^ ACM^ the common vertex of which is 
w2, are to each other as their bases CD^ CM ; moreover, these 
triangles are as the polygons A and A'j of which they are res- 
pectively a part ; hence 

A: A':: CD: CM. 

The triangles CAM^ CME, the common vertex of which is Jkf, 

are to each other as their bases G4, CE ; these same triangles 

are also as the polygons A' and jB, of which they are respect* 

ively a part ; hence 

A':B:: CA: CE. 

But, on account of the parallels AD^ ME^ 

CD : CM : : CA : CE ; 

therefore A:A'::A':B; 

that is, the polygon A'^ one of those which is sought, is a mean 

proportional between the two known polygons A and B ; conse- 

quei^tly A = \/A x B* 

2. On account of the common altitude CM^ the triangle CPM 
is to the triangle CPE as PM is to PE ; but, as the line CP 
bisects the angle MCE (201), 

PMiPEiiCM: CE : : CD : CA or CM :: A : A-, 
hence CPM: CPE ::A: A', 

and CPMiCPM+CPEor CMEiiAiA+A'-, 

also 2CPJ»f or CMPA : CME ::%d:A + A'. 

But CMPA and CME are to each other as the polygons B' and 
B^ of which they are respectively a part ; we have then 

B':B::^A:A + A'. 
Now A' has already been determined ; and this new proportion 
will give the determination of JS', namely, 

therefore, by means of the po ygoriS A and B, it is easy to find 
the. polygons A' and B', which have double the number of sides. 
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PROBLEM 




294. To find the approximate ratio of the circumference of a circk 
to its diameter. 

Solution. Let the radius of the circle be = 1, the side of the 
inscribed square will be V2 (270), that of the cu*cumscribed 
square will be equal to the diameter 2 ; hence the surface of the 
hiscribed square = 2, and that of the circumscribed square = 4. 
Now, if we make A = 2, and JS = 4, we shall find, by the preced- 
ing problem, the inscribed octagon A' = V8 = 2,8284271, and the 

1 fi 
circumscribed octagon B' = r— — - = 3,3137085. Knowing thus 

the inscribed and circumscribed octagons, we can find, by means 
of them, the polygons of double the number of sides ; we now 
suppose A = 2,8284271, 5 = 3,3137085, and we shall have 

A' = s/TxB=^ 3,0614674, and F= -3--^^- = 3,1825979. These 

Ji -\- »^ 

polygons of 16 sides will serve to find those of 32 sides, and we 
may proceed in this manner, till there is no difference between 
the inscribed and circumscribed polygons, at least for the num- 
ber of decimals to which the calculation is carried, which in this 
example is seven. Having arrived at this point, we conclude 
that the circle is equal to the last result, for the circle must 
always be cotaprehended between the inscribed and circum- 
scribed polygons ; therefore, if these do not differ from each 
other for a certain number of decimals, the circle will not differ 
from them for the same number. 

See the calculation of these polygons continued till they give 
the same result for the seven first decimals. 

Nnmber of sides. Inscribed polygon. 

4 2,0000000 

8 , 2,8284271 



32 

64 

128 

256 

512 

1024 

2048 

4096 

8192 

16384 

32768 



3,0614674 
3,1214451 
3,1365485 
3,1403311 
3,1412772 
3,1415138 
3,1415729 
3.1415877 
3,1415914 
3.1415923 
3,1415925 
3,1415926 



Circumscribed polygon. 

4,0000000 
3,3137085 
3,1825979 
3,1517249 
3,1441148 
3,1422236 
3,1417504 
3,1416321 
3,1416025 
3,1415951 
3,1415933 
3,1415928 
3,1415927 
3,1415926 . 
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Hence we conclude that the surface of the circle = 3,1415926. 

There might be some doubt with respect to the last decimal, 
on account of the error arising from the parts neglected ; but we 
have extended the calculation to one decimal more in order 
to be assured of the correctness of the above result to the last 
figure. 

Since the surface of a circle is equal to the product of the 
semicircumference by the radius, the radius being 1, the semi- 
circumference will be 3,1415926; or^ the diameter being 1, the 
circumference will be 3,1415926; therefore the ratio of the 
circumference to the diameter, above denoted by tp, is equal to 
3,1415926. / l^ 

LEMMA. / ^ 

295. The triangle CAB (fig. 170) is equivalent to the isosceles Fig. 170, 
triangle DCE, which, has the same angle C, and of zohich the side 
CE equal to CD is a mean proportional between CA and CB. 
Moreover, if the angle CAB is a right angle^ the perpendicular CF 
let fall upon the base of the isosceles triangle will be a mean propor- 
tional between the side CA and the half sum of the sides CA, CB. 

Demonstration. 1. On account of the common angle C, the 

triangle ABC is to the isosceles triangle DCE disACx CB is to 

— ^ 
DCx CE or DC (216); consequently these triangles are equiv- 

2 

alent, when DC=^AC x CB^ or when DC is a mean proportional 
between AC and CB, 

2. As the perpendicular CGF bisects the angle ACB^ 

AG:GB::AC:CB (201), 
whence, by composition^ 

jiGiAG^ GB or AB:: AC :j1C+ CB-, 
but AGiAB: : triangle ACG : triangle ACB or 2CJDF; 
moreover, if the angle .4 is a right angle, the right-angled trian- 
gles ACG^ CDFj are similar ; whence 

ACG: CDF:: AC: Cf] 

or ACG: <2CDF : : AC: 2Cf' 

therefore AC : 2CF : : AC : AC + CB. 

If we multiply the two terms of the second ratio by AC^ the an- 
tecedents will become equal, and we shall consequently have 

2CF = ACx{AC+ CB), or CF = AC x (j~-^^ 5 



96 Elements ofGecmetfy. 

therefore, if the angle w4 is a right angle, the perpendicular Cf 
is a mean proportional between the side AC ^nd half the sum of 
the sides ^C,CB. J / 

PROBLEM* / ^ 

296. To find a circle which shall differ as little as we please from 
a given regular polygon. 

Solution. Let there be given, for example, the square BM^P 
Fig. 171. (/g. 171); let fall from the centre C the perpendicular CA 
upon the side MB^ and join CB. 

The circle described upon the radius CA is inscribed in the 
square, and the circle described upon the radius CB' is circum- 
scribed about this square ; the first will be less than the square, 
and the second will be greater ; it is proposed to reduce these 
limits. 

Take CD and CE each equal to a mean proportional between 
CA and CJ?, and join £D; the isosceles triangle CDE will be 
equivalent to the triangle CAB (295) ; let the same be done with 
respect to each of the eight triangles which compose the square, 
and tnere will be formed a regular octagon equivalent to the 
square BMJ^P. The circle described upon CF^ a mean propor- 

tional between CA and ~ . will be inscribed in the octa- 

2 

gon, and the circle described upon CD, as a radios, will be cir- 
cumscribed about it. Thus the first will be less and the second 
greater than the given square. 

If we change, in the same manner, the right-angled triangle 
CDF into an equivalent isosceles triangle, we shall form in this 
way a regular polygon of sixteen sides equivalent to the proposed 
square. The circle inscribed in this polygon will be less than 
the square, and the circle circumscribed about it will be greater. 

We can proceed in this manner till the ratio between the ra- 
dius of the inscribed circle and that of the circumscribed circle 
shall differ as little as we please from equality. Then either of 
these circles may be regarded as equivalent to the proposed 
square. 

297. Scholium. To exhibit the result of this investigation of the 
successive radii, let a be the radius of the circle inscribed in one 
of the polygons, and b the radius of the circle circumscribed 
about the same polygon ; and let o', 6', be similar radii to the 
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next polygon of double the number of sides* According to what has 
been demonstrated, {/ is a mean proportional between a and 6, and 

a' is a mean proportional between a and ■— — ; so that we have 



hence the radii a and h of one polygon being known, the radii 
d^ b\ of the following polygon are easily deduced ; and we may 
proceed in this manner till the difference between the two radii 
shall become insensible ; then either of these radii may be taken 
for the radius of a circle equivalent to the proposed square or 
polygon. 

This method may be readily applied to lines, since it consists 
in finding successive mean proportionals between known lines ; 
but it succeeds still better by means of numbers, and it is one of 
the most convenient, that elementary geometry can furnish, for 
finding expeditiously the approximate ratio of the circumference 
of a circle to its diameter. Let the side of the square be equal 
to 2, the first inscribed radius CA will be 1, and the first circum- 
scribed radius CB will be v3 or 1,4142136. Putting then a == 1, 
and b=£ 1,4142136, we shall have 

f = VooTS = V I X 1,414213« = 1,1892071; 

«'=j;7^*=jr;;Tiw?i^= 1,0986841. 

These numbers may be used in calculating the soqceeding ones 
according to the hw of continuation. 

See the result of this calculation extended to seven or eight 
figures by means of a table of common logarithms. 

RacUi of the circumscribed circlesi Radii of the inscribed circles. 

1,4142136 1,0000000. 

1,1892071 1,0986841. 

1,1430500 1,1210863. 

1,1320149 1,1265639. 

1,1292862 1,1279257. 

1,1286063 1,1282657. 

The first half of the figures being now the same in both, we 
can take the arithmetical instead of the geometrical means, since 
they do not differ from each other except in the remoter deci- 
mals {Alg. 102). The operation is thus greatly abridged, and 
the results are, 

Geom^^ 13 
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1,1284360 1,1283508. 

1,1283934 1,1283721. 

1,1283827 1,1283774. 

1,1283801 1,1283787. 

1,1283794 1,1283791. 

1,1283792 1,1283792. 

Hence 1,1283792 is very nearly the radius of a circle equal 
in surface to a square whose side is 2. From this it is easy to 
find the ratio of the circumference of a circle to its diameter ; for 
it has been demonstrated that the surface of a circle is equal td 
the square of the radius multiplied by the number ;r; therefore 
if we divide the surface 4 by the square of 1,1283792, we shall 
have the value of ti equal to 3,1415926 &c«, as determined by 
the other method. 



Appendix to the Fourth Section. 
DEFimTWJffS. 

298. Among quantities of the same kind that which is greatest 
is called a maximum ; and that which is smallest a minimum* 

Thus the diameter of a circle is a maximum among all the 
straight; lines drawn from one point of the circumference to 
another, and a perpendicular is a minimum among all the straight 
lines drawn f£om a given point to a given straight line. 

299. Those figures which have equal perimeters are called 
isoperimetrical figures. 

THEOREM. / ' 

300. Among triangles of the same base and the same perimeter 
that is a maximum in which the two undetermined sides are equal. 

FJg, 172. Demonstration. Let AC- CB {ficr. 1 72), and 

AM4-MB=:AC^CB', 
the isosceles triangle ACB will be greater than the triangle AMB 
of the same base and the same perimeter. 

From the point C, as a centre, and with the radius CA = CB, 
describe a circle meeting CA produced in D ; join DB ; and the 
angle DBA^ inscribed in a semicircle is a right angle (128). Pro- 
duce the perpendicular DB towards JV, and make MJi = MB^ 
and join AJV. Froni the points M and C let fall upon DX the 
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perpendiculars MP and CG. Since CB = CD, and JIf JV = Jtf J?, 
AC+CB = AD, diud AM -h MB = ^M ^-M^r. But 

w4C+CjB = w3Jlf f JUB; 

consequently j2D = AM + Jtf JV" ; therefore AD > ^JV. 

Now, if the oblique line AD is greater than the oblique line 
jiJV, it must be at a greater distance from the perpendicular AB 
(52) ; hence DB > fiJV; and BO the half DB is greater than 
BP the half BJ^: But the triangles ^JBC, ABM, which have 
the same base AB, are to each other as their altitudes £G, BP ; 
therefore, since BG > BP, the isosceles triangle .^JJC is greater 
than the triangle ABM of the same base and same perimeter 
which is not isosceles. 

THEOREM. ' /^ 

301. Among polygons of the same perimeter and of the same num* 
her of sides, that is a maximum which has its sides equal. 

Demonstration. Let ABCDEF {fig. 1 73) be the maximum Fig. 173. 
polygon; if the side BC is not equal to CD, make, upon the 
base jBjD, an isosceles triangle BOD, having the same perimeter 
as BCD, the triangle BOD will be greater than BCD (300), 
and consequently the polygon ABODEF will be greater than 
ABCDEF ; this last then will not be a maximum among all those 
of the same perimeter and the same number of sides, which is 
contrary to the supposition. Hence BC must be equal to CD; 
and, for the same reason, we shall have CD = DE, DE = EF, 
&c. ; therefore all the sides of the maximum polygon are equal 
to each other* 

"1 

THEOREM. \/ 

302. Of all triangles formed with two given sides making any 
'angle at pleasure with each other,. the maximum is that in which the 
two given sides make a r^ht angle. 

Demonstration. Let there be the two triangles BAC, BAD 
{fig. 174), which have the side AB common, and the side Fig. 174. 
AC=sAD', if the angle BAC is ^ right angle, the triangle BAC 
will be greater than the triangle BAD, in which the angle A is 
acute or obtuse. 

For, the base AB being the same, the two triangles BAC, 
BAD, are as their altitudes A C, DE. But the perpendicular 
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DE is less than the oblique line AD or its equal AC ; therefore 
the triangle BAD is less than BAC^ 

t 

TaSOREV* I .4 

SOS. Of all polygons formed of given sides and one side to be 
taken of any magnitude at pleasure^ the maximum mv^t be such that 
all the angles may be inscribed in a semicircle of which the unknovm 
side shall be the diameter* 
Pig. 175. Demonstratum. Let ABCDEF {fig. 1 75), be the greatest of 
the polygons formed of the given sides AB^ BC^ CD^ DE^ EF, 
and the side AF taken at pleasure ; draw the diagonals AD^ DF. 
If the angle ADF is not a right angle, we can, by preserving the 
parts ABCD^ DEF^ as they are, augment the triangle ADF^ and 
consequently the entire polygon by making the angle ADF a 
right angle, according to the preceding proposition ; but this poly- 
gon can no longer be augmented, since it is supposed to have 
attained its maximum ; therefore the angle ADF is already a 
right angle* The same may be said of the angles ABF, ACFy 
AEF'^ hence all the angles A^ B, C, D. J5, jP, of the mmimum 
polygon are inscribed in a semicircle of which the undetermined 
side AF is the diameter. 

304. Scholium. This proposition gives rise to a questioDi 
namejy, whether there are several ways of forming a polygon 
with given sides and one unknown side, the unknown side being 
the diameter of the semicircle in which the other sides are in- 
scribed* Before deciding this question it is proper to observe 
that, if the same chord AB subtends arcs described upon differ- 

Pig. 17a cnt radii AC^ AD {fig. 176), the angle at the centre subtended 
by this chord will be least in the circle of the greatest radius ; 
thus ACB < ADB. For ADO = ACD + CAD (78) ; therefore 
ACD < ADO^ and, each being doubled, we have ACB < ADB. 

TBEORSM. 

305. There is but one vmy of forming a polygon ABCDEF, 
Pig. 175. (fig. 175) with given sides and one side unknown^ the unknown side 

bang the diameter of the semicircle in which the others are inscribed. 

Demtmstration. Let us suppose that we have found a circle 

which satisfies the question ; if we take a greater circle^ the 

ehords AB^ BC^ CD, &C., answer to angles at the centre that are 
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smaller. The sum of the angles at the centre will accordingly 
be less th&n two right angles ; thus the extremities of the given 
sides will not terminate in the extremities of a diameter. The 
contrary will occur if we take a smaller circle ; therefore the 
polygon under consideration can be inscribed in only one circle. 
306. Scholium. We can change at pleasure the order of the 
sides *4jS, JSC, CD, &c., and the diameter of the circumscribed 
circle will always be the same as well as the surface of the po- 
lygon ; for, whatever be the order of the arcs AB^ JBC, CD, &c., 
it is sufficient that their sum makes a semicircumference, and the 
polygon will always have the same surface, since it will be equal 
to the semicircle minus the segments AB^ BC^ CD^ &:c., the sum 
of which is always the same. 



THEOREM. / ) 



307. Of all polygons formed of given sides the maximum is 
that which can be inserted in a circle. 

Demonstration. Let ABCDEFQ (fig. 177) be an inscribed Fig. iru 
polygon, and ahcd efg one that does not admit of being inscrib- 
ed, having its corresponding sides equal to those of the former, 
namely, a 6 = AB, hc:=:BC^ cd= CD^ &c. ; the inscribed poly- 
gon will be greater than the other. 

Draw the diameter EM, and join AM, MB ; upon a6 = AB 
construct the triangle ahm equal to ABM, and join e m. 

According to what has just been demonstrated (303), the poly- 
gon EFGAM is greater than efg a m, unless this last can also 
be inscribed in a semicircle having e m for its diameter, in which 
case the two polygons would be equal (305). For the same 
reason the polygon EDCBM is greater than edchm, with the 
exception of the case in which they are equal. Hence the entire 
polygon EFGAMBCDE is greater than efgamhcde, unless 
they should be in all respects equal ; but they are not so (161), 
since one is inscribed in a circle, and the other does not admit of 
being inscribed ; therefore the inscribed polygon is greater than 
the other. Taking from them respectively the equal triangles 
ABM, a t m, we have the inscribed polygon ABCDEFG greater 
than the polygon not inscribed abed efg. 

308. Scholmm. It may be shown, as in art. 305, that there 
k only one circle and consequently only one maximum polygon 
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which satisfied the question ; and this polygon will still have the 
same surface, whatever change be made in the order of the sides* 

THEOREM. 

309. Among polygons of the same perimeter and the same numbet 
of sides the regular polygon is a maximum. 

Demonstration. According to art. 301, the maximum polygon 
has all its sides equal ; and, according to the preceding theorem, 
it is such that it may be inscribed in a circle ; therefore it is a 
regular polygon. 

■ ■ ••» 

liEMMA* 

310. Two angles at the centre^ measured in two different circles, 
are to each other as the contained arcs divided by their radii ; that 

AR T^F* 

Rg. 178 is, the angle C : angle O :: the ratio -^ : =r^ (fig. 178). 

Demonstration. With the radius OF equal to AC, describe 
the arc FG comprehended between the sides OD, OE, produced ; 
on account of the equal radii AC, OF, 

C:0::JB:FG{Ui),or::^:^. 

But, on account of the similar arcs FG, DE, 

FG:DE::FO:DO (288); 

hence the ratio -=^ is equal to the ratio -=rr^ ; therefore 

p ^ AB BE 
^ ' ' AC'' DO' 



THEOREM. ^ \ 

311. Of txco regular isoperimetrical polygons that is the grecUer 
which has the greater number of sides. 
Fig. 179. Demonstration. Let DE {fig. 1 79), be half of a side of one 
of these polygons, its centre, OE a perpendicular let fall from 
the centre upon one of the sidest ; let AB be half of a side of the 
other polygon, C its centre, CB a perpendicular to the side let 
fall from the centre. We suppose the centres O and C to be 



t This perpendicular is called in the original apotHmt. No Eng- 
lish word has been adopted answering to it. 
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situated at any distance OC^ and the perpendiculars OJS, CJ5, in 
the direction OC ; thus DOE and JCB will be the semiangles 
at the centre of the polygons respectively, and as these angles 
are not equal, the lines C^, OJD, being produced, will meet in 
some point F; from this point let fall upon OC the perpendicu- 
lar FG ; from the points and C, as centres, describe the arcs 
Gl, GHj terminating in the sides OF, CF. 
This being done, we have, by the preceding lemma, 

^' ^ " OG' CG' 

but DE : perimeter of the first polygon : : O : four right angles, 
and AB : perimeter of the second polygon : : C : four right angles ; 
hence, the perimeters of the polygon being equal, 

DExABix O : C 

Multiplying the antecedents by OG and the consequents by CG, 
we have DE x OG : AB x CG i : GI : GH. 

But the similar triangles ODJE, 0F6r, give 

OEi OGiiDEzFG, 
whence DE x. OG=:OE x FG; 

in like manner AB x CG-CB x FG-, 

consequently OE X FG : CB k FG ::GI: GH. 
or OE: CB:: GI : GH. 

If therefore it is made evident that the arc GI is greater than the 
arc GH, it will follow that the perpendicular OE is greater than 
CB. 

On the other side of CF let there be constructed the figure 
CK X equal to CG a?, so that we may have CK =-CG^ the angle 
HCK = HCG^ and the arc Kx = xG'^ the curve K x G enclose 
ing the arc KHG will be greater than this arc (283). Hence 
Gjc half of the curve is greater than OH half of the arc ; there- 
fore, for a still stronger reason, GI is greater than GH. 

It follows from this that the perpendicular OE is greater than 
CB; but the two polygons having the same perimeter are to 
each other as these perpendiculars (280) ; therefore the polygon, 
which has for its half side jDE, is greater than that which has 
for its half side AB. The first has the greater number of sides 
since its angle at the centre is less; tlierefore of two regular 
isoperimetrical polygons, that is the greater which has the greater 
liumber of sides. 
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i A 

THEOREM. .' ( ' 

312. Tht circle is greater than any polygon, of the same perimeter* 
Demonstration. It has already been proved that among poly- 
gons of the same perimeter and the same number of sides, the 
regular polygon is the greatest ; the inquiry is thus reduced to 
comparing the circle with regular polygons of the same perime- 
Fig. 180. ter. Let AI {Jig. 180) be the half side of any regular polygon, 
and C its centre. Let there be, in the circle of the same peri- 
meter, the angle DOE = JlCIj and consequently the arc DE 
equal to the half side AI; 

the polygon P : circle C : : triangle ACI : sector ODE^ 
hence P . Ci\ \AIx CI : \DE x OE ii CI . OE. 
Let there be drawn to the point E the tangent EG meeting OD 
produced in 6?; the similar triangles w4C/, GOJE, give the pro** 
portion 

CIiOEhAIotDEiGE; 
therefore 

P : C :: DE : GE : : DE X iOE : GE X iOE, 
that is, P : C :: sector DOE : triangle GOE ; 

but the sector is less than the triangle ; consequently P is less 
than C; therefore the circle is greater than any polygon of the 
same perimeter. 



PART SECOND. 



SECTION FIRST. 

Of Planes and Solid Angles. 

DEFimXIOJ^S, 

313. A STRAIGHT line is perpendicular to a plane^ when it is 
perpendicular to every straight line in the plane which passes 
through the foot of the perpendicular (326). Reciprocally, the 
plane, in this case, is perpendicular to the line. 

The foot of the perpendicular is the point in which the perpen- 
dicular meets the plane. 

314. A line is parallel to a plane when, each being produced 
ever so far, they do not meet. Also the plane, in this case, is 
parallel to the line. 

315. Two planes are parallel when, being produced ever so far, 
they do not ^leet. 

316. It will be demonstrated art. 324, that the common inter- 
section of two planes, which meet each other, is a straight line. 
This being premised, the angle or the mutual inclinatiott of two 
planes is the quantity, whether greater or less, by which they 
depart from each other ; this quantity is measured by the angle 
contained by two straight lines drawn from the same point per- 
pendicularly to the common intersection, the one being in one of 
the planes and the other in the other. 

This angle may be acute, right, or obtuse. 

317. If it is right, the two planes are perpendicular to each 
ether. 

31 8. A solid angle is the angular space comprehended between 
several planes which meet in the same point. 

Thus the solid angle S {fig. 199) is formed by the meeting of jRg. 199. 
the planes ASB, BSC^ CSD, DSA. 
It requires at least three planes to form a solid angle,. 
Geom. 14 



106 Ettments of Geometry* 



THEOREM. 



/ 



319. One part of a straight line cannot be in a plane and anoAer 
part mthoui iU 

Demonstration. By the definition of a plane (6) a straight 
line, which has two points in common with the plane, lies wholly 
in that plane. 

320. Scholium. In order to determine whether a surface is 
plane, it is necessary to apply a straight line in different direc- 
tions to this surface and see if it touches the surface in its whole 
extent. 

TBEORElf* Y^ 

321. Two straight lines which cut each other are in the smmt 
plane ^ and determine its position* 

Fig. 181. Demonstration* Let AB^ AC {Jig. 181), be two straight lines 
which cut each other in A. Conceive a plane to pass through 
AB^ and to be turned about AB, until it passes through the point 
C ; then, two points A and C being in the plane, the whole line 
w^C is in this plane ; therefore the position of the plane is deter- 
mined by the condition of its containing the two lines ABj AC* 

322. Corollary i. A triangle ABC^ or three points A^ JB, Cy 
not in the same straight line determine the position of a plane. 

Big. 182. 323. Corollary ii. Also two parallels AB, CD {fg. 182), 
determine the position of a plane ; for, if the line EF be drawn, 
the plane of the two straight lines AE, EF, will be that of the 
parallels AB, CD. 

THEOREM. 

324. If two planes cut each other, their common intersection is a 
straight line. 

Demonstration. If among the points common to the two planes 
there were three not in the same straight line, the two planes in 
question passing each through these three points would make 
only one and the same plane, which is contrary to the supposi- 
tion. 

THEOREM. / 

i-ig. 1^3. 325. If a straight line AP (fig. 183) is perpendicular to two others 
PB, PC, which intersect each other at its foot in the plane MM, it 
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Toill he perpendicular to every other straight line PQ drawn through 
its foot in the same plane, and thus it will be perpendicular to the 
pka^ MN. 

Dertkjfistraii&h. thtottgh a pbiht Q, takfen at plelasni^c in PQ, 
draw the straight Ibe BC in the angle BPC making J3Q=r QC 

'the base BC being bisected at the point Q, the triangle BPC 
will gire 

PC + PB:=^PQ + ^QC (194). 
l*he trian^e 6AC will give, in like manner, 

AC + jiB=^^aQ + ^QC. 
If we subtract the first equation from the second, and recollect 
that th^ triangles APC, APB, each right-angled at P, give 

•*C — PC = AP, AB^ PBz= AP; we shall have 

aP + APi^MQ — 2PQi 
«f , by taking hitlf of each member, 

AP^zAQ'-PQ', 

hence AP + PQ = AQ ; 

therefore the triangle APQ is right-angled at P (193), and APis 

perpendicular to PQ* 

326. Schdlium. It is evideut, thto, not onljr that a straight 
line may be perpendicular to all those whi^h pass thi^ugh its 
foot in the plane, but that this happens, itheo^vef the line in 
question is perpendicular to two straight lines drawn in the 
plane ; hence the propriety of the definition art. 313. 

327. Cor&Uofy u The perpendicular AP is less than any 
oblique line AQ ; therefore it measures the true distance of a 
point A ftbm the plahe PQ. 

328. Corollary ii. Through any given point P in a plane only 
dfte p^rpeiicNcular cati be drawn to thb plane ; for, if there could 
be two, a plane being supposed to pass through them intersecting 
the plane MJ>r in PQ, the two perpendiculars would be perpen- 
dkular to the line PQ at the same point, and in the same plane, 
which b impossible (50). 

It is also iuij^lftible to let fall from a given point, without a 
pl^ne two perpendiculars to this plane ^ for let AP^ AQ^ be these 
two perpendiculars, then the triangle APQ would have two right 
angles APQy AQP, which is impossible. 
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THEOREM. 



V-' 



329. Oblique Unes equally distant from the perpendicular arc- 
equal; and of two oblique lines unequally, distant from theperpenr 
dicular^ that which is at the greater distance is the greater. 

Fig. 184. Demonstration. The angles APB^ APC, APD {fig. 1 84), being 
right angles, if we suppose the distances PB, PCj PDj equal to 
each other, the triangles APB^ APC^ APD^hzw^ two sides and 
the included angle respectively equal, they are consequently 
equal; therefore the hypothenuses or the oblique lines AB^ AC^ 
ADy are equal to each other. Likewise if the distance PE is 
greater than PD or its equal PB, it is evident that the oblique 
line AE will be greater than AB or its equal AD. 

330. Corollary. All the equal oblique lines AB, AC, AD, Jcc, 
tei^minate in the circumference of a circle BCD described about 
the foot of the perpendicular P, as a centime ; therefore, a point 
A without a plane being given, to find the point P where the per- 

^pendicular A meets this plane, take three points £, C, D, equally 
distant from the point A, and find the centre of the circle which 
passes through these points, this centre will be the point P re- 
quired. 

331. Scholium. The angle ABP is called the inclination ofllu 
oblique line AB to the plane MN. It is manifest that this iiiclir 
nation is the same for all the oblique lines AB, AC, ADyfkj^ 
which depart equally from the perpendicular ; for all the tris^n* 
gles ABP, ACP, ADP, fee, are equal. 

THEOREM. 

185. 332. Ld AP (fig. 185) he a perpendicular to the plane MN, and 
BC a line situated in this plane; if from the foot V of the perpenr 
dicular a line PD be dravm perpendicular to BC, and AD be joined, 
AD vnll be perpendicular to BC. 

Demonstration. Take DB = DC, and join PB, PC, AB, AC 
Since DB = DC, the oblique line PB = PC ; and, because 
PB = PC, the oblique lines AB, AC, considered with reference 
to the perpendicular AP, are equal (329); hence the line j31> 
has two points A and D each equally distant from the extremities 
B and C; therefore AD is perpendicular to BC (55). 

333. Corollary. It will be seen, at the same time, that J3C is 
perpendicular to the plane APD, since BC is perpendicular at 
the same time to the two straight lines v^D and PD. 
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334. Scholium. The two lines ^£, J5C, present an example 
of two lines which do not meet, because they are not situated in 
the same plane. The least distance of these lines is the straight 
line PD, which is at the same time perpendicular to the line AP 
and to the line BC. The distance PD is the shortest: beeayse, 
if we join two other points, as A and B^ we shall have AB > AD, 
AD > PD, and, for a still stronger reason, AB > PD. 

The two lines AE, CB, although not situated in the same 
plane, are considered as making a right angle with each other, 
because AE and a line drawn through any point in it parallel to 
JBC, would make a right angle with each other. In like manner, 
the line AB and the line PD, which represent two straight lines 
not situated in the same plane, are considered as making the 
same angle with . each other, as is made by AB and a line par- 
allel to. PD drawn through some point in AB. 

7 

THEOREM. / 

335. If the line AP (fig. 186) is perpendicular to the plane MN, Fig. 188. 
every line DE parallel (o AP will be perpendicular to the same 
plane. 

Demonstration. Let there be a plane passing through the par- 
allels AP, DE, intersecting the plane MJ^ in PD; in the plane 
JlfJVdraw BC perpendicular to PD, and join AD. 

According to the corollary of the preceding theorem BC is 
perpendicular to the plane APDE; consequently the angle BDE 
is a right angle ; but the angle EDP is also a right angle, since 
AP is perpendicular to PD, and DE is parallel to AP {6b) ; 
hence the line DE is perpendicular to each of the lines DP, DB-, 
therefore it is perpendicular to the plane MN passing through 
them (325). 

336. Corollary i. Conversely, if the straight lines AP, DE, 
are perpendicular to the same plane MK, they will be parallel ; 
for, if they are not, through the point D draw a line parallel to 
AP\ this parallel will be perpendicular to the plane Jtf^, conse- 
quently there would be two perpendiculars to the same plane 
drawn through the same point, which is impossible (328). 

337. Corollary ii. Two lines A and B^ parallel to a third C, 
are parallel to each other ; for, let there be a plane perpendicu- 
lar to the line C, the lines A and B parallel to this perpend icu- 
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lar will be perpendicular to the same plane ; th^l^ore^ by the 
above corollary, they are parallel to each other« 

It is supposed that the three lines are not in th^ tMntSe platl^ 
without which the proposition would already be known (68). 

THEOREM. C 

i 

Fig. 187. 338. If the straight line AB (fig. 187) is pataltel to dnoAir 
straight line CD, dravm in the plane MN, it will he pataltel to this 
plane. 

Demonstration. If the line AB^ which is in the plant? ABCDj 
should meet the plane JIfJV*, this can take place only in s^ttit 
point of the line CD^ the common inter&ertion of the WO planes ; 
now AB cannot meet CD^ because it is parallel to it ; toitte- 
quently it cannot meet the plane Jlf,V; therefore it is parallel td 
this plane (314). 

•/ 

Fig. 188. 339. Two planes MN, PQ (fig. 188), perpendicular to the same 
straight line AB, are parallel to each other. 

Demonstration. If they can meet, let O be one of the conimon 
points of intersection, and join 0./3, OB ; the line AB, perpen^" 
dicular to the plane JIIAT, is perpendicular to the straight line 
OA drawn through its foot in this plane ; for the same reason, 
AB is perpendicular to BO ; hence OA, OB, would be two per- 
pendiculars let fall from the same point O upon the same straight 
line, which is impossible; consequently the planes JtfJV", JPQ, 
cannot meet ; therefore they are parallel. 

THEOREM. > ^' 

i 

Fig. 189. 340. The intersections £F, GH (fig. 189), of two parallel planes 
MN, PQ, by a third plane F6, are parallel. 

Demonstration. U the lines EF^ GH, situated in the same 
plane, are not parallel, being produced they will meet; conse- 
quently the planes Jlf^AT, PQ, in which they are, would me^t ; 
therefore they would not be parallel. 

i 

THEOREM. 

Tig. 188. 341. The line AB (fig. 188), perpendicular to the plane MN, is 
perpendicular t^the plane FQ, parallel to the plane MN. 
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DemomiiraiUm. In the plane PQ draw at pleasure the line 
BC, and through AB^ BC^ suppose a plane ABC to pass inter- 
secting the plane Jl£Y in AD, the intersection AD will be par- 
allel io BC (340); but the line AB, perpendiculiar to the plane 
JttAT, is perpendicular to the straight line AD ; consequently it 
will be perpendicular to its parallel BC ; and, since the line AB 
is perpendicular to every line BC drawn through the foot of it 
in the plane PQy it follows that it is perpendicular to the plane 

PQ. 

1 ••' 

. THEOREM. 7 .J^- 

342. The paratkls EG, FH (fig. 189), comprehended between Fig. IB^. 
tmo parallel planti MN, PQ, are equal. 

Demonatration* Through the parallels EG, FH, suppose a 
plane EGHF to pass meeting the parallel planes in EF, GH. 
The intersections JBJE, GK, are parallel (340) as well as JBG? 
Fff; consequently the figure EGHF is a parallelogram; there- 
fore £G=Fa 

343. Corollary. It follows from this, that two parallel planes 
are throughout at the same distance from each other ; for, if EG, 
FH, are perpendicular to the two planes MJ^, PQ, they are 
parallel to each other (335) ; therefore they are equal. 

THEOREM. / "i 

344. If two angles CAE, DBF (fig. 190) not in llie same plane. Pig. 190. 
hane their sides parallel and directed the same way, these angles will 

be equal, arid their planes tdUI be parallel. 

Demonstration. Take w9 C = BD, AE = BF, and join CE, DFy 
AB, CD, EF. Since ACis equal and parallel' to BD, the figure 
ABDC, is a parallelogram (87) ; therefore CD is equal and 
parallel to AB. For a similar reason, EF is equal and parallel 
to AB; consequently CD is also equal and parallel to EF; 
hence the figure CEFD is a parallelogram, and thus the side CE 
is equal and parallel to DF; the triangles then CAE, DBF, are 
equilateral with respect to each other ; therefore the angle 

CAE^DBF. 

Again, the plane ACE is parallel to the plane BDF; for, let 
us suppose the plane parallel to DBF, drawn through the point 
A, to meet the lines CD, EF, in points different from C and E^ 
for example, in G and H; then, accordmg to article 342, the 
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three lines AB^ GD, FH^ will be equal ; but the tbree ABj CD, 
EF, are also equal ; hence we should have CD = GDj and 
FH=z FE^ which is absurd ; therefore the plane ACE is parallel 
to BDF. 

345. Corollary. If two parallel planes MAT^ PQ, are met by 
two other planes CABD, EABF, the angles CAE, DBF, formed 
by the intersections in the parallel planes, are equal ; for the 
intersection ^C is parallel to BD (340), and AE to BF^ there-, 
fore the angle CAE = DBF. 

THEOREM. / / / 

346. Jf three straight lines not in the same plane AB, CD, EF 
Pig. 190. (fig. 190), are equal and parallel, the triangles ACE, BDF, form- 
ed by joining the extremities of these lines, on the one hand and on 
other, will be equal and their planes zoill be parallel* 

Demonstration* Since AB is equal and parallel to CD, the 
figure ABDC is a parallelogram; consequently the side AC is 
equal and parallel to BD. For a similar reason the sides At!, 
BF^ dre equal and parallel, as also CE, DF; hence the two tri^ 
angles ACE, BDF, are equal; it may be shown moreover,- as 
in the preceding proposition, that their planes are parallel* 



'■ I 



THEOREM. 
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347. Two straight lines comprehended between three pttraSM 
planes are divided into parts that are proportional to each other* 
Kig. 191. Demonstration* Let us suppose that the line AB (Jig* 191) 
meets the parallel planes MAT, PQ, RS^ in A, E, B, and that the 
line CD meets the same planes in C, F, I>, we shall have 

AE : EB : : CF : FD. 
Draw AD meeting the plane PQ in G, and join AC, EG, GF, 
BD ; the intersections EG, BD,oi the parallel planes PQ, RS, by 
the plane ABD, are parallel (340) ; hence, AEiEB: : AG : GD ; 
and, because the interse<!tions AC, GF, are parallel, 

AGiGD.i CF.FD', 
therefore, on account of the common ratio, AG : GD, we have 

AEiEBi: CF: FD. 



THEOREM. 



/: 



Fig. 192. 348. Let A6CD (fig. 192) be any quadrilateral either in the 
same plane or not ; if the (ytposite sides are cut proportionally by 
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two stra^ht lines EF, GH, so that AE : EB : : DF : FC, and 
BG : GC : : AH : HD, the straight lines EF, GH, will cut each 
other in a point M, in such a manner that HM : MG : : AE : EB, 
EM : MF : : AH : HD. 

Demonstration. Let there be any plane AhHcD passing 
through AD which does not pass through G/f ; through the 
points JG, J8, G, F, draw Ee^Bb, Cc^ Ff, parallel to GH meet- 
ing this plane in e, b, c,/. On account of the parallels B 6, OH^ Cc, 

bH:Hc::BG:GC:iAH:HD (196); 
consequently the triangles AHb^ DHc^ are similar (208). Also 

Ae: eb ::AE: EB 
and -D/-/C ::DF:FC, 

hence Ae: eb : : Df : fCj 

or, by composition A e : Dfi : Ab : Dc; 
but, on account of the similar triangles AHb^ DHc^ 

AbiDc.iAHiHD, 
consequently A e : Df: : AH : HD. 

Besides, the triangles AHb, DHc^ being similar, the angle 
HAe = HDf; hence the triangles AHt^ DHf^ are similar 
(208), and consequently the angle AHe^DHf It follows then, 
in the' first place, that e Hf is a straight line, and that thus the 
three parallels E c, GH, Ff are situated in the same plane which 
contains the two straight lines JEF, GH\ therefore these must cut 
each other in a point M. Moreover, on account of the parallels 
JSc, MH, Ff EM:MF::eH: Hf: : AH: HD. 

By a similar construction, referred to the side AB^ it may be 
demonstrated that HM : MG ::AE: EB. 



THEOREM. / / 



349. The ar^le comprehended between two planes MAN, MAP, 
may be measured, conformably to the definition^ by the angle PAN 
(fig. 193) made by the tioo lines AN, AP, drawn one in one of these Fig. ip. 
planes and the other in the other perpendicularly to the common 
intersection AM. 

Demonstration. In order to show the legitimacy of this meas- 
ure it is necessary to prove, 1. that it is constant, or in other 
words, that it is the same to whatever point of the common inter- 
section the two perpendiculars are drawn. 

If we take another point Jlf, and draw JIfC in the plane JIfJV*, 
and MB in the plane MP, perpendicular to the common intersec- 

Geont. 15 
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tion •^M'j since MB and AP are perpendicular to the same line 
AM, they are parallel to each other. For the same reason MO 
is parallel to JlY; consequently the angle BMO=s> PJU^T (344) ; 
therefore, whether the perpendiculars be drawn to the point JIf 
or to the point A^ the angle fs always the same. 

% It is necessary to show that, if the angle of the two planes 
increasles or diminishes, the angle PwlY increases dlnd dimimsfaieB 
in the same ratio. 

In the plane PAN describe, from the centre A and with any 
radius, the arc JVDP^ and from the centre M and with ths same 
radius, the arc CEB*^ draw JID to any point D in the arc .ATP; 
the two planes PAJV^ BMC^ being perpendicular to the same 
straight line MA are parallel to each other (339) ; consequently 
the intersections AD^ ME^ of the two planes by the third AMD, 
are parallel ; therefore the angle BME is equal to Pd4D.(344). 

Calling, for the present, the angle formed by the two planes 
JIfP, MJSr^ a wedge^ if the angle DAP were equal to DAN^ it is 
evident that the wedge DAMP would be equal to the wedgi6 
DAMJ^\ for the base PAD might be applied exactly to its equal 
DAN^ and the altitude AM would be the same for both ; there- 
fore the two wedges would coincide with each other. It is man- 
ifisst, likewise, if the angle DAP were contained a certain number 
of times without a fraction in the angle PwiJV, the wedge DAMP 
would be contained as many times in the wedge PAMK. More- 
over, from a ratio in an entire number to any ratio whatever the 
conclusion is legitimate, and has been demonstrated in a case 
altogether similar (122); consequently, whatever be the ratio of 
the angle DAP to the angle Pw3JV, the wedge DAMP will have 
the same ratio to the wedge PAMN ; therefore the angle J^AP 
may be taken for the measure of the wedge PAMJV^ or of the 
angle made by the two planes MAP^ MAJV. 

350. Scholium. It is with angles formed by two plaiies, as it 
is with angles formed by two straight lines. Thus, when two 
planes intersect each other, the angles opposite to each other at 
the vertex are equal, and the adjacent angles are together equal 
to two right angles ; therefore, when one plane is perpendicular 
to another, the latter is perpendicular to the former. Also, 
when two parallel planes are intersected by a third plane, the 
same properties exist with respect to the angles thus formed, as 
take place, when two parallel lines are met by a third line (64). 
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THEOREM. / 

35 !• 7%e line AP (fig. 194) being perpendicular to /Ae/>/anc MN, Fig. I94!r 
any plane APB, passing through AP, will be perpendicular to the 
plane MN. 

Demonstration. I^et J5C be the intersection of the planes ^J5, 
•MJV*; if, in the plane JMiAT, the line DE be drawn perpendicular 
to JSP, the line AP^ being perpendicular to the plane Jlf^, will 
be perpendicular to each of the two straight lines BC, DE. But 
the angle APD formed by the two perpendiculars PA^ PD^ 
at the common intersection £P, measures the angle of the two 
planes AB^ MK ; therefore, since this angle is a right angle, the 
two planes are perpendicular to each other (317). 

352. Scholium* When three straight lines, as AP^ BP^ DP^ 
are perpendicular to each other, each of these lines is perpendic- 
ular to the plane of the two others, and the three planes are per- 
pendicular to each other. . 

THEOREM. / 

353. If the plane AB (fig. 1 94) is perpendicular to the plane MN, ^^g* l^ 
and in the plane AB the line AP be drawn perpendicular to the com- 

man intersection PB, the line AP will be perpendicular to the plane 
MN. 

Demonstration, If, in the plane MJ^^ the line PD be drawn 
perpendicular to Pfi, the angle APD will be a right angle, since • 
the planes are perpendicular to each other ; consequently, the 
line AP is perpendicular to the two straight lines PjB, PD'^ there- 
fore it is perpendicular to the plane JtfJV. 

354. Corollary. If the plane AB is perpendicular to the plane 
JMiAT, and if through a point P of the common intersection a per- 
pendicular to the plane MJ^T be drawn, this perpendicular will be 
in the plane AB ; for, if it is not, there may be drawn, in the 
plane AB^ a line AP perpendicular to the common intersection 
JSP, which would be at the same time perpendicular to the plane 
MJf'y therefore there would be two perpendiculars to the plane 
MJ^ at the same point P, which is impossible (325). 

THEOREM. ^ . 

355. If two planes AB, AD (fig. 194), are perpendicular to a Tig, 19$, 
third MN, their common intersection AP will be perpendicular to 

this third plane. 
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Demonstration. If through the point P 9 perpendicular to the 
plane MJ>r be drawn, this perpendicular must be at the same 
time in the plane AB and in the plane AD (354) ; therefore it is 
their common intersectioawlP* 

THEOREM. ^ / 

356. If a solid angle is formed hy three plane angles^ ihe sumjjf 
either two of these angles tdUI be greater than the third* 

Demonstration^. We need consider only the case in which the 

plane angle to be compared with the two others is greater than 

Fig. 195. gj^jj^^ ^f ^^^^ Let there be then the solid angle S {j^. 195) 

formed by the three plane angles ASB^ ASC^ BSC^ and let us 
suppose that the angle ASB is the greatest of the three ; we say 
that ASB < ASC + BSC. 

In the plane ASB make the angle BSD = J3SC, draw at 
pleasure the straight line ADB ; and, having taken SC == 5Z), 
join AC, BC. 

The two sides J55, SD, are equal to the two J5S, SC, and the 
angle BSD = BSC ; hence the two triangles BSD, BSC, are 
equal ; consequently BD = BC. But AB K^AC-hBC; if we 
take from the one BD, and from the other its equal BC^ there will 
remain AD <^AC. The two sides AS^ SD, are equal to the two 
AS, SC, and the third AD is less than the third AC-, therefore 
the angle ASD < ASC (42). Adding BSD = BSC,vfe shall have 

ASD + BSD or ASB <: ASC + BSC. 

i) 

THEOREM. ' / - 

357. The s%im of the plane angles which f ortn a solid angle is 
always less than four right angles. 

Fig. 196. Demonstration. Suppose the solid angle S (fig. 196) to be cut 
by a plane ABCDE; from a point O taken in this plane draw to 
the several angles the lines OA, OB, OC, OD, OE. 

The sum of the angles of the triangles ASB, BSC, Slc, formed 
about the vertex S, is equal to the sum of the angles of an equal 
number of triangles AOB, BOC, &c., formed about the vertex O. 
But, at the point B, the angles ABO, OBC, taken together, make 
the angle ABC less than the sum of the angles ABS, SBC (356) ; 
likewise, at the point C, BCO + OCD < BCS + SCD, and so on 
through all the angles of the polygon ABCDE. It follows then, 
that of the triangles whose vertex is in O the sum of the angles 
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at the bases is less than the sum of the angles at the bases of 
the triangles whose vertex is in S. Hence, the sum of the angles 
about the point O is greater than the sum of the angles about the 
point S» But the sum of the angles about the point O is equal 
to four right angles (34) ; therefore the sum of the plane angles, 
which form a solid angle S, is less than four right angles. 

358. Scholium* It is supposed, in this demonstration, that the 
solid angle is convex, or that the plane of neither of the faces 
would, by being produced, cut the solid angle ; if it were other- 
wise, the sum of the plane angles would no longer be limited, 
and might be of any magnitude whatever. 

THEOREM. / 

359. If two solid angles are respectively contained by three plane 
angles whidi are equal^ each to eacft, the planes of any two of these 
angles in the one will have ike same inclination to each other as the 
planes of the homologous angles in the other* 

Demonstration. Let the angle ASC = DTF {fig. 197), the Fig. 197. 
angle ASB:=zDTE, and the angle BSC^ETF-, we say that 
the two planes ASC^ ASB^ will have, with respect to each other, 
an inclination equal to that of the planes DTF^ DTE* 

Take SB of any magnitude, and draw BO perpendicular to 
the plane ASC\ from the point O, where this perpendicular 
meets the plane, draw OA^ OC^ perpendicular respectively to 
SA, SC; join AB, BC. Take also TE=:SB', and draw EP 
perpendicular to the plane DTF] from the point P draw PD, 
PF^ perpendicular respectively to TD, TF; and join EZ), EF, 

The triangle SAB is right-angled at A^ and the triangle TDE 
at D (332); and, since the angle ASB = I>7£, we have also 
SBA = TED. Moreover, SB = TE -, therefore the triangle 
SAB = TDE ; consequently SA = TD, and AB = DE. It mny 
be shown, in a similar manner, that SC = 7T, and BC = EF. 
This being supposed, the quadrilateral SAOC is equal to the 
quadrilateral TDPF; for, if we apply the angle ASC to its 
equal DTF, because SA = TD, and SC = TF, the point A will 
fall upon D, and the point C upon F. At the same time AO, per- 
pendicular to SA^ will fall upon DP^ perpendicular to TD; and, 
in like manner, OC upon PF ; therefore the point O will fall upon 
the point P, and we shall have AO = DP. But the triangles AOB^ 
DPE. are right-angled ut 0, and P, the hypothenuse AB = DE 
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• 

and the side AO =: DP ; consequently the triangles are equi) 
(56); hence 0MB - PDE. But the angk OAB is the inclination 
of the two planes ASB^ ASC ; and the angle PDE ia thfi inclinar 
tion of the two planes DTE^ DTF\ therefore these two inclina- 
tions are equal to each other. 

It should be observed, however, that the angle A of the right- 
angled triangle OAB is not properly the inclination of the two 
planes ASBy ASC^ except when the perpendicular BO fails, 
with respect to SA^ on the same side as SC; if it should fall on 
the other side, the angle of the two planes would be obtuse, and, 
added to the angle A of the triangle OABj it would make two 
right angles. But, in the same case, the angle of the two planes 
TDE, TDF^ would be likewise obtuse, and, added to the angle 
D of the triangle DPJE, it would make two right angles; there- 
fore, as the angle A would be always equal to i), we infer, in 
like manner, that the inclination of the two planes ASB^ ASC^ is 
equal to that of the two planes TDE^ TDF. 

360. Scholium. If two solid angles are respectively contained 
by three plane angles which are equal, each to each, and if, df, 
the same lime, the angles of the one are disposed in the same man' 
ner as the homologous angles of the other, these solid anjgles 
will be equal, and, being applied the one to the other, will coin- 
cide. Indeed, we have already seen that the quadrilateral 
SAOC may be placed upon its equal TDPF\ thus, by placing 
SA upon jTD, SC would fall upon 7T, and the point O upon the 
point P. But, on account of the equality of the triangles AOB, 
DPE^ the line OB perpendicular to the plane ASC is equal to 
PE perpendicular to the plane TDF ; moreover the perpendic- 
ulars are directed the same way ; therefore the point B will fall 
upon the point £, the line SB upon TE, and the two solid angles 
will coincide entirely with each other. 

This coincidence, however, does not take place except by 
supposing that the plane angles are disposed in the same manner 
in each of the two solid angles ; for if the plane angles were 
disposed in a contrary order in the one from what they are in 
the other ; or, which comes to the same thing, if the perpendic- 
ulars OjB, P£, instead of being directed the same way with res- 
pect to the planes ASC^ DTF, were directed contrary ways, 
it would be impossible to make the solid angles coincide with 
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^acli other. Still k w<^uld not be the less true, that, agreeably 
to the theoreoei, the planes of the homologous angles would be 
equally inclined to each other ; so that the two solid angles 
would be equal in all their constit-Crent parts, without the pro^ 
pcrty howeter of coinciding, when applied the one to the other. 
This kind of equaKty, which i^ not absolute, or does not admit 
of supei-piosttion, dfesertes to be distinguished by a particular de- 
nbminatidn ; we shall call it equality by symmetry. 

Thus the two solid angles under consideration, which are res- 
pectively contained by three plane angles equal, each to each, 
but disposed in a contrary order in the one from what they are 
in the other, we shall call angles equal by symmetry^ or simply 
symmetrical angles. 

The same remark is c^pplicable to solid angles contained by 
more than three plane angles ; thus a solid angle contained by 
the plane angled A^ J5, C, Z), E, and another solid angle con- 
tained by the same angles in the inverse order A^ E, D, C, J5, 
may be such that the planes of the homologous angles shall be 
equally inclined to each other, rhese two solid angles, which 
•would be equal without admitting of superposition, we shall call 
solid angles equal by symmetry^ or symmetrical solid angles. 

There is not properly an equality by symmetry among plane 

figures ; all those to which we might give this name, have the 

property of absolute equality, or equality by superposition. The 

reason is, that a plane figure may be reversed, and the upper 

side be taken for the under. It is not so with respect to solids, 

in which the third dimension may be taken in two different ways* 

/ 

PROBLEM. / --i 

361. Three plane angles forming a solid angle being given^ to 
jind^ by a plane construction^ the angle which two of these planes 
make with each other. 

Solution. Let S {fg. 198) be the proposed solid angle in Fig. m 
which the three plane angles ASB^ ASC^ £<SC, are known ; the 
angle made by two of these planes with each other, ASB, ASC^ 
for example, is required. 

The same construction being supposed as in the preceding 
theorem, the angle OAB would be the angle sought. It is pro- 
poised to find the same angle by a plane construction, or by lines 
traced upon a plane. 
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In order to this, make upon a plane the angles B'SA, ASC 
B'SC, equal to the angles BSA, ASC, BSC, in the solid figure ; 
take B'S^ B"S, each equal to BS in the solid figure ; from the 
poinu B' and R' let fall B'A and B"C perpendicularly upon 
SA and SC, which will meet in a point O. From the point A, 
as a centre, and with the radius AB describe the semicircumfer* 
ence B' bE; at the point 0' erect upon B'E the perpendicular 
06 meeting the circumference in 6; join A 6, and tlie angle Eji b 
will be the inclination sought of the two planes ASC, ASB, in 
the solid angle. 

We have onljr to show that the triangle AOb of the plane 
figure is equal to the triangle AOB of the solid figure* Now 
the two triangles £^&4, BSA, are right-angled at A, and the an- 
gles at S are equal, consequently the angles at B and B' are 
also equal. But the hypothenuse SB' is equal to the hypothe- 
nusc SB\ therefore the triangles are equal; hence SA in the 
plane figure is equal to SA in the solid figure, also AB or its 
equal A b in the plane figure, is equal to AB in the solid figure. 
It may be shown, in the same manner, that SC in one figure is 
equal to SC in the other; whence it follows that the quadrilat- 
eral SAOC in one figure is equal to SAOC in the other, and that 
thus AO in the plane figure is equal to AO in the solid figure ; 
consequently the right-angled triangles AO b, AOB^ have their 
hypothenuses equal and one side of the one equal to one side of 
the other; they are therefore equal, and the angle EAb^ found 
by the plane construction, is equal to the inclination of the planes 
SAB^ SAC^ in the solid angle. 

When the point O falls between A and B' in the plane figure, 
the angle EA b becomes obtuse, and always measures the true 
inclination df the planes. It is on this account that w% have 
designated the required inclination by EA 6, and not by OA b, in 
order that the same solution may be adapted to every case with- 
out exception. 

362. Scholium. It may be asked, if, any three plane angles, 
taken at pleasure, can be made to form a solid angle. 

In the first place, it is necessary that the sum of the three 
given angles should be less than four right angles, otherwise the 
solid angle could not be formed (357); it ts necessary, moreover, 
that, after having taken two of the angles at pleasure B'SA^ 
ASC, the third CSB'' should be such that the perpendicular 
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B'^C to the side SC shall meet the diameter B^E between its 
extremities B' and E. Thus the limits of the magnitude of the 
an^e CSB' are such as require the perpendicular B" C to ter- 
minate at the points B' and E. From these points let fall upon 
CS the perpendiculars B'/, JEjST, meeting in / and K the circum- 
ference described upon the radius 8B\ and the limits of the 
angle CS&' will be CSI and CSK. 

But, in the isosceles triangle JS'S/, the line CS produced being 
perpendicular to the base £^/, 

the angle CS/= CSB' = ASC + ASB\ 
And, in the isosceles triangle ESK the line SC being perpendic- 
ular to JEiT, the angle CSK 3= CSE. Moreover, on account of 
the equal triangles ASE, ASB\ the angle ASE = ASB' ; there- 
fore CSE or CSK^ASC—ASB'. 

Hence we infer that the problem will be possible, while the 
third angle is less than the sum of the two others ASC^ ASB\ 
and greater than their difference, a condition which accords 
with the theorem art. 356 ; for, by this theorem, we must have 
CSB" < ASC + ASB\ also ASC < CSB" + ASB', or 

CSB">ASC — ASB. 

363* Two of the three plane angles^ which form a solid angle, 
heing given together zoith the angle which their planes make with each 
other, to find the third plane angle* 

Solution. Let ASC, ASB' {fig. 198), be the two given plane pig. ^gg. 
angles, and let us suppose, for the present, that CSB^' is the third 
angle sought ; then, by constructing the figure as in the preced- 
ing problem, the angle contained by the planes of the two first 
would be EA b. Now, as we determine the angle EA b by means 
of CSB''^ the two others being given ; so we can determine CSB' 
by means of EA 6, and thus solve the proposed problem. 

Having taken SB' of any magnitude at pleasure, let fall upon 
SA the indefinite perpendicular B'E, make the angle EA b equal 
to the angle of the two given planes ; from the point 6, where the 
side A b meets the circumference described with the centre A and 
the radius AB\ let fall upon AE the perpendicular 6 O, and from 
the point let fall upon SC the indefinite perpendicular OCB'% 
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which terminate in B" making SB'' = SB' ; the angle CSB"^ wfll 
be the third plane required. 

For, if a solid angle be formed of the three planes B'SA^ ASCj 
CSB"i the inclination of the planes containing the given angles 
ASB', ASC, will be equal to the given angle EA h. 

364. Scholium, If a solid angle is quadruple^ or formed by 
Fig. 199. four plane angles ASB, BSCj CSD^ DSA {Jig. 199), we cannot^ 
by knowing these angles, determine the mutual inclination of 
their planes; for with the same plane angles any number of 
solid angles may be formed. But, if a condition be added, if, 
for example, the inclination of the two planes ASB, fiSC, be 
given, then the solid angle is entirely determinate, and the incli- 
nation of any two of the planes may be found. Suppose a triple 
solid angle formed by the plane angles ASB^ BSC^ ASC; the 
two first angles are given as well as the inclination of their 
planes ; we can then, by the problem just resolved, determine 
the third angle ASC. Afterward, if we consider the triple solid 
angle ibrmed by the plane angles JiSCy ASD^ DSQ these three 
angles are known ; thus the solid angle i& entirely determinate. 
But the quadruple solid angle is formed by the union of the two 
triple solid angles of which we have been speaking; therefore, 
since these partial angles are known and determinate, the whole 
angle will be known and determinate. 

The angle of the two planes ASD^ DSC, may be fonnd imme- 
diately by means of the second partial solid angle. As to the 
angle of the twb planes BSC, CSD^ it is necessary in one of the 
partial solid angles to find the angle comprehended between the 
two planes ASC^ DSC^ and in the other the angle comprehended 
between the two planes ASQ BSC ; the sum of these angles will 
be the angle comprehended between the two planes BSC, DSC. 

It will be found, in the same manner, that, in order to deter- 
mine a quintuple solid angle, it is necessary to know, beside the 
five plane angles which compose it, two of the mutual inclinations 
of their planes ; in a sextuple solid angle it is necessary to know 
three of these inclinations, and so on. 
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SECTION SECOND. 

Of Polj/edrons. 
DEFjmTlONS. 

365* Evert solid terminated by planes or plane faces is called 
a solid polyedron, or simply a polytdron. These planes are them- 
selves necessarily terminated by straight lines. 

A solid of four faces is called a Utratdron^ one of six a hex* 
aedron^ one of eight an octaedron^ one of twelve a dodtcaedron^ one 
of twenty an icosaedron, &c 

The tetraedron is the most simple of polyedrons ; for it requires 
at least three planes to form a solid angle, and these three planes 
would leave an opening, to close which a fourth plane is neces- 
sary. 

366. The common intersection of two adjacent faces of a poly- 
edron is called a side or edge of the polyedron. 

367. A regular polyedron is one, all whose faces are equal 
regular polygons, and all whose solid angles are equal to each 
other. There are five polyedrons of this kind. 

368. A prism is a solid comprehended under several parallelo- 
grams terminated by two equal and parallel polygons* 

To construct this solid let ABODE (fig. 200) be any polygon, Fig. aoe. 
if, in a plane parallel to ABC we draw the lines FG, GH^ HI, 
&c«. equal and parallel to the sides AB^ BC^ CD, &c., we shall 
form the polygon FOHIK ^qual to ABODE ; if now we connect 
the vertices of the homologi^us angles by the straight lines AF, 
BG, OH, &c., the tsices ABGF, BOHG, &c., will be parallelo- 
grams, and the solid thus formed ABODEFGHIK will be a 
prism. 

369. The equal and parallel polygons ABODE, FGHIK, are 
called the bases of the prism. The other planes taken together, 
constitute the lateral or convex' surface of the prism. The equal 
straight lines AF, BG, OH, &c., are called the sides of the prism. 

370. The altitude of a prism is the distance between its bases, 
or the perpendicular let fall from a point in the superior base 
upon the plane of the inferior. 

371. A right prism is one whose sides AF, BG, &c., are per- 
pendicular to the planes of the bases ; in this case, each of the 
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sides is equal to the altitude of the prism. In every other case 
the prism is oblique^ and the altitude is less than the side. 

373. A prism is hiangular^ quadrangular^ pentagonal^ hexag<h 
na/, &c., according as the base is a triangle, a quadrilateral, a 
pentagon, a hexagon, &;c. 

Fig. 206. 373. A prism whose base is a parallelogram {Jig. 206), has all 
its faces parallekgrams, and is called a parallelopiped. 

A farallel<qnped is rectangular^ when alt its faces are rect- 
angles. 

374. Among rectangular paraUelopipeds is distinguished the 
iube or regular hexaedron comprehended under six equal squares. 

375. A pyramid is a solid formed by several trian^lar planes 
proceeding from the same point and terminating in the sides of a 

Fig. 196. polygon ABODE {Jig. 196). 

The polygon ABCDE is called the base of the pyramid, the 
point S its vertex, and the triangles ASB^ BSC^ &c., compose 
the lateral or convex surface of the pyramid. 

376. The altitude of a pyramid is the perpendicular let frfl 
from the vertex upon the plane of the base, produced if necessary. 

377. A pyramid is triangular^ quadrangular^ &c., according as 
the base is a triangle, a quadrilateral, &c; 

378. A pyramid is regular^ when the base is a regular poly- 
gon,, and the perpendicular, let fall from the vertex to the plane 
of the base, passes through the centre of this base. This line is 
called the axis of the pyramid. 

379. The diagonal of a polyedron is a straight line which 
joins the vertices of two solid angles not adjacent. 

380. I shall call symmetrical polyedrons two polyedrons which, 
having a common base, are similarly constructed, the one above 
the plane of this base and other below it, with this condition, that 
the vertices of the homologous solid angles be situated at equal 
distances from the plane of the base, in the same straight line 
perpendicular to this plane. 

Fig. 202. If the straight line ST {Jig. 202), for example, is perpendicu- 
lar to the plane ABC^ and is bisected at the point O, where it 
meets this plane, the two pyramids SABC, TABC^ which have 
the common base ABC^ are two symmetrical polyedrons. 

381. Two triangular pyrajnids are similar when they have two 
faces similar, each to each, similarly placed, and-equally inclined 
to each other* 
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Thus, if wc suppose the angle j1BC = DEF, BAC=:EDFj M--^ 
^fiS = DET, BAS = £jDr, ( jfig. 203), if also the inclination of Fig. 2oa ' , 
the planes ABS^ ABC^ is equal to that of their homologous planes 
DTE, DBF, the pyramids SABC, TDEF, are similar. 

382. Having formed a triangle with the vertices of three an- 
gles, taken in the same face or base of a polyedron, we can 
imagine the vertices of the different solid angles of the polye- 
drons, situated out of the plane of this base, to be the vertices of 
as many triangular pyramids, which have for their common base 
the above triangle ; and these several pyramids will determine 
the positions of the several solid angles of the polyedron with 
respect to the base. This being supposed ; 

Two polyedrons are similar^ when, the bases being similar, the 
vertices of the homologous solid angles are determined by trian- 
gular pyramids similar each to each. 

383. I shall call vertices of a polyedron the points situated at 
the vertices of the different solid angles. 

N. B. We shall consider only those polyedrons, which have saliant 
angles, or convex polyedrons. We thus denominate those, the sur- 
face of which cannot be met by a straight line in more than two 
points. In polyedrons of this description the plane of neither of the 
faces can, by being produced, cut the solid ; it is impossible then, 
that the polyedron should be in part above the plane of one of the 
faces and in part below it j it is wholly on one side of this plane. 
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THEOREM 

384. Two polyedrons cannot have the same vertices^ the number 
also being the same, without coinciding the one with the other* 

Demonstration. Let us suppose one of the polyedrons already 
constructed, if we would construct another having the same ver- 
tices, the number also being the same, it is necessary that the 
planes of this last should not all pass through the same points as 
in the first ; if they did, they would not differ the one from the 
othel* ; but then it is evident that any new planes would cut the 
first polyedron ; there would then be vertices above these planes 
and vertices below them, which does not consist with a convex 
polyedron ; therefore, if two polyedrons have the same vertices, 
lite number also being the same, they must necessarily coincide 
the one with the other. 
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■*,«>*. 385. Scholium* The points A, B, C, K, &c. {fig. 204), being 
given in position to be used as the vertices of a polyedron, it is 
easy to describe the polyedron. 

Take, in the first place, three neighbouring points D^ £, H, 
such that the plane DEH shall pass, if there is occasion for it, 
through other points K^ C, but leaving all the rest on the same 
side, all above the plane, or all below it ; the plane DEH or 
DEHKCf thus determined, will be a face of the solid. Through 
one of the sides EH of this face, suppose a plane to pass, and to 
turn upon this line until it meets a new vertex F^ or several at 
the same time /', /; we shall thus have a second face FEH or 
FEHL Proceed in this manner, by making planes to pass 
through the sides of the faces, until the solid is terminated in all 
directions ; this solid will be the polyedron required, for there 
are not two which can have the same vertices. 

THEOREM. 4 

386. In two symmetrical polyedrons the homolc^ous faces are 
equals each to each^ and the inclination of two adjacent faces in one 
of the solids is equal to the inclination of the homologous faces in the 
other. 
Fig. ^5* Demonstration. Let ABODE {fig. 205) be the commoi;! base 
of the two polyedrons, M and K the vertices of any two solid 
angles of one of the polyedrons, JfcP and JV the homologous ver- 
tices of the other polyedron ; the straight lines MM'^ NN'^ must 
be perpendicular to the plane ABC^ and be bisected at the points 
m and n (380), where they meet this plane. This being sup- 
posed, we say that the distance JIfJV is equal to M'N'. 

For, if the trapezoid mM'N* n be made to revolve about mn^ 
until its plane comes into the position of the plane mMNn^ on 
account of the right angles at m and n, the side mM' will fall 
upon its equal wJlf, and nJV upon nN\ therefore the two tra- 
pezoids will coincide, and we shall have MN^M'N'. 

Let P be a third vertex in the superior polyedron, and P* the 
homologous vertex in the other, we shall have, in like manner, 
MP = M'P', and NP-N'F\ consequently the triangle MNP, 
formed by joining any three vertices of the superior polyedron is 
equal to the triangle M'N'P', formed by joining the homologous ver* 
tices of the other polyedron. 
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If, among these triangles we consider only those which are 
formed at the surface of the polyedrons, we can conclude already 
that the surfaces of the two polyedrons are composed of the 
same number of triangles equal, each to each. 

We say now that, if some of these triangles are in the same 
plane upon one surface and form the same polygonal face, the 
homologous triangles will be in the same plane upon the other 
surface and will form an equal polygonal face. ' 

Let JtfPJV, J>rPQ^ be two adjacent triangles, which we suppose 
in the same plane, and let MP'N*^ N'P'Qf^ be the homologous 
triangles. We have the angle MNP r^MN^F^ the angle 
PJSTQ = FN'Q! ; and, if we were to join MQ and M(^, the 
triangle JW^ATQ would be equal to M'N^Qf^ thus we should have 
the angle MNQ^M^N'Qf. But,- since MPNQ is one plane, we 
have the angle MNQ = MNP + PNQ ; we have also 

M'N'(^ = MN'P' + FN'Q'. 
Now, if the three planes M'N'F, FN'Q, M'N'Qf, are not con- 
founded in one, they will form a solid angle, and we shall have 
' the angle MN'i^ < M'N'P' + P'N'(^ (356) ; therefore, as this 
condition does not exist, the two triangles MN'P^ P'N'Qf^ are 
in the same plane. 

We hence infer that each face, whether triangular, or polygo- 
nal, in one polyedron, corresponds to an equal face in the other, 
and that thus the two polyedrons are compreihended under the 
same number of planes equal, each to each. 

It remains to show that the inclination of any two adjacent' 
faces in one of the polyedrons is equal to the inclination of the 
two homologous faces in the other. 

Let MPN^ NPQ^ be two triangles formed upon the common 
edge NP in the planes of two adjacent faces ; let M'FN'^ 
N'P'Qf^ be the homologous triangles. We can conceive at .AT a 
solid angle formed by the three plane angles MNQ^MNP^ PNQ^ 
and at N' a solid angle formed by the three M'N'Q'^ M'N'P'^ 
P'N'Qf. ^ Now it has already been proved that^ these plane an- 
gles are equal, each to each ; consequently the inclination of the 
two planes MNP^ PNQ^ is equal to that of their homologous 
planes M'N'P', P'N'Qf (359). 

Therefore in symmetrical polyedrons the faces are equal, each 
to each, and the planes of any two adjacent faces of one of the 
solids have the same inclination to each other as the planes of 
the two homologous faces of the other solid. 
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to the plane of the two others ; namely, through the point B a 
plane parallel to DAE^ through the point D a plane parallel to 
BjIE^ and through the point E a plane parallel to BAD. The 
mutual meeting of these planes will form the parallelopiped 
required. . 

THEOREM. >-^ 

393. In every parallelopiped the opposite solid, angles are symmet" 
rical^ and the diagonals drawn through the vertices of these angles 
bisect each other. 

Demonstration, Let us compare, for example, the solid angle 

Fig. 206. ^ ^j.^^ 2Qg^ ^.^j^ ^j^^ g^jj J ^j^gj^ g . ^j^^ ^^gj^ j^^g^ ^q^^j ^^ 

EFB, is ako equal to HGC, the angle DAE^DHE = CGF, 
and the angle DAB = DCB = HGF\ consequently the three 
plane angles which form the solid angle A^ are equal to the 
three, which form the solid angle G, each to each ; besides, it is 
evident that their disposition in the one is different from that in 
the other ; therefore the two solid angles A and G are symmet- 
rical (359). 

Again, let us suppose the two diagonals EC, AG^ to be. 
drawn each through opposite vertices 5 since AE is equal and 
parallel to CG^ the figure AEGC is a parallelogram; conse- 
quently the diagonals EC^ AG^ bisect each other. It may be 
demonstrated, in the same manner, that the diagonal EC and 
another DF also bisect each other ; therefore the four diagonals 
bisect each other in a point which may be regarded as the centre 

of the parallelopiped. 

/' . • 

THEOREM. { 

Fig. 207. 394. The plane BDHF (fig. 207), which passes through two 
opposite parallel edges BF, DH, of a parallelopiped AG dimdes it 
into two triangular prisms ABD-HEF, GHF-BCD, symmetrical 
with each other* 

Demonstration. In the first place the solids are prisms ; for 
the triangles ABD^ EFH^ having the sides of the one equal and 
parallel to those of the other, are equol ; and, at the same time, 
the lateral faces ABFE, ADHE, BDHF^ are parallelograms ; 
therefore the solid ABD-HEF is a pri>im. The same may be 
proved with respect to the solid GH.^ BCD, We say now that 
these two prismas are symmetrical with each other. 
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Upon the base JiBD make the prism ABD-E^F^H^ symmetrical 
with the prism ABD-EFH. According to what has been demon- 
strated (386), the plane ABF'E' is equal to ABFE^ and the plane 
ADH'E' is equal to ADHE; but, if we compare the prism 
GHF'BCD with the prism ABD-H'E'F', the base GHF is equal 
to ABD\ the parallelogram GHDC^ which is equal to ABFE^ 
is also equal to ABF'E\ and the parallelogram GFBC^ which is 
equal to ADHE^ is also equal to ADHfE* ; therefore the three 
planes, which form the solid angle G in the prism GHF-BCD^ 
are equal to the three planes, which form the solid angle A in 
the prism ABD-H'E'F^ each to each ; they are moreover simi- 
larly disposed in the two cases ; therefore these two prisms are 
equal, and being applied the one to the other would coincide. But 
one of them is symmetrical with the prism ABD-HEF] there- 
fore the other GHF-BCD is also symmetrical with ABD-HEF. 

<- 

IjaMM A • 

395. In every prism ABCI the sections NOPQR, STVXY 

(fig. 201), made by parallel planes are equal polygons. Fig. 201. 

Demonstration. The sides ^O, ST^ are parallel, being inter- 
sections of two parallel planes by a third plane ABGF ; these 
same sides .ATO, ST, are comprehended between the parallels 
^S, or, which are sides of the prism ; consequently JiO is 
equal to ST. For a similar reason, the sides OP^ PQ, QR^ &c., 
of the section JVOPQR are equal respectively to the sides TV^ 
FZ, XY^ &c., of the section STVXY. Besides, the equal sides 
being also parallel, it follows that the angles JiOP^ OPQ,&c., of 
the first section are equal respectively to the angles STV^ TVX^ 
&c., of the second (344). Therefore the two sections NOPQR^ 
STVXY ^ are equal polygons. 

396. Corollary. Every section made in a prism parallel to its 
base is equal to this base. 

THEOREM. ^ 

397. The two symmetrical triangular prisms ABD-HEFj 
BCD-HFG (fig. 208), which compose the parallelopiped AG, ari Fig. 208. 
equivalent. 

Demonstration. Through the vertices JB, F, perpendicular to 
Ike side BF^ suppose the planes Badc^ Fehg to p^ss, meeting 
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the three other sides, AE^ DH^ CO^ of th^ parall^lopipeil, the 
one in d, d, c, the other in e, /i, ^; the sectkMiS Badc^ P^^g^ 
will be equal parallelograms. They are equal, because they are 
made by planes, which are perpendicular to the same straight 
line, and consequently parallel (397) ; they are parallelograms, 
because the two opposite sides of the same section a B^ dc^ are 
the intersections of two parallel planes ABFE^ DCOHj by the 
same plane. 

For a similar reason, the figure fi a e jP is a parallelogram, as 
also the other lateral faces BFgc^ cdhg^ adhe^ of the solid 
BadoFthg\ therefore this solid is a prism (368); and this 
prism is a right prism, since the side BF is perpendicular to the 
plane of the base. 

This being premised, if the right prism JB fc be divided by the 
the plane BFHD into two right triangular prisms aBdke iP, 
B dc'gFh, we say that the oblique triangular prism ABD-HEF 
will be equivalent to the right triangular prism aBdheF. 

Indeed, as the two prisms have the part w3BD fc e jP roramon, it 
is necessary only to prove that the two remaining parts, namely, 
the solids BaAD d, FeEHh^ are equivalent to each other. 

Now, on account of the parallelograms ABTE^ aBFe^ the 
sides AE^ a e, being each equal to its parallel BF^ are equal to 
each other ; ^if then we take away the common part A c, we shall 
have Aa^E e. It may be shown, in like manner, that Dd^ Bh* 

Now, in order to apply the two solids BaADd^ FeE3h^ one 
to the other, let the base Feh he placed Upon its equal .B a d; 
the point e falling upon a, and the point h upon d, the sides e £, 
hH, will fall upon aA^ dD^ each upon its equal, since they are 
perpendicular to the same plane B ad\ Consequently the two 
Solids under consideration will coincide entirely, the one with the 
other ; therefore the oblique prism BAD-HFE is equivalent to 
the right prism B a d*h Fe. 

It may be demonstrated, in like manner, that the oblique prism 
BDC-GFH is equivalent to the right prism Bdc-gFh. But the 
the two right prisms B a d-Fch, B dc-g Fh^ are equal to each 
bther, since they have the same altitude BF^ and their biaises 
JB a <!, B dc^ are each half of the same parallelogram (389). 
Therefore the two triangular prisms BAD-HFE, BDCGFH^ 
equivalent to equal prisms, are equivalent to each other* 
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398. CoroUttry* Every triangular prism ABD-HFE is half jj-ji 
of the paraltelopiped ./26y constructed upon the same solid angle 

^ with the same edges AB, AD^ AE. 

THEOREM. . y 

399. If two parallel(y)ipeds AG, AL (fig. 209), have a common Fig- 209. 
base A BCD, and have also their superior bases comprehended in the 

$ame plane and between the same parallels EK, HL, these two par^ 
allelopipeds will be equivalent. 

Demonstration* The proposition admits of three cases, accord- 
ing as EI is greater than JEF, less, or equal to it ; but the 
demonstration is the same for each ; and, in the first place, we 
say that the triangular prism AEI-MDH is equal to the triangu- 
lar prism BFK'LCG. 

Indeed, since AE is parallel to BF, and HE to GF, the angle 
AEl = BFK, HEI= GFK, HEA = GFB. Of these six angles 
the three first form the solid angle £1, and the three last the solid 
angle JP; consequently, since these plane angles are equal, each 
to each, and similarly disposed, it follows that the solid angles 
£, F, are equal. Now, if the prism AEM be applied to the 
prism BFL^ the base AEI being placed upon the base BFK, 
these two bases, being equal, will coincide ; and, since the solid 
angle E is equal to the solid angle F, the side EH will fall upon 
its equal FG. Nothing further is necessary in order to show 
that the two prisms ^ill coincide throughout ; for the base AEI 
and its edge EH determine the prism AEM^ as the base BFK 
and its edge FG determine the prism BFL^ 388) ; therefore 
these prisms are equal. 

But, if from the solid AL we take the prism AEM^ there will 
remain the parallelopiped AIL ; and, if from the same solid AL 
we take the prism BFL^ there will remain the parallelopiped 
AEG \ therefore the two parallelepipeds AIL^ AEG^ are equiv-^ 
alent. 

Theorem. / r 

400. Two parallelopipeds which have the same base and the same 
attitude^ are equivalent. 

Demonstration* - Let ABCD {Jig. 210) be the common base of Fig. 210. 
two parallelopipeck AG^ AL ; since they have the same altitude, 
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^ *. ' their superior bases EFGH^ IKLM^ will be in the same plane. 
Moreover the sides jEF, AB^ are equal and parallel, as also IK, 
AB\ consequently £Fis equal and parallel to IK; for a similar 
reason, GF is equal and parallel to LK. Produce the sides JEF, 
BiGf, also LAT, Jtf/, till they shall, by their intersections, form the 
parallelogram J^OPQ ; it is Evident that this parallelogram will 
be equal to each of the bases EFGH, IKLM. Now, if a third 
parallelopiped be supposed, which, with the same inferior base 
ABCD^ has for its superior base JSTOPQ, this third parallelopiped 
will be equivalent to the parallelopiped AG (399); since, the 
inferior base being the same, the superior bases are compre- 
hended in the same plane and between the same parallels GQ, 
FJ^. For the same reason, this third parallelopiped will be 
equivalent ,to the parallelopiped AL^ therefore the two parallelo- 
pipeds AG^ AL^ which have the same base and the same altitude, 
are equivalent. 

THEOREM* 

401. Every parallelopiped may be changed into an equivalent 
rectangular parallelopiped having the same altitude and an equiva- 
lent base^ 
Fig. 210. Demonstration, het AG {Jig. 210) be the proposed parallelo- 
piped 5 from the points A^ JB, C, JD, draw AI^ BK, CL^ DM, 
perpendicular to the plane of the base, and we shall thus have 
the parallelopiped AL equivalent to the parallelopiped AG, and 
of which the lateral faces AK, BL^ &c., will be rectangles. If 
then the base ABCD is a rectangle, AL will be the rectangular 
parallelopiped equivalent to the proposed parallelopiped AG. 
Fig. 211. But, if ABCD {Jig. 211) is not a rectangle, draw AO,BK, 
each perpendicular to CD, also OQ, .ATP, each perpendicular to 
the base, and we shall have the solid ABNO-IKPQ, which will 
be a rectangular parallelopiped. Indeed the base ABKO and 
the opposite base IKPQ are, by construction, rectangles ; the 
lateral faces are also rectangles, since the edges AI, OQ, &c., are 
each perpendicular to the plane of the base ; therefore the solid 
AP is a rectangular parallelopiped. But the two parallelopipeds 
AP, AL, may be considered as having the same base ABKI, and 
the same altitude AO ; consequently they are equivalent ; there- 
Fig. 210, fore the parallelopiped AG {Jig. 210, 211), which was first 
. *^^* changed into an equivalent parallelopiped AL, is now changed 
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into an equivalent rectangular parallelopiped AP^ which has the 
same altitude w3/, and of which the base ABJsTO is equivalent to 
the base ^J? CD. _ 

7 2 

THEOREM* / *^ 

402. Two rectangular parallelopipeds AG, AL (fig. 212), wAicfc Fig. 212. 
have the same base ABCD, are to each other as their altitudes^ AE, 
AL 

Demonstration. Let us suppose, in the first place, that the 
altitudes AE^ AIj are to each other as two entire numbers, as 15 
to 8, for example, AE may be divided into 15 equal pans of 
which AI will contain 8, and through the points of division a;, y, 
Zy &c., planes may be drawn parallel to the base. These planes 
will divide the solid AG into 15 partial parallelopipeds, which 
will be equal to each other, having equal bases and equal alti- 
tudes 5 we say equal bases, because every section of a prism 
MIKL^ parallel to the base, is equal to this base (395), and equal 
altitudes, because the altitudes are the divisions themselves w3 a?, 
a?y, 1/-?, &c. Now, of these 15 equal parallelopipeds 8 are con- 
tained in AL ; therefore the solid ^G is to the solid AL as 15 is 
to 8, or in general as the altitude AE is to the altitude AL 

Again, if the ratio of AE to AI cannot be expressed in num- 
bers, we say still, that the proportion is not the less true, namely, 

solid AG I solid AL::AE: AL 
For, if this proportion does not hold, let us suppose that 

solid AG : sotid AL.iAE: AO. 
Divide AE into equal parts, each of which shall be less than 70; 
there will be at least one point of division m between I and O. 
Let P be the parallelopiped which has for its base ABCD and 
for its altitude A m ; since the altitudes AE^ A m, are to each 
other as two entire numbers, we shall have 

solid AG: Pi: AE: Am. 
But, by hypothesis, 

solid AG : solid AL::AE: AO, 
whence solid AL : P :: AO : A m. 

But AO is greater than Am; it is necessary then, in order that 
this proportion may take place, that the solid AL should be 
greater thanP; on the contrary it- is less; consequently it is 
impossible that the fourth term of the proportion 

solid AG : solid AL : : AE : x 



136 EUnunis of Geometry. 

should be a tine greater than AL By similar reasoning it maj 
be shown that the fourth term cannot be less than «/4/; it is then 
equal to w3/; therefore rectangular^parallelopipeds of the same 
base are to each other as their altitudes. 

THEOREBI. / 

Fig. 213. 403. Two rectangalar paralldopipeds AG, AK (fig. 213), which 
have the same altitude AE, are to each other a# their bases ABCD, 
AMNO. 

Demonstration* Having placed the two solids the one by the 
side of the other, as represented in the figure, produce the plane 
OJVKL, till it meet the plane DCGH in PQ^ and a third paral- 
lelopiped AQ will be obtained, which may be compared with 
each of the parallelepipeds AG^ AK. The two solids AG^ AQ^ 
having the same base AEHD are to each other as their altitudes 
AB^ AO ; also the two solids AQ^ AK^ having the same base 
AOLE^ are to each other as their altitudes AD^ AM. Thus we 
have the two proportions 

solid AG : solid AQ : : AB : AO, 
solid AQ : solid AK : : AD : AM. 
Multiplying the two proportions in order and omitting in the 
result the common multiplier solid AQ we shall have 

'solid AG : solid AK::ABxAD:AO x AM. 
But AB X AD represents the base ABCD and AO x AM repre- 
sents the base AMJVO : therefore two rectangular parallelopi- 
peds of the same altitude are to each other as their bases. 

THEOREM. / ^ V 

404. Any two rectangalar parallelopipeds are to each other as the 
products of their bases by their altitudes, or as the products of their 
three dimensions. 
Fig. 213. Demonstration. Having placed the two solids AG, AZ {fig» 213), 
in such a manner that their surfaces may have a common angle 
RdE, produce the planes necessary to form the third parallelo- 
piped AK of the same altitude with the parallelepiped AG^ we 
shall have, by the preceding propositioji, 

solid AG : solid AK:: ABCD: AM J^O. 
But the two parallelopipeds AK, AZ, which have the same base 
AMNO, are to each other as their altitudes AE, AX ; thus we 
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have solid AK : soUd AZ : : A^ : AX. 

Multiplying these two proportions in order and omitting in the 

result the common multiplier solid AK^ we obtain 

solid AG : solid AZ : : ABCD x AE : AMNO X AX. 
In the place of the bases ABCD^ AMJVO^ we can substitute 
AB H AD, AO X AM, which will give 

solid AG : solid AZ : : ABxADxAEiAOx AMx AX. 
Therefore any two rectangular parallelopipeds are to each other 
as the products of their bases by their altitudes, or as the pro- 
ducts of their thr^ dimensions. 

405. Scholium, Hence we may take for the measure of a 
rectangular p&rallelopiped the product of its base by its altitude, 
or the product of its three dimensions. It is on this principle that 
we estimate all other solids. 

In order to understand this measure it is necessary to recollect 
that by the product of two or several libes is meant the product 
of the numbers which represent these lines, and these numbers 
depend upon th6 linear unit, which may be taken at pleasure ; 
the product therefore of the three dimensi6ns of a parallelopiped 
is a number which of itsdf has no meaning, and which would be 
different according as one or another linear unit is used. But if^ 
in like manner, the three dimensions of another, paraltelopiped 
are multiplied together, by estimating them according to the 
same linear unit, the two products would be to each other as the 
two parallelopipeds and would give an idea of their relative 
magnitude. 

The magnitude of a solid, its volume. Or its extension, consti- 
tutes what is called its solidity ; and the Word solidityt is employed 
particularly to denote the measure of a solid ; thus we say that 
the solidity of a rectangular parallelopiped is equal to the pro- 
duct of its base by its Altitude, or the prodiict of its three dimen- 
sions. 

The three dimensions of a cube being equal to each other, if 
the side fe 1, the solidity will be 1 x 1 X 1, or 1 ; if the side is 

t Content is often employed by English writeirs to denote both solid 
and sirperficial measures. The word sBbidUy, though mort commonly 
used, h exceptionable, as It is likely to suggest to the mind of the 
student the idea of resistance. The term volume htis been adopted 
by some as preferable to solidity. 

Geom. 18 
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3, the solidity will be 2 X ^ X 3, or 8 ; if the side is 3, tbc! 
solidity will be 3 x 3 x 3, or 37, and so on ; thus, the sides of 
eubes being as the numbers 1, 3, 3, &c., the cubes themselves, 
or their solidities, are as the numbers 1, 8, 37, &c. Hence the 
origin of what in arithmetic is called the eu6e of a number ; it is 
the product arising from three factors, which are each equal to 
this number. 

If it were proposed to make a cube double of a given cube, it 
would be necessary that the side of the cube sought should be to 
the side of the given cube as the cube root of 3 is to 1* Now it is 
easy to find, by a geometrical construction, the square root of 2; 
but we cannot, in this way, find the cube root of this number, at 
least by the simple operations of elementary geometry, which • 
consist in employing only straight lines, two points of which are 
known, and circles whose centres and radii are determined* 

On account of this diflSculty, the problem of the duplicdtion of 
the cube was celebrated among the ancient geometers, as also 
that of the trisection of an angle^ which is nearly of the same 
character. But the solutions, of which problems of this kind are 
susceptible, have long been known ; and, although I^ss simple 
than the constructions of elementary geometry, they are not less 
exact or less rigorous. 

THEOREM. ^ ,'-' 

406. The solidittf of a parallelepiped^ and in general of any 
prism whatever^ is equal to the product of its base by its altitude* 

Demonstraiioru 1. A parallelopiped of whatever kind is equiv- 
alent to a rectangular parallelopiped having the same altitude 
and an equivalent base (401). But the solidity of this last is 
equal to the product of its base by its altitude (405) ; therefore 
the solidity of the first is also equal to the product of its base 
by its altitude. 

3. Every triangular prism is half of a parallelopiped, so con- 
structed as to have the same altitude and a base twice as great 
(397). Now the solidity of this last is equal to the product of 
its base by its altitude (405) ; therefore the solidity of the trian- 
gular prism is equal to the product of its base, half of that of the 
parallelopiped, by its altitude. 
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3. A piisQi of whatever kmd may be divided into as manj 
triangular prisms of the same altitude, as there are triangles in 
the polygon taken for a base* But the solidity of each triangular 
prism is equal to the product of its b^se by its altitude; and, 
since the altitude is the same in each, it follows that the sum of 
all the partial prisms is equal to the sum of all the triangles, 
taken for bases, multiplied by the common altitude* Therefore 
the solidity of a prism of whatever kind is equal to the product 
ef its base by its altitude. 

407. Corollary. If we compare two prisms, which have the 
same altitude, the products of the bases by the altitudes will be 
as the bases ; therefore two prisms of the same altitude are to each 
other as their bases ; for a similar reason, two prisms iff the samt^ 
base are to each other as their altititdes* 
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408. If a pyramid S-ABCDE (fig. 214) is cut by a plane a b d, Fif. 214. 
parallel to the base^ 

1. The sides SA, SB, SC, • . • . . and the altitude SO, wtll be 
divided proportionally in a, b, c, and o ; 

3. The section a b c d e will be a polygon similar to the base 
ABCDE. 

Demonstration* The planes ABC, a be, being parallel, th^ir 
intersections AB, a 6, by a third plane SAB, will be parallel 
(340) ; consequently the triangles SAB, Sab, are similar, and 

SAiSaiiSBiSb', 
in like manner SB : Sb :: SC : Sc, 

and so on ; therefore the sides SA, SB, SC, &c., are cut propor- 
tionally at a, b, c, &c* The altitude 80 is cut in the same pro- 
portion at the point O ; for BO and 6 o are parallel (340), and 
consequently 

SO:So::SBiSb (196). 

3. Since a & is parallel to AB, be to BC, cd to CD, &c., the 
angle abc=i ABC, the angle bcd = BCD, and so on. Moreover, 
on account of the similar triangles SAB, Sab, 

AB':ab:iSB:Sb', 
and, on account of the similar triangles SBC, Sbc^ 

SBiSbi: BCibc; 
whence AB : abi: BC ibci 
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ia like manner, BC ibc i: CD : ed^ 

and so on. Therefore the polygons ABCDE, abcda^ I^aye th^ir 
angles e4U^l, each to each, and th^ir hpmologov^ si^ea propor- 
tional ; that is, tlvey are similar. 

409. Corollary. Liet S-ABCJ^E, S-XY^^ be iw^ pjvaniicl^ 
that hav^ a common vertex, and whoae altitudes are the s^tn^ei 
or whose bases are situated in the same plane; if thes*^ pyr^oiidQ 
be cut by a plane parallel to their bases, ih^ seciitn^ ^hod^^ 
xy z, thus formed, will be to each other as Ae bases ABODE, HYZ^ 

For^ the polygons ABCDE^ abcde, being similar, ih^ir sur- 
faces a,re as the squares of their homologous sides 4B9 ^bi but 

4B: ab::SA:Sa^ 

consequently ABODE : abcde :: SA : Sa. 

For the same reason, 

XYZ:xyz::SX:Sx. 

But, since abcde^xyz^ are in the same plane, 

SA:Sa::SX: Sx, 
whence ABCDE : abcde:: XYZ : xyz; 

therefore the sections abcde^ xyh stre to each other a^ their 
bases ABCDE, XYZ. 

Fig. 215. 41Q. Let $-AB€ (fig. 215), bfi a triangular pyramid, of laAick S 
is the vertex and ABC the bOfie ; if the sides SA, SB, SC, AB,^ AC| 
BC, be bisected at the poinU D, E, F, G, H, 1, and through these 
points the straight lines DE, EF, DF, EG, FH, EI, GI, GH, be 
d^nmyi ; vh^ sa:y that the pyramid S-ABC may be considered as cmn^ 
posed of'tv)o prisms AGH-FDE, EGI-CFH, e(j^ivalent to eocfc 
ofher^^and two equal pyramids S-DEF, E-GBI. 

Demonstration, It follows from the construction, that ED is 
parallel to BA, and GE to AS (199); hence the figure ADEG 
is a parallelogram. Fqr the sam<e r^aspo, the figure ADFH is 
also a parallelogram ; copj&equently the straight lipes AHf, GJE^ 
HF, are equal and parallel ;^ therefore the solid A,GJIrFI^S '^ * 
prism (346). 

It may be sh^pwrn, in like manner,, t^at the two figures ISPCl, 
CIGH, are parallelograuas, and that thus the straight lines EF, 
IC, GHy are equal and para^H^ ; therefore the solid EGhQFB i^ 



Of Polyedrons. 141 

also a prism. Now we say that these two triangular prisms are 
equivalent to ea^cb other. 

Indeed, if upon the edges G/, G£, Gjff, the parallelepiped 
GX be formed, the triangular prism EGI-CFH will be half of 
this parallelepiped (397) ; on the other hand, the prism AGH-FDE 
is also equal to half of the parallelepiped GX (406), since they 
have the same altitude, and the triangle AGH^ the base of the 
prism, is half of the parallelogram GICH {16S), the base of the 
parallelepiped. Therefore the two prisms EGI-CFH.AGH-FDE, 
are equivalent to each other. 

Tbes^ two prisms being taken from the pyramid S-ABC there 
will remain only the two pyramids S-DEF^ E-GBI; now we 
say that these two pyramids are equal to each other. 

Indeed, since the following sides are equal, namely, J5JE =SjE, 
BG=zAG = DE, EG^AD^ SD, the triangle BEG is equal 
to the triangle ESD (43): For a similar reason, the triangle BEI 
is equal to the triangle ESF'^ moreover the mutual inclination of 
the two planes BEG^ BEI, is the same as that of the two planes 
ESD^ ESF^ since JSjEG, ESD, are in the same plane, and BE/, 
ESF^ are also in the same plane. If then, in order to apply the 
one pyramid to the ether, we place the triangle EBG upon its 
equal EDS, the plane BEI must fall upon the plane ESF] and, 
since the triangles are equal and similarly disposed, the point / 
will fall upon F, and the two pyramids will coincide throughout 
(384). 

Therefore the entire pyramid S-ABC is composed of two tri- 
angular prisms AGF^ GIF^ equivalent to each other, and two 
equal pyramids S-DEF, E-GBI. 

411. Corollary i. From the vertex S let fall upon the plane 

ABC the perpendicular SO, and let P be the point, where this 

perpendicular meets the plane JDEF, parallel to ABC ; since 

. SJD = i SA, we have SP-\ 50(408), and the triangle DEF=i \ 

triangle ABC (218) ; consequently the solidity of the prism 

AGH'FBE^ i ABC x^SO; 
and the solidity of the two prisms AGHFLE, EGI-CFH, takea 
together, is equal J ABC x SO. These two prisms are less than 
the pyramid S-ABC, since they are contained in it; therefore 
the solidity of a triangular pyramid is greater than the fourth part 
of the product of its base by its altitude* 
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412. Corollary ii. If we join DG, DH, we shall have a new 
pyramid D-AGH equal to the pyramid S-DEF; for the base 
DLF may be placed upon its equal AOH^ and then, the angles 
fiZ>£, SDF^ being equal to the angles DAG, DAH, it is mantfest 
th-it DS will fall upon AD (364), and the vertex S upon the 
vertex D. Now the pyramid D^AGH is less than the prism 
AGH'FDE since it is contained in it; therefore each of the 
pyramids S-DEF, EGBI, is less than the prism AOH-FDE ; 
therefore the pyramid S-ABC^ which is composed of two pyra- 
mids and two prisms, is less than four of these same prisms. 
But the solidity of one of these prisms = | ABC x SfJ^^nd its 
quadruple = | ABC x SO; hence the solidity of any triar^^ular 
pyramid is less than half of the product of its base by its altitudem 
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413. 7%e solidity of a triangular pyramid is equal to a third of 
the product of its base by its altitude. 
Fig. 215. Demonstration. Let S-ABC {fig. 215) be any triangular pyra- 
mid, ABC its base, SO its altitude ; we say that the solidity oi 
the pyramid S-ABC is equal to a third part of the product of the 
surface ABC by the altitude SO, so that 

S'ABC^ \ ABC X SO, or = SO X iABC. 

If this proposition be denied, the solidity S^ABC must be equal 
to the product of SO by a surface either greater or less than 
I ABC. 

1 . Let this quantity be greater, so that we shall have 

SABC = SO X (iABC + M). 
If we make the same construction as in the preceding proposi- 
tion, the pyramid S-ABC will be divided into two equivalent 
prisms AGHFDE, EGLCFH, and two equal pyramids S-DJEJ\ 
E'GBL Now the solidity of the prism AGH-FDE is DEFx PC, 
consequently we shall have the solidity of the two prisms 

AGH'FDE 4- EGICFH=z DEF x SlPO, or = DEF x SO. 
The two prisms being taken from the entire pyramid, the re- 
mainder will be equal to double of the pyramid S^DEF, so that 
we shall have 

2S^DEF:=z SO X (iABC+M—DEF). 
But, because SA is double of SD, the surface ABC is quadruple 
of DEF (408), and thus 
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^ABC-^DEF=z^DEF—DEF=:iDEF', 

whence 

2S'DEF^ SO X (i DEF + M), 
or, by taking the half of each, 

S'DEF^SP X {\DEF +3/). 
It appears then, that in order to obtain the solidity of the pyra. 
tnid S'DEF, it is necessary to add to a third of the base the same 
surface JIf, which was added to a third of the base of the large 
pyramid, and to multiply the whole by the altitude SP of the 
.mall pyramid. 

If SD be bisected at the point K^ and if through this point a 
plane KLM be supposed to pass parallel to DEF meeting the 
perpendicular SP in Q ; according to what has just been demon- 
strated, S-KLM^ SQ X (i KLM-i^ M). 
If we proceed thus to form a series of pyramids, the sides of 
which decrease in the ratio of 2 to 1, and the bases in the ratio 
4 to 1, we shall soon arrive ^t a pyramid S^be, the base of 
which abc shall be less than 6M. Let S o be the altitude of 
this last pyramid ; and its solidity, deduced from that of the 
preceding pyramids, will be 

Soxiiahc-^M). 
But JM" > i abc^ and consequently ^ahc + M'^^abc. It 
would follow then, that the solidity of the pyramid S-ahc is 
greater than So x iabc; which is absurd, since it was proved 
in the preceding proposition, corollary ii, that the solidity of a 
triangular pyramid is always less than half of the product of its 
base by its altitude ; therefore it is impossible that the solidity 
of the pyramid S^BC should be greater than SOx \ ABC. 

2. Let S-ABChe equal to SOx{\ABC — M)\ it maybe 
shown, as in the first case, that the solidity of the pyramid 
S-DEF^ the dimensions of which are less by one half, is equal to 

SPx{iDEF—M), 
and, by continuing the series of pyramids, the sides of which 
decrease in the ratio of 2 to 1, until we arrive at a term S^abc^ 
we shall, in like manner, have the solidity of this last equal to 

Sox (labc — M). 
But, as the bases ABC^ DEF^ KLM abc^ form a decreas- 
ing series, each term of which is a fourth of the preceding, we 
shall soon arrive at a term abc equal to 12Jlf, or which shall 
be comprehended between 12Jlf and 3Jlf j then^ M being either 
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equal to or greater than j\ ahc^ the quantity J o 6 c — Jtf will 
either be equal to or less than \abc; so that we shall have tke 
solidity of the pyramid S-a b c either equal to or less than 

Sox \abci 
which is absurd, since, according to corollary i of the preceding 
proposition, the solidity of a triangular pyramid is always 
greater than the fourth of the product of its base by its altitude; 
therefore the solidity of the pyramid S-ABC cannot be less than 
SOxiABC. 

We conclude then, according to the enunciation of the theo- 
rem, that the solidity of the pyramid SABC^SOx \ABC^ 
or = I ABC xSO. ^ 

414. Corollary i. Every triangular pyramid is a third of a 
triangular prism of the same base and same altitude ; for 
ABC X SO is the solidity of the prism of which ABC is the base 
and SO the altitude. 

415. Corollary ii. Two triangular pyramids of the same 
altitude are to each other as their bases, and/two triangular py- 
ramids of the same base are to each other as their altitudes* 

7 

THEOREM. / 

Fig. 214 416. Every pyramid S-ABCDE (fig. 214) has for its measure a 
third of the product of its base by its altitude. 

Demonstration. If the planes SEB^ SEC^ be made to pass 
through the diagonals EB^ EC^ the polygonal pyramid S-ABCDE 
will be divided into several triangular pyramids, which have all 
the same altitude SO. But, by the preceding theorem, these are 
measured by multiplying their bases ABE^ BCE^ CDE^ each 
by a third of its altitude SO ; consequently the sum of the trian- 
gular pyramids, or the polygonal pyramid S-ABCDE will have 
for its measure the sum of the triangles ABEj BCE, CDE^ or 
the polygon ABCDE^ multiplied by i SO; therefore every py- 
ramid has for its measure a third of the product of its base by 
its altitude. 

417. Corollary i. Every pyramid is a third of a prism of the 
same base and same aliitude. 

418. Corollary ii. Two pyramids of the same altitude are to 
each other as their bases, and two pyramids of the same base 
are to each other as their altitudes. 
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419. SchoUtu^* Th^e solidity of anjr polyedrpn m^j be esti- 
ipated ^y deicopippsing it into pyramids, s^nd this decomposition 
piay be effected in .several ,w9iys ; one of the most simple is by 
peaas Qf planes pf division passing through the vertex of the 
js^une solid an^|e; then we shall hpiVe as many partial pyramids, 
^s there ?ire faces in the polyedron excepting those which con- 
tain the i^Ud angle frpm which the pls^nes of division proceed. 

4 
t 

• THEOREM. ■ 

>130. ^}po syfnrnetri^fil jpqlyedrons arfi equivalent , to each othef or 
^ual in solidity. 

fiemmstration. 1. Two symmetrical triangular pyramids, as 
S-ABC^ T'ABC {fig. 202), have each for its measure the pro-F>s-20«. 
.di^ct.of the hzse ABC by a third of its altitude SO or TO ; there- 
ifore these pyramids are equivalent. 

2, .If i^e. divide, in any manner, one of the symmetrical poly- 
^edrpqs in qu^^tion into triangular^pyramids, we can divide the 
(Pther polyedron, in the same manner into triangular«*pyramids 
symmetrical with the former (382); but the triangular pyramids 
.in the one case and the other being symmetrical, are equivalent, 
.e^ch to each; therefore the entire polyedrons are equivalent to 
^each other or equal in solidity. 

421. Scholium. This proposition seems to result immediately 
}ffpm a former (386), in which it was shown that, with respect to 
ftwo symmetrical polyedrons, all the constituent parts of the one 
. are equal respectively to those of the other ; still it was neces- 
, &ary to demonstrate it in a rigorous manner. 

} 

^ THEOREM. r 

-^ 422. If a pyramid is cut by a plane parallel to its hase^ the frus- 
tmn which remains^ after taking away the smaller pyramid,, is equal 
to the sum of three pyramids^ which have for their common altitude 
the altitude of the frustum^ and whose bases are the inferior base of 
the frustum^ its superior base^ and a mean proportional between these 
bases. 

Demonstration. Let S-ABCDE {fig. 217) be a pyramid cutFlg.2ir. 
by the plane abd parallel to the base ; let T-FGH be a trian- 
gular pyramid, whose base and altitude are equal or equivalent 
to the base and akitude of the pyramid S-ABCDE. The two 

Geom. 19 
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bases may be supposed to be situated in the same plane ; and 
then the plane abd produced, will determine in the triangular 
pyramid a section fg h situated at the same altitude above the 
common plane of the bases ; whence it follows that the section 
fgh is to the section abd^os the base FGH is to the hdise ABD 
(408) ; and, since the bases are equivalent, the sections will be 
equivalent also. Consequently the pyramids S-a 6 c c{ e, T-fgh, 
are equivalent, since they have the same altitude and equivalent 
bases. The entire pyramids S- ABODE ^ T-FOH^ are equiva- 
lent, for the same reason; therefore the frustums ABD^ab^ 
FGH'hfg^ are equivalent ; and consequently it will be sufficient 
to demonstrate the proposition enunciated, with reference merely 
to the case of the frustum of a triangular pyramid. 
Fig. 218. Let FGHrhfg {fig. 218), be the frustum of a triangular pyra- 
mid; through the points F, g, H, suppose a plane Fg H, to pass 
cutting off from the frustum the triangular pyramid g^FGH. 
This pyramid has for its base the inferior base FGH of the frus- 
tum, it h^ also for its altitude the altitude of the frustum, since 
the vertex g is in the plane of the superior base /g ft. 

This pyramid being cut off, there will remain the quadrangu- 
lar pyramid g-fhHF^ the vertex of which is g and the base 
fh HF. Through the three points yj g, fl, suppose a plane/g H 
to pass dividing the quadrangular pyramid into two triangular 
pyramids g-FfH, g-fh H. This last pyramid may be considered 
as having for its base the superior base gfh of the frustum, and 
for its altitude the altitude of the frustum, since the vertex H is 
in the inferior base. Thus we have two of the three pyramids 
which compose the frustum. 

It remains to consider the third pyramid g-FfH. Now if we 
draw gK parallel to/F, and suppose a new pyramid K-FfHj 
the vertex of which is jST, and the base FfH; these two pyra- 
mids will have the same base FfH\ they will have also the 
same altitude, since the vertices g, K^ are* situated in a line g K 
parallel to Ff and consequently parallel to the plane of the 
base ; therefore these pyramids are equivalent. But the pyra- 
mid K-FfH may be considered as having its vertex in^J and 
thus it will have the same altitude as the frustum ; as to its base 
FHK^ we say that it is a mean proportional between the two 
bases FHG.fhg. Indeed the triangles FHK^fhg^ have the 
angle jP=/, and the side FK=:fg, 
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hence 

FHK:fhg::FKxFH:fgxfh::FH:fh (216) 
Also FHG : FHK : : FG : FK or fg. 

But the similar triangles FHG^fhg^ give 

FG:fg::FH:fh; 
consequently FUG : FHK : : FHK :fhg; 
and thus the base FHK is a mean proportional between the two 
bases FHG^fhg^ therefore the frustum of a triangular pyramid 
is equal to three pyramids, which have for their common altitude 
the altitude of the frustum, and whose bases are the inferior base 
of the frustum, its superior base, and a mean proportional be- 
tween these bases. 
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423. If a Iriangular prism^ whose base is ABC (fig. 216), 6e Fig. 216, 
cut by a plane DEF inclined to this base, the solid ABC-DEF thus 
formed, will be equal to the sum of the three pyramids whose vertices 
are D, E, F, and the common base ABC, 

Demonstration. Through the three points F, A, C, suppose a 
plane FAC to pass cutting off from the truncated prism 

ABC'DEF 
the triangular pyramid F-ABC] this pyramid will have for its 
base ABC and for its vertex the point JP. 

This pyramid being cut off, there will remain the quadrangu- 
lar pyramid F-ACDE, of which F is the vertex, and ACDE 
the base. Through the points F, £, C, suppose a plane FEC 
to pass dividing the quadrangular pyramid into two triangular 
pyramids F-AEC, jF- CDE. 

The pyramid F-AEC, which has for its base the triangle 
AEC and for its vertex the point F, is equivalent to a pyramid 
B-AEC, which has for its base AEC, and for its vertex the point 
B. For these two pyramids have the same base ; they have 
also the same altitude, since the line BF, being parallel to each 
of the lines AE, CD, is parallel to their plane AEC ; therefore 
the pyramid F-AEC is equivalent to the pyramid B-AEC, which 
may be considered as having for its base ABC, and for its ver- 
tex the point E. 

The third pyramid F-CDE, or E-FCD, may be changed in 
the first place into A-FCD', for the two pyramids have the same 
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base FCD ; they have also the same altitude, since AE is par- 
allel to the plane FCD ; consequently the pyramid E-FCD is 
equivalent to A-FCD. Again, the pyramid A FCD, or F-ACD^ 
may be changed into B'^CD, for these two pyramids have the 
common base ACD\ they have also the same altitude, since their 
vertices JP and B are in a parallel to the plane of the base; 
Therefore the pyramid E-FCD, equivalent to A-FCD, is also 
equivalent to B-ACD. Now this last may be regarded as hav- 
ing for its base ABC, and for its vertex the point D. 

We conclude then, that the truncated prism ABC-DEF is 
equal to the sum of three pyramids which have for their com- 
mon base ABC and whose vertices are respectively the pointi 
D, E, F. 

424. Corollary. If the edges are perpendicular to the plane 
of the base, they will be at the same time the altitudes of the 
three pyramids, which compose the truncated prism ; so that the 
solidity of the truncated prism will be expressed by 

^ABCxAE + lABC x BF+\ABC x CD, 
or \ ABC X {AE +BF+ CD). 
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^ 425. Two similar triangular pyramids have their homotdgoiu 
faces similar, and their homologous solid angles equal. 

Demonstration. The two triangular pyramids S-JlBC, T-DEF 
F\g.yoi,(J^. 203), are similar, if the two triangles SAB, ABC, are simi- 
lar to the two TDE, DEF, and are similarly placed (381) ; that 
is, if the mg\e ABS ^ DET, BAS = EDT, ABC^DE^F, 
BA C = EDF, and if furthermore {he inclination of the planek 
SAB, AJBCy is equal to that of the pliaines TDE, DEF. This 
l)eing supposed, we say that the pyramids have all their faces 
similar, each to each, and their homologous solid angfes ^qa&L 

Take BO = ED, BH = EF, Bl = ET, and join GH, dl, IB. 
The pyramid T-DEF is equal to the pyramid I-GBH; for thfe* 
sides GJB, BBl, being equal, by construction, to the sides DE^ 
EF, and the angle GBH being, by hypothesis, equal to the ^nglfe 
DEF:, the triangle GBH is equal to DEF (36) ; therefore, in orcT^r 
to apply one of these pyramids to the other, we can evidently 
jplace the base DEFu^n its eqUal 6BH; then, since the jphne 
TDFhas the same idclinatlon' to' !D£]F\W the plane S^^ 



jIjBG, it isnlSfiiftSt thiit the plafte TDE will fall indeftnitely upon 
the plane SAB. But, by hypothesis, the angle DET = GJB/, 
cofti^eqiieritly ET will fall upon its equal BI\ and since the four 
points D, E, F, r, coincide With the four G^ B, H, /, it follows 
that the pyj^attiid t*DEF will coincide with the pyramid I-GBH 
(384). 

Now, on account of the equal triangles DJEF, OBH, the angle 
BGH = EDF-BAC\ consequently GH is parallel to AC. 
For a similar teason GI is parallel to AS ; therefore the plane 
iGH is parallel to SAC (344). Whence it follows that the 
triangle IGH, or its equal TDF, is similar to SAC (347), and 
that the triangle /BH, or its equal TEF^ is similar to SBC ; 
therefore the two similar triangular pyramids S-ABC^ T^DEF 
have their four faces similar, each to each* Moreover the ho- 
mologous solid angles are equal. 

For, we have already placed the solid angle E upon its homo- 
logous angle J?, and the same mdy be done with respect to the 
two other homologous solid angles ; but it w^ill be readily per- 
ceived that two homologous solid angles are equal, for example 
the angles T and S, because they are formed by three plane 
angles which are equal, each to each, and similarly placed. 

Therefore two similar triangular pyramids have their homo- 
iogous faces similar and the homologous solid angles equal. 

426. Corollary i. The similar triangles in the two pyramids 
furnish the proportions 

AB:DE::BC:EF::AC:DF::AS:DT:SB:TE::SC:TFi 
therefore in similaf triangular pyramids the homologous sides are 
proportional. 

427. Corollary ii. Since the homologous solid angles are 
"^qual, it follows that the ificlinalion of any two faces of one pyra- 
mid is equal to the inclination of the two homologous faces of a simi- 
'lar pyramid (359). 

428. Corollary iii. If a triangular pyramid SABC be cut by 
^ plane GIH parallel to one of the faces SAC^ the partial pyra- 
mid IGBH will be similar to the entire pyramid SABC. For the 
•triattgies BGI, BGH, are similar to the triangles BAS, BAC, 
eadi tb each, and similarly placed ; also the inclination of the 
two planes is the same in each ; therefore the two pyramids are 
siikiilalr. 

i9!9. VotilbtfyiY. tf any pyramid whatmrSABCDE (fig. 214) Fig. 2i4 
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he cut hy a plane a b c d e parallel to the base, the partial pyramid 
S-a b c d e vnll be similar to the entire pyramid S-ABCDE. For 
the bases ABODE, abode, are similar, and AC, a c, being join- 
ed, it has just been proved that the triangular pyramid S^iBC 
is similar to the pyramid S-a be; therefore the point £> is deter- 
mined with respect to the base ABC, as the point S is determined 
with respect to the base abc (382) ; therefore the two pyramids 
&sABCDE, S-a bcde, are similar. 

430. Scholium. Instead of the five given things, required by 
the definition in order that two triangular pyramids may be sim^ 
ilar, we can substitute five others, according to different combi- 
nations ; and there will result as many theorems, among which 
may be distinguished the following ; two triangular pyramids are 
similar, when they have their homologous sides proportional. 

For, if we have the proportions 
AB:DE::BC:EF::AC:DF::AS:DT::SB:TE::SC:TF 
Fig. 203. {Jig* 203), which contain five conditions, the triangles ABS, 
ABC, will be similar to DET, DEF, and the disposition of the 
former will be similar to that of the latter. We have also the 
triangle SBC similar to TEF ; therefore the three plane angles,, 
which form the solid angle jB, are equal to the three plane an- 
gles which form the solid angle jB, each to each ; whence it 
follows that the inclination of the planes SAB, ABC, is equal to 
that of the homologous planes TDE, DEF, and that thus the 
two pyramids are similar. 

THEOREM. , * 

431. Two similar polyedrons have their homologous faces similar, 
and their homologous solid angles equal. 

Fig. 219. Demonstration. Let ABCDE {fig. 219) be the base of one 
polyedron ; let M, N, be the vertices of two solid angles, with- 
out this base, determined by the triangular pyramids M-ABC, 
N-ABC, whose common base is ABC; let there be, in the other 
polyedron, the base abcde homologous or similar to ABCDE, 
m, n, the vertices homologous to M, .AT, determined by the pyra- 
mids m-a b c, n-a h c, similar to the pyramids M-ABC, JST-ABC; 
we say, in the first place, that the distances MJV, m n, are pro- 
portional to the homologous sides AB, a b. 

Indeed, the pyramids M-ABC, m-a b c, being similar, the incli- 
nation of the planes MA C, BA C, is equal to that of the planes 
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mac^hac; in like manner, the pyramids N-ABC^ n-a 6 c, being 
similar, the inclination of the planes NAC^ BAC^ is equal to that 
of the planes nac^ bac; consequently, if we subtract the first 
inclinations respectively from the second, there will remain the 
inclination of the planes NAC^ MAC^ equal to that of the planes 
11 a c^ mac. But, because the pyramids are similar, the triangle 
MAC is similar to mac^ and the triangle NAC is similar to nac ; 
therefore the triangular pyramids MNAC^ mnac^ have two 
faces similar each to each, similarly placed, and equally inclined 
to each other ; consequently the two pyramids are similar (425); 
and their homologous sides give the proportion 

MJ^ : mm: AM : a m. 
Moreover AM : ami: AB : ah\ 

therefore, MX : mm: AB : a h. 

Let P and p be two other homologous vertices of the same 
polyedrons, 'and we have, in like manner, 

PJV : pmiABiab, 
PM :pm::AB:ah\ 
whence MX :mm: PX :pm: PM : p m. 

Therefore the tnangle PNM, formed by joining any three vertices 
of one polyedron^ is similar to the triangle p n m, formed by joining 
the three homologous vertices of the other polyedron* 

Furthermore, let Q, 5, be two homologous vertices, and the 
triangle PQX will be similar io pqn. We say also, that the 
inclination of the planes PQA*, PMX^ is equal to that of the 
planes pqn^ pmn. 

For,, if we join QM and q m, we shall always have the triangle 
QNM similar to 9 n m, and consequently the angle QNM equal 
to qnm. Suppose at ^ a solid angle formed by the three plane 
angles QNM^ QXP^ PNM^ and at n a solid angle formed by the 
plane angles qnm^ qf^Pf pnm\ since these plane angles are 
equal, each to each, it follows that the solid angles are equal. 
Whence the inclination of the two planes PNQ^ PNM^ is equal 
to that of the homolo2;ous planes pnq^pnm (359) ; therefore, if 
the two triangles PXQ^ PNM^ be in the same plane, in which 
case we should have the angle QNM = QKP -f- PNM^ we should 
have, in like manner, the angle qnm = qnp + pnm^ and the two 
triangles qnp^ pnm^ would also be in the same plane. 

All that has now been demonstrated takes place, whatever be 
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the angles M^ JV*, P, Q, compared with the homologous angles jn. 

Let us suppose ^now that the surface of one -of the poly edifoos 
b divided into triangles ABC^ ACJO^ MNP^ J^PQj ^*i we see 
that the surface of the oth^r polyedron will contain an equal 
number of triangles, abc^ acdj mnp, np 9, &c«, siwl^ to the 
former and similarly placed ; and if several triangles, as JfPJf^ 
«ArPQ,.&c. belong to the same f^ce, and are in the s^me .plane, 
the homologous triangles m-p it,npqj {Ice, will li)sc^i9e be in tl^ 
same plane. Therefore each polygonal face in thcrOi^e polye- 
dron will correspond to a similar polygonal face in the other j 
and consequently the two polyedrons will be comprehended 
under the same number pf similar ^^nd similarly dispos^, planes. 
We say moreover, that the solid angles .will be equal. 

For, if the solid angle ^, for example, is formed by the plane 
angles QJVP, PJVM, MJ^R, QJVTJ, the homologous solid angle n 
will be formed by the plane angles qnj)^ p nm^ mnr^ qnr* Now 
the former plane angles are equal to the latter, each to each, and 
the inclination of any two adjacent planes, is equal to that pf 
their homologous planes ; therefore the two solid angles are 
equal, since they would coincide upon being applied. 

We conclude then, that two similar polyedrons have their 
homologous face& similar, ^n/i thi^ijr ^ho^olqgous solid angles 
equal. 

432. Corollary. It follows, from the preceding demonstration, 
that if with four vertices of a polyedron we form a triangular 
pyramid, and also another with the four homologous vertices of 
a similar polyedron, these two pyramids will be similar; for 
they will have their homologous sides proportional (430). 

It will be perceived, at the same time, that the homologous 
diagonals (157), AJ^^ a n, for example, are to each other as two 
homologous sides AB^ ah. 
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433. Two similar polyedrons tnay he divided into the same 
niimher of triangular pyramids similar^ each to each^ and similarly 
placed* 

Demonstration* We have seen that the surfaces of two similar 
polyedrons may be divided into the same number of triangles. 
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that are similar, each to each, and similarly placed. Let us 
consider all the triangles of one of the polyedrons, except those 
Which iotta the solid angle A^ ^s the bases of so many triangular 
pyramids having their vertices in A ; t^ese pyramids takeq^ 
togetbisi* vrill compose the polyedrod. Let us divide likewise the 
other pplyedron into pyramids having for their comi^on vertex 
that of the angle a, homologous to ^ ; it is evident that the pyra« 
mid, which connects four vertices of one polyedron, will be sim- 
ilar to the pyramid which connects the four homologous vertices * 
of th^ other polyedron \ therefore two similar polyedrons, &c. 

THEOREM^ 

"^ 434. Two similar pyramids are to each other as the cubes of their 
homologous sides* 

Demonstration. Two pyramids being similar, the less may be 
placed b the greater so that they shall have the angle S (fig. 214) Fig* ^^^ 
common. Then the bases ABCDE^ a 6 c c2 e, will be parallel ; 
for, since the homologous faces are similar (423), the angle 

Sah=i$AB, 
as also Shc=z SBC ; therefore the plane o 6 c is parallel to the 
plane ABC (344). This being premised, let fall the perpen- 
dicular SO from the vertex S upon the plane ABC^ and let o be 
the point, where this perpendicular meets the plane a be; we 
shall have, according to what has already been demonstrated 
(406), SO : S : : SA : Sa : : AB : ab, 

and consequently . . 

^SOilSoiiABiab. 
But the bases ABCi)E, a bcde^ bein^ similar figures, 

ABCDE:abcde::AB:ab (221). 
Multiplying the: two proportions in order we shall have 

ABODE x^SO:abcdexiSo::AB::ab; 
but ABODE X fSO is the solidity of the pyramid SABCDE 
(4 1 3), and abcdex^Sois the solidity of the pyramid Sabcde; 
therefore two similar pyramids are to each other as the cubes of 
their homologous sides. 
Geom. 20 
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THEOREM. n^ 

"435. TzDO similar polyedrons are to each other as the cubes of 
their homologous sides. 

Demonstration. Two similar polyedrons may be divided into 
the same number of triangular pyramids that are similar^ each 
to each (433). Now the two similar pyramids APNM^ apum, 
Fiji 219L (fg. 219), are to each other as the cubes of their homologous 
sides j^Jlf, am^ or as the cubes of the homologous sides AB, ab, 
(434). The same ratio may be shown to exist between any two 
other homologous pyramids; therefore the sum of all the pyra- 
mids, which compose the one polyedron, or the polyedron itseli^ 
is to the other polyedron, as the cube of any one of the sides of 
the first, is to the cube of the homologous side of the second. 

General Scholium. 

436. We can express in algebraic language, that is, in a 
manner the most concise, a recapitulation of the principal pro- 
positions of this section relating to the solidity or content oi 
polyedrons. 

Let B be the base of a prism, H its altitude ; the solidity of 
the prism will he B X H^ or BH. 

Let B be the base of a pyramid, H its altitude; the solidity 
of the pyramid will be 5 x ^ fl", or fl" x i B, or J BH. 

Let H be the altitude of the frustum of a pyramid and let Jl^ 
B, be the bases ; then \^AB will be the mean proportion between 
them, and the solidity of the frustum will be 

^HxiA-^B+x/AB). 

Let B be the base of a truncated triangular prism, H^H\Hf\ 
the altitudes of the three superior vertices, the solidity of the 
truncated prism will be | B <{H+ H' +H''). 

Lastly, let F, />, be the solidities of two similar polyedrons, At 
and a, two homologous sides, or diagonals of the polyedrons, we 
shall have 

PipiiA^ia^. 
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SECTION THIRD. 
Of the Sphere. 

DEFINITIONS. 

437. A sphtrt is a solid terminated by a curved surface all the 
points of which are equally distant from a point within called the 
cmtrt. 

The sphere may be conceived to be generated by the revo- 
lution of a semicircle DAE {fig. 220) about its diameter />£; Fig. 220. 
for the surface thus described by the curve DAE will have all 
its points equally distant from the centre C 

438. The radius of a sphere is a straight line drawn from the 
centre to a point in the surface ; the diameter or axis is a line 
passing through the centre and terminated each way by the 
surface. 

All radii of the same sphere are equal ; the diameters also are 
equal, and each double of the radius. 

439. It will be demonstrated art. 452, that every section of a 
sphere made by a plane is a circle. This being supposed, we 
call a great circle the section made by a plane which passes 
through the centre, and a small circle the section made by a 
plane which does not pass through the centre. 

440. A plane is a tangent to a sphere, when it has one point 
only in common with the surface of the sphere, 

441. The pole of a tirde of the sphere is a point in the surface 
of the sphere equally distant from every point in the circumfer- 
ence of the circle. It will be shown art. 464, that every circle 
great or small has two poles. 

442. A spherical triangle is a part of the surface of a sphere 
comprehended by three arcs of great circles. 

These arcs, which are called the sides of the triangle, are 
always supposed to be smaller each than, a semicircumference. 
The angles which their planes make with each other are the 
angles of the triangle. 

443. A spherical triangle takes the name of right-angled^ isos- 
celes and equilateral^ like a plane triangle, and under the same 
circumstances. 
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444. A spherical polygon is a part of the surface of a sphere 
terminated by several arcs of great, circles. 

455. A lunary surface is the part of the surface of a sphere 
comprehended between two semicircumferences of great circles, 
which terminate in a common diameter. 

446. We shall call .a spherical wedge the part of a sphere com- 
prehended between the halves of two great circles, and to which 
the lunary surface answers as a base. 

447. A spherical pyramid is the part of a sphere comprehended 
between the planes of a solid angle whose vertex is at the centre. 
The base of the pyramid is the spherical polygon intercepted by 
these planes. 

448. A zone is the part of the surface of a sphere compre- 
hended between two parallel planes, which are its bases. One of 
these planes may be a tangent to the sphere, in which case the 
zone has only one base. 

449. A spherical segment is the portion of a sphere compre- 
hended between two parallel planes which are its bases. One 
of these planes may be a tangent to the sphere, in which case 
the spherical segment has only one base. 

450. The altitude of a zone or of a segment is the distance 
between the parallel planes which are the bases of the zone or 
segment. 

Fig. 220. 451. While the semicircle DAE (Jig. 220), turning about the 
diameter DjE, describes a sphere, every circular sector as DCF^ 
or FCH, describes a solid which is called a spherical sector* 
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453. Every section of a sphere made by a plane is a circle. 
Fig. 221. Demonstration. Let AMB {fig. 221) be a section, made by a 
plane, of the sphere of which C is the centre. From the point 
C draw CO perpendicular to the plane AMB, and different ob- 
lique lines CM, CM, to different points of the curve AMB which 
terminates the section. 

The oblique lines CM, CM, CB, are equal, since they are 
radii of the sphere ; consequently they are at equal distances 
from the perpendicular CO (329); whence all the lines OM, 
OM, OB, are equal ; therefore the section AMB is a circle of 
which the point O is the centre. 
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^ 453. Cofdttary i. If the cutting plane pass through the centre 
of the sphere, the radius of the section will be the radius of the 
sphere ; therefore all great circles are equal to each other. 

454* Corollary lu Two great circles always bisect each 
other ; for the common intersection, passing through the centre, 
is a diameter. 

455. Corollary in. Every great circle bisects the sphere and 
its surface ; for, if having separated the two hemispheres from 
each other, we apply the base of the one to that of the other, 
turning the convexities the same way, the two surfaces will coin- 
cide with each other; if they did not, there would be points in 
these surfaces unequally distant from the centre. 

456. Corollary iv. The centre of a small circle and that of 
the sphere are in the same straight line perpendicular to the 
plane of the small circle* 

457. Corollary v. Small circles are less according to their 
distance from the centre of the sphere ; for, the greater the dis- 
tance CO, the smaller the chord AB, the diameter of the small 
circle AMB. 

458. Corollary vi. Through two given points on the surface 
•f a sphere an arc of a great circle may be described ; for the 
two given points and the centre of the sphere determine the 
position of a plane. If, however, the two given points be the 
extremities of a diameter, these two points and the centre would 
be in a straight line, and any number of great circles might be 
made to pass through the two given points. 
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459. In arvy spherical triangle ABC (fig. 222) either side is less Fig^S^s. 
than the sum of the other two. 

Demonstration. Let O be the centre of the sphere, and let the 
radii OA, OB, OC, be drawn. If the planes AOB, AOC, COB, 
be supposed, these planes will form at the point O a solid angle, 
and the angles AOB, AOC, COB, will have for their measure 
the sides AB,^C,BC, of the spherical triangle ABC (123). 
But each of the three plane angles, which form the solid angle, is 
less than the sum of the two others (356); therefore either side 
of the triangle ABC is less than the sum of the other two, 
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THEOREM. V^ 

460. The shortest way from one point to another on the surface 
of a sphere is the arc of a great circle which joins the two given 
points. 
Fig.22S. Demonstration. Let AJVB (fig. 223) be the arc of a great 
circle which joins the two given points A and £, and let there 
be without this arc, if it be possible, a point M of the shortest 
line between A and B. Through the point M draw the arcs of 
great circles MA, MB, and take BX:=iMB. 

According to the preceding theorem the arc ANB is less than 
AM 4- MB : taking from one BK, and from the other its equal 
BM, we shall have AJV<^ AM. Now the distance from B to Jtf, 
whether it be the same as the arc BM, or any other line, is equal 
to the distance from B to J^', for, by supposing the plane of the 
great circle BM to turn about the diameter passing through fi, 
the point M may be reduced to the point A*, and then the shortest 
line from M to B, whatever it may be, is the same as that from 
JV to 5; consequently the two ways from A to B, the one 
through M and the other through JST, have the part from M to B 
equal to that from JV to B. But the lirst way is, by hypothesis, 
the shortest; consequently the distance from A to Mis less than 
the distance from A to ^, which is absurd, since the arc AM\& 
greater than AJ^; whence no point of the shortest line between 
A and B can be without the arc AJ^B\ therefore this line is 
itself the shortest that can be drawn between its extremities. 
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461. The sum of the three sides of a spherical triangle is less than 
the circumfirence of a great circle. 
Fig. 224. Demonstration. Let ABC {fig. 224) be any spherical triangle ; 
produce the sides AB, AC, till they meet again in D. The arcs 
ABD, ACD, will be the semicircumferences of great circles, 
since two great circles always bisect each other (454) ; but in the 
triangle BCD the side BC < BD f CD (459) ; adding to each 
AB + ACwe shall have AB + AC + BC < ABD + ACD, that 
is, less than the circumference of a great circle. 
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THEOREM. ^^ 

46S. 7%e 8um of the sides of any spherical polygon is less than 
the circumference of a great circle. 

' Demonstration. Let there be, for example, the pentagon 
ABODE {fig. 225) 5 produce the sides JlB, DC^ till thej meet Fig. 225. 
in F; since BC is less than BF+ CF^ the perimeter of the pen- 
tagon ABODE is less than that of the quadrilateral AEDF. 
Again produce the sides AE, FD^ till thej meet in 6, and we 
shall have ED < EG + GD ; consequently the perimeter of the 
quadrilateral AEDF is less t&an that of the triangle AFG ; but 
this last is less than the circumference of a great circle (461) ; 
therefore for a still stronger reason the perimeter of the polygon 
ABODE is less than this same circumference. 

463. Scholium. This proposition is essentially the same as 
that of art. 357 ; for if O be the centre of the sphere, we can 
suppose at the point O a solid angle formed by the plane angles 
AOB^ BOO^ CODj &c., and the sum of these angles must be 
less than four right angles, which does not differ from the propo- 
sition enunciated above ; but the demonstration just given is 
different from that of art. 357 ; it is supposed in each that the 
polygon ABODE is convex, or that no one of the sides produced 
would cut the figure. 
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464. If the diameter DE (fig. 220) he drawn perpendicular to Fig.;220. 
the plane of the great circle A MB, the extremities D and E of this 
diameter will be the poles of the circle A MB, and of every small 
circle FNG which is parallel to it. 

Demonstration. DO^ being perpendicular to the plane AMB^ is 
perpendicular to all the straight lines OA, OM^ OB, &c., drawn 
through its foot in this, plane (325) ; consequently all the arcs 
DA, DM, DB, &c., are quarters of a circumference. The same 
may be shown with respect to the arcs EA, EM, EB, &c., 
whence the points D, £, are each equally distant from all the 
points in the circumference of the circle AMB ; therefore they 
are the poles of this circle (441). 

Again, the radius DO, perpendicular to the plane AMB, is 
perpendicular to its parallel FXG; consequently it passes 
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through the centra O of the circle FJ^O (456) ; whence, if DF, 
D^, DG^ be drawn, these oblique lines will be equally distant 
from the perpendicular DO^ and will be equal (329)« But, the 
chords being equal, the arcs are equal ; consequently all the 
arcs DF, ZW, DG^ &c., are equal ; therefore the point D is the 
pole of the small circle, jRATG, and for the same reason the point 
E is the other pole. 

465. Corollary i. Every arc DJ(f, drawn from a pomt in the 
arc of a great circle AMB to its pole, is the fourth part of the 
circumference, which for the sake of conciseness we shall call a 
qaadrant ; and this quadrant at the same time makes a right 
angle with the arc AM. For the line DC being perpendicular 
to the phue AMC^ every plane DMC^ which passes through the 
line JDC, is perpendicular to the plane AMC (351) y therefore 
the angle of these planes, or, according to the definition art* 4A% 
the angle AMD is a right angle. 

466. Corollary ii. In order to find the pole of a given arc 
AM^ draw the indefinite arc MD perpendicular to AM^ take MD 
equal to a quadrant, and the point D will be one of the poles of 
the arc MD\ or rather, draw to the two points A^ J/, the arcs 
AD^ MD^ perpendicular each to AM^ the point of meeting D of 
these two arcs will be the pole required. 

467. Corollary lu. Conversely, if the distance of the point D 
from each of the points A^ M, is equal to a quadrant, we say 
that the point D will be the pole of the arc AM^ and that, at the 
same time, the angles DAM^ AMDj will be right angles. 

For, let C be the centre of the sphere, and let the radii CA^ 
CD^ CM^ be drawn. Since the angles ACD^ MCD^ are right 
angles, the line CD is perpendicular to the two ^raight lines 
CA, CM ; whence it is perpendicular to their plane (325) ; there* 
fore the point D is the pole of the arc AM*, and consequently 
the angles DAM^ AMD^ are right angles. 

468. Scholium. By means of poles, arcs may be traced upon 
the surface of a sphere as easily as upon a plane surface. We 
see, for example, that by turning the arc DF, or any other line 
of the same extent about the point Z), the extremity F will des- 
cribe the small circle FJVGf ; and, by turning the quadrant DFA 
about the point D, the extremity A will describe the arc of a 
great circle AM. 
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If the arc JIM fe to be produced, or if only the poiots jJ, Jkf, 
are given^ through which this htc is to pa^ we determine, in the 
first place, the pole D by the interseciion of two arcs described 
from the points w2, M, as centres, with aa «l[tent equal to a quad- 
i^nt. The |M>Ie D being foisnd, we des(:tihe from the point D, 
as a 'tentre, afid with the same extent, the arc AM or th^ contin** 
uatioa of it* 

If it is required to let fall a {)erpendicular from a given point 
P^poQ a given arc AM^ yre produce this arc to S, so that the 
(Kstance PS shall be equal to a quadrant ; then from the pole S 
aad with the distance PS w€ describe the arc PJtf, which will 
be tihe |)erpeQdioular arc cequired. 

THEOREM. y 

469. Emty plane perpendicular to the raiius Ut its txtremity it it 
tangent U) the ^here. 

Deffianstration. Let FAG {fig. 226) be a plane perpendicular Fig. 226, 
to the radius AO at its e:itremky ; if w€ take any point M in this 
plane and join OJtf, AM^ the angle 0AM will be a right angle^ 
and thus the distance OM will be greater than OA ; consequently 
the point M is without the sphere; and, as the same might be 
shown with respect to evw'y other point of the plane FAG^ it 
follows thdt this plane has only the point A in common with the 
surface of the sphere ; therefore, it is a tangent to this surface 
(449). 

4T0/JM|^(«i)em. It may be shown, in like manner, that two 
spheres owe only one point coonnon, and are consequently tan* 
gents 10 each other, when the distance of their centres is eqaal to 
the sum or the difference of thek* radii ; in this case, the cen- 
tres and the poinft of contact are in the samte straight line. 

Theorem. ^ 

471. The angle BAG (fig. 226), which Vwo arcs cf great circles Fig. 226. 
make zdth each other^ is equal to the angle FAG formed by the 
tangents of these arcs at the point A ; it has also for its measure the 
arc DE, described from the point A as a pole^ and comprehended 
between the sides AB, AC^ produced if necessary. 

Demonstration. For the tangent AP^ drawn in the plane of 
the arc AB^ is perpendicular to the radius AO (110); and the 
tangent AG^ drawn in the plane of the arc AC^ is perpendicular 

Geom. 21 
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to the same radius .^O; therefore the angle FAG is equal to the 
angle of the planes OAB^ OAC (349), which is that of the arcs 
AB^ AC, and which is designated by BAC. 

In like manner, if the arc AD is equal to a quadrant, and also 
AEj the lines OD^ OE^ will be perpendicular to AO^ and the 
angle DOE will be equal to the angle of the planes AOD^ AOE\ 
therefore the arc DE is the measure of the angle of these planes, 
or the measure of the angle CAB* 

472. Corollary. The angles of spherical triangles may be 
compared with each other by means of the arcs of great circles, 
described from their vertices as poles and comprehended between 
their sides; thus it is easy to make an angle equal to a given 
angle. 

473. Scholium* The angles opposite to each other at the 
Fig. 238. vertex, as ACO^ BCN {fig. 238), are equal; for each is equal 

to the angle formed by the two planes ACB^ OCN (350). 

It will be perceived also that in the meeting of two arcs ACB, 
OCJ^^ the two adjacent angles ACO, OCB, taken together, are 
equal to two right angles* ^ 

THEOREM. / 

Fig. 227. 474. The triangle ABC (fig. 227) being given^ if, from the poifOs 
A, B, C, as polesj the arcs EF, FD, DE, be described, forming the 
triangle DEF, reciprocally the points D, E, F, Toill be the poles of 
the sides BC, AC, AB. ^^ .- , 

Demonstration. The point A being the pole of thejlBjEF, the 
distance AE is a quadrant; the point C being the proe'of the 
arc DE, the distance CE is likewise a quadrant ; consequoitly 
the point E is distant a quadrant from each of the points A, C; 
therefore it is the pole of the dxc AC (467). It may be shown, 
in the same manner, that D is the pole of the arc BC, and F 
that of the arc AB. 

Alb. Corollary. Hence the triangle ABC may be described 
by means of DEF, as DEF is described by means of ABC. 

THEOREM. / (j 

476. Hie same things being supposed as in the preceding theorem, 
Fig. 22T. each angle of one of the triangles ABC, DEF (fig. 227), will have 
for its measure a setnicircumference minus the side opposite in the 
other triangle. 
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Demcmtration* Let the sides AB^ AC^ be produced, if neces- 
sary, till they meet JSF in G and H\ since the point A is the 
pole of the arc GHy the angle A will have for its measure the 
arc GH, But the arc EH is a quadrant, as also GF, since £ is 
the pole of AH, and F the pole of AG (465) ; consequently 
EH+ GP is equal to a semicircumference* But EH+ GF is 

the same as EF + GHi therefore the arc GJEf, which measures 

•I ■ , 

the angle A, is equal to a semicircumference mmus the side £F; 
likewise the angle B has for its measure | circ. — DF, and the 
angle C^icirc. — DE. 

This property must be reciprocal between the two triangles, 
since they qtre described in the same manner, the one by means 
of the other. Thus we shall find that the angles D, £, F, of the 
triangle DEF have for their measure respectively ^ circ. — BC, 
^ drc. — AC, J circ. — AB. Indeed, the angle D, for example^ 
has for its measure the arc MI; but . 

Aerefore the arc MI, the measure of the angle D, = i <^i^c* — BC, 
and so of the others. 

477. Scholium. It may be remarked that, beside the triangle 
DEF, three others may be formed by the intersection of the 
three arcs DE, EF, DF. But the proposition applies only to 
the central triangle, which is distinguished, from the three others 
by this, that the two angles A, D, are situated on the same side 
of BC, the two B, JEJ, on the sanle side of AC, and the two C,Fj 
on the same side of AB. 

Different names are given to the triangles ABC, DEF; we 
shall call them polar triangles* 
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478. The triangle ABC (fig, 229) being given, if, from the pole rig. 229 
A and with the distance AC, an arc of a small circle DEC he des' 
cribed, if, also from the pole B and with the distance BC, the arc 
DFC be described, and from the point D where the arcs DEC, DFC, 
cut each other, the arcs of great circles AD, DB, be drawn ; we say 
that of the triangle ADB thus formed the parts will be equal to those 
of the triangle ACB. 

Demonstration. For, by construction the side AD = AC, 
DB szBC, and AB is common ; therefore the two triangles will 
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have the sides equal, each to eaeb^ Wq $«jr, nn^rea^er^ tJ9^ the 
aisles opposite to the equait sicks aie eqtial. 

Indeedf if the eentt e of ib/e sphere- be suy^po^e^ iii- Q, wo ^m 
suppose a 3oHd acigle formed at ^b^ point O bj the thre^ pIoM 
angles MkBf .^C, JSfOC ; we can soppo^e likietw^ si sac^ 
solid angle formed by the thtee plane angles JQBi 4QB^ J7CU9> 
And since the sides of the tiria«^Ie;^2iBC are equat talh^^^f tbf 
triangle ADB^ k fellows that ibe plane ^gles, whiob £Mrm one 
of the splkl angles, are equal to the plane angles which Umm thf 
other solid angle, each to each. But the planes ^ a^j two aor 
gles in the one solid have the same inclination to e^h <^(k/^ as 
the planes of the homologous ai^gles in theotbqr (3^9); cowO" 
quently the angles of the spherical triangle D^B . omto eqiitl Us 
those of the triangle CAB, namely, DAB :3; JS^C, J%2P4 ^ CAib 
and ADB :s=^ACB\ therefore the sides and tb^ ^i^le&c^ ^ 
triangle ADB are equal to the. sides and angles ol lbs tidlmgle 
ACS. 

479. Seholium. The equMitjr of these trian^os doe» oot d^r 
pend upon an absolute equality, or equality by superpositioniCEMr 
it would be impossible to make them coincide by appfyixig the 
one to the other, at least exeept they should happen to be i^fliii- 
celes. The equality then under consideration is th^t w-bicfe irt 
have already called equality by syptmeiry!^ and fop thjft yeftsgij^ 
we shall call the triangles ACB^ 4Z>JS, symnuiirmtiJvim^kih. 

THEOREM* / L^ 

480. Two triangles situaUd an the satne spherre^ 9V W ^ual 
spheres, are equal in all their parts, when tzoo sides cmd. ttu'ififihfd€4 
angle of the one are equal to two sides and the included angle of the 
other, each to each. 

Fig. 230. Demonstration. Let the side AB = EF {Jig. 230), the side 
AC=: EG, and the angle BAC = FEG, the triangle EFGn^n be 
placed upon the triangle ABC, or upon the triangle symmetrtbal 
with it ABD, in the same manner as two plane triangles ar^ 
applied, when they have two sides and the included angle of the 
one respectively equal to two sides and the included angle of the 
other (36). Therefore all the parts of the triangle EFG will be 
equal to those of the triangle ABC, that is, beside the three parts 
which were supposed equal we shall have the side BC:=z FG, the 
angle .iBC = EFG, and the angle ACB:=2 EGF. 
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481* Two trinngks sihMtd on tht same sfhertj or on equal 
^pherest^ art equal in all their parts^ when a aide and the two adjO' 
^mi angles of ike one are equal to a side and the two adjacent angles 
ffflke o&er^ each to each. 

Demonstration* For one of these triangles- may be applied to 
the other as haa becfi done in the analogoua case of plane trianr 
gles (38). 

THEOREM. / ^ 

4SS. ff l»a triangles situattd on the same sphere^ or on eqtial 
spheres^ are equilateral with respect to each other^ they will also he 
eqmangulay with respect to each other^ and the equal angles will be 
opposite to equal sides^ 

Demonstration. This proportion is manifest from the reason- 
ing pursued in art. 47S, by which it is shown that with three 
given sides AS^ AC^ BC^ only two triangles can be constructed, 
differing as to the position of their parts^ but equal as to the 
magnitude of these parts. Therefore two triangles, which are 
equilateral with resp^t to each other, are either absolutely 
equal, or at least equal by symmetry ; in either case Aey are 
equiangular with respect to each other and the equal anglei^are 
opposite to equaf sides. 

THEOREM, f ^ 

483. /h ever^ isosceks spherical tnangle Hit cmgles opposite to the 
%qaal side^is are e^p*al ;• and conversely^ if two angles of a spherical 
iridngte are equals the triangle is isosceks* 

DemonstraUen. 1. Let JiB he equal to MC {fig. 231); we say pjg, 231. 
ibat Ihe angle C will be equal to the angle B» For, if from the 
vertex A the arc AD be drawn to the middle of the ba$e, the 
two triangles ABDy ADC^ will have the three sides of the one 
equal to the three sides of the other, each to each, -namely, AD 
common, BDss DC, AB^AC\ consequently, by the preceding 
theorem,^ the two triangles will have their homologous angles 
eqiral, therefoire Rz=. C. 

2. Let the angle B be equal to C ;. we say tliat AB wiU be 
equal to AC* For, if the side AB is not equal to AC^ let AB be 
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the greater ; take BO = AC, and join OC. The two sides BO, 
BC, are equal to the two AC, BC ; and the angle OBC contaia- 
ed by the first is equal to the angle ACS contEuned by the 
second. Consequently the two triangles have their other parts 
equal(480), namely OCB = ABC; but the angle ABCis,hj 
hypothesis, equal to ACB ; whence OCB is equal to ACB, which 
is impossible; AB then cannot be supposed unequal to AC i 
therefore the sides AB, AC, opposite to the equal angles B, C, 
are equal. 

484. Sckolivm. It is evident, from the same demonstration, 
that the angle BAD = DAC, and the angle BDA = ADC. Con- 
sequently the two last are right angles; therefore, the arc dramn 
from the vtrttx of an isosceles spherical triangle to tht middk of the 
bate, is perpendicular to this bast, and divides the angle oppotitt into 
two equal parts. i /' 

THEOREM. / '^ 

0. 485. In any spherical triangle ABC (fig. 333), if the ai^le A it 
greater than the angle B, the side BC r^posite to the angle A will be 
greater than (he side AC opposite to the angle B ; conversel^f if the 
sidt BC is greater than AC, the angle A jpill be grtater (Aon the 
angle Bj 

Demonstration. I. Let the angle A^ B; make the angle 
BAD = B, and we shall have AD = DB (483) ; but 

AD + DC>AC; 
in the place of AD substitute DB, and we shall have DB + DC 
or BC> AC. 

2. If we suppose BC^AC, we say that tfie angle JMC will 
be greater than ABC. For, if BAC were equal to ABC, we 
should have BC = AC; and if BAC were less than ABC, it 
would follow, according to what has just been demonstrated, that 
BC < AC, which is contrary to the stipposition, therefore the 
angle BAC is greater than ABC. ^ . 
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The demonstration of this proposition is entirelj^ similar to that 
of art. 43. 

THEO^M. / 

487. If two triangles described upon the same sphere or upon 
equal spheres are equiangular with respect to each other^ they will 
also be equilateral zoith respect to each other* 

Demonstration. Let ./i, JB, be the two given triangles, P, Q, 
their polar triangles. Since the angles are equal in the triangles 
ji, B, the sides will be equal m the polar triangles P, Q, (476) ; 
but, since the triangles P, Q, are equilateral with respect to each 
other, the J are also equiangular with respect to each other 
(482) ; and, the angles being equal in the triangles P, Q, it fol- 
lows that the sides are equal in their polar triangles A^ B. 
Therefore the triangles w2, J3, which are equiangular with respect 
to each other, are at the same time equilateral with respect to 
each other. 

This proposition may be demonstrated without making use of 
polar triangles in the following manner. 

Let ABC, DEF {fig. 234), be two triangles equiangular with Fig. 234. 
respect to each other, having .if = I>, B^E, C=^F'y we say 
that the sides will be equal, namely, AB = JD£, AC = DF^ 
BC-EF. 

Produce AB, AC, making AG=:DE, AH=DF; join GH, 
and produce the arcs JSC, GH, till they meet in / and K.. 

The two sides AG, AH, are, by construction, equal to the two 
DP, DE, the included angle Gw4JBr=J?.4C=JE;DF, consequently 
the triangles AGH, DEF, are equal in all their parts (480) ; 
therefore the angle AGH=: DEF— ABC, and the angle 

AHGz=zDFE=:ACB. 

In the triangles IBG, KBG, the side BG is common, and the 
angle IGB = GBK ; and, since IGB + BGK is equal to two 
right angles, as also GBK + IBG, it follows that BGK = IBG. 
Consequently the triangles IBG, GBK, are equal (481); there- 
fere IG^BK, and IB=GK. 

In like manner, since the angle AHG = ACB, the triangles 
ICH, HCK, have a side and the two adjacent angles of the one 
respectively equal to a side and the two*adjacent angles of the 
^er; consequently they are equal; therefore IHz=z CK, and 
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Now, if from the equals BK, lO, we take the equal CK, IB, 
the remainders SC, GH, will be equal. Besides, the dtigl# 
BCA=AHG, and the angle ^SC = ^GH. Whence the triangles 
ABC^ AHG, have a side and tht two adjacent angles of the one 
respectively equal to a side and the two adjacent angles of the 
others consequently they are equal. But the triangle DEFh 
equal in all its parts to the triangle AHG ; therefore it is also equal 
to the triangle ABC, and we shall have AB ^ DE, AC= DF, 
BC == EF; hence, if two spherical triangles are equiangular 
with respect to each other, the sides opposite to the equal atigle^ 
will be equal. 

488. Scholium. This proposition does not hold true with 
regard to plane triangles, in which from the equality of the afiglc 
we can only infer the proportionality of the sides. Bui it ig 
easy to account for the difference in this respect between plane 
and spherical triangles. In the present proposition, as welt as 
those of articles 480, 481, 48:2, 486, which relate to la eompari- 
son of triangles, it is said expressly that the triangles ht€ des- 
cribed upon the same sphere or upon equal spheres* Now similar 
arcs are proportional to their radii ; consequently npon equal 
spheres two triangles cannot be similar without being equal. It 
is not therefore surprising that equality of angles should imptjr 
equality of sides. 

It would be otherwise, if the triangles were described upon 
unequal spheres; then, the angles being equal, the triangles 
would be similar, and the homologous sides would be to each 
other as the radii of the spheres. 

THEOttCH. 

489« The sum of the armies of every spherical triar^le is l€Ss ihan 
six and greater thun two right angles* 

Dtmonstrahon. 1. Each angle of a spherical triangle is le&s 
than two right angles (^ee the following scholmm) ; therefore the 
sum of the three angles is less than six right angles. 

2. The measure of each angle of a spherical triangle b equal 
to the semicircumference minus the corresponding side of the 
polar triangle (476) ; ifaerefore the sum of the three angles hfts 
for its measure three semicircumferences minus the sum of the 
sides of the polar triangle. Now this last sum is lem than k 
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circamferencfe (461) ; consequently, by subtracting it from three 
seoiicircumferences the remainder will be greater than a semr- 
circu(Dference, which is the measure of two right angles ; there- 
fore the sum of the three angles of a spherical triangle is greater 
than two right angles. 

490. Corollary u The sum of the angles of a spherical trian- 
gle is not constant like that of a plane triangle ; it varies from 
two right angles to six, without the possibility of being equal to 
either limit. Thus, two angles being given, we cannot thence 
determine the third. 

491. Corollary ii« A spherical triangle may have two or 
three right angles, also two or three obtuse angles. 

If the triangle ABC {fig. 235) has two right angles B and C, Fig* «35, 
the vertex A will be the pole of the base BC (467) ; and the 
sides AB^ AC^ will be quadrants. 

If the angle A also is a right angle, the triangle ABC will have 
all its angles right angles, and all its sides quadrants. The tri- 
angle having three right angles is contained eight times in the 
surface of the sphere ; this is evident from figure 236, if we sup- 
pose the arc MJ^ equal to a quadrant. 

492. Scholium^ We have supposed in all that precedes, con- 
formably to the definition art. 442, that spherical triangles 
always have their sides less each than a semicircumference ; 
then it follows that the angles are always less than two right an- 
gles. For the side AB {fig. 224) is less than a semicircumfe- Fig. 224, 
rence as also AC; these arcs must both be produced in order to 
meet in D. Now the two angles ABC^ CBD^ taken together, 

are equal to two right angles ; therefore the angle ABC is .by 
itself less than two right angles. 

We will remark, however, that there are spherical triangles 
of which certain sides are greater than a semicircumference, and 
certain angles greater than two right angles. For, if we pro- 
duce the side AC till it becomes an entire circumference ACE^ 
what remains, after taking from the surface of the hemisphere 
the triangle ABC^ is a new triangle, which may also be desig- 
nated by ABC^ and the sides of which are AB^ BC, AEDC. 
We see then, that the^ide AEDC is greater than the semicir- 
cumference AED ; but, at the same time, the opposite angle B 
exceeds two right angles by the quantity CBD» 

G&om* 22 
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Besides, if we exclude from the definition txtangles, the 
and angles of which are so great, k is because the resolutioiv of 
them, or the determination of their parts, reduces itself always to 
that of triangles contained in the definition. Indeed, it will be 
readily perceived, that if we know the angles and sides of the 
triangle MBC^ we shall know immediately the angles and sides 
of the triangle of the same name, which is the remainder of the 
surface of the hemisphere. 

THEOREM* /a. ^ 

Fig. 236. 493. The lunary surface AMBNA (fig. 236). w to the surface of 
the sphere as Ae angle MAN of this surface is ta four right angles, 
or as the arc MN, which measures this angUy is to the circumference* 
Demonstration. Let us suppose in the first place, that the arc 
JJfJV is to the circumference MJ^PQ in the ratio of two entire 
numbers, as 5 to 48, for example. The circumference M^PQ 
may be divided into 48 equal parts, of which MJ^ will contam 5 1 
then joining the pole A and the points of division hj as many 
quadrants, we shall have 48 triangles in the surface of the hem- 
isphere AMXPQy which will be equal among themselves, since 
they have all their parts equal. The entire sphere then will 
contain 96 of these partial triangles, and the lunary surface 
AMBNA will contain 10 of them; therefore the lunary surface 
is to that of the spliere as 10 is to 96, or as 5 is to 48, that is^ as 
the arc MN is to the circumference. 

If the arc MN is not commensurable with the circumference^ 
it may be shown by a course of reasoning, of which, we have 
already had many examples, that the lunary surface is always 
to that of the sphere as the arc MN is to the circumference. 

494. Corollary i. Two lunary surfaces are to each other a^ 
their respective angles. 

4dd. CoroUary ii. We have already seen that the entire sur- 

&ce of the sphere is equal to eight triangles having each three 

right, angles (491); consequently, if the area- of one of these 

W^tahan for unity, the surface of the sphere will be 

4g;b.t This being supposed, the lunary surface, 

m 4» idll be expressed by 3.^ the angle A 

dogthe right angle for unity ; for we have 

I are then two kinds of units ; one for 
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angles, this is the right angle ; the other for surfaces, this isr the 
spherical triangle, of which ^11 the angles are right angles and 
the sides quadrants. 

496. Scholium. The spherical wedge comprehended by the 
planes AMB^ ANB^ is lo the entire sphere, as the angle ./J is to 
four right angles. For the lunary surfaces being equal, the 
spherical wedges will also be equal; therefore two spherical 
wedges are to each other as the angles formed bj the planes 
which comprehend them. ^i 

THSOREM. A ^ 

497. Two symmetricai spherical triangles ate equal in sarface. 
Demmslratiwu Let ABC^ DEF (Jig. 237), be two symmetri- Fig. 237. 

cal triangles, that is, two triangles which have their sides equal, 
namely, AB = DE, AC = DF, CB = EF, and which at the 
same time do not admit of being applied the one to the other ; 
we say that the surface ABC is equal to the surface DEF* * 

Let P be the pole of the small circle which passes through the 
ihree points w2, B, C* ; from this point draw the equal arcs PA, 
PB, PC (464) 5 at the point F make the angle DFQ = ACP, the 
arc FQ = CP, and join DQ, EQ. 

The sides JDF, FQ, are equal to the sides AC, CP ; the angle 
DFQ=^ACP\ consequently the two triangles DFQ, ACP, are 
equal in all their parts (480) ; therefore the side DQ = AP, and 
the angle jDQjP =^PC. 

In the proposed triangles DFE, ABC, the angles DFE, ACB, 
4>pposite to the equal sides DE, AB, being equal (481), if we 
subtract from them the angles DFQ^ ACP, equal, by construc- 
tion, there will remain the angle QFE equal to PCB. More- 
over the sides QF, FE, are equal to the sides PC, CB ; conse- 
quently the two triangles FQ'E, CPB, are equal in all their parts ; 
therefore the side QE = PB, and the angle FQE = CPB. 

If we observe now that the triangles DFQ, ACP, which have 
the sides equal each to each, are at the same time isosceles, we 

* The circle, which passes through the three points A, B, C, or 
which is circumscribed about the triangle ABC, can only be a small 
circle of the sphere ; for, if it were a great one, the three sides AB, 
SCj AC, would be situated in the same plane, and the triangle ABC 
would be reduced to one of its sides. 
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shall perceive that they may be applied the one to the other; 
for, having placed PA upon its equal QJP, the side PC will fall 
upon its equal QD, and thus the two triangles will coincide ; 
consequently they are equal, and the surface DQF^APC. For 
a similar reason the surface FQE = CPB^ and the surface 
DQE = APB ; we have a cordingly 

DQF + FQE — DQE = APC^CPB— APB, or DEF^ ABC; 
therefore the two symmetrical triangles ABC^ DEF, are equal 
in surface, 

498. Scholium. The poles P and Q may be situated within 
the triangles ABC^ DEF; then it would be necessary to add 
the three triangles JDQF, JF^£, DQE, in order to obtain* the tri- 
angle DEF, and also the three triangles APC, CPB.APB, in 
order to obtain the triangle ABC. In other respects the demon- 
stration would always be the same and the conclusion the same* 

THEOREM* A-/ ^^ 

Fig. 238. 499* Jf two great circles AOB, COD (fig. 238), cut each other 
in any manner in the surface of a hemisphere AOCBD, the sum of 
the opposite triangles AOC,, BOD, will be equal to the lunary sur^ 
face of which the angle is BOD, 

Demonstration. By producing the arcs OB, OD, into the sur- 
face of the other hemisphere till they meet in .AT, OJS^ will be a 
semicircumference as well as AOB ; taking from each OB, we 
shall have SJV*= AO. For a similar reason DJV*= CO, and 
BD=AC; consequently the two triangles AOC,BDN, have 
the three sides of the one equal respectively to the three sides of 
the other; moreover, their position is such that they are symmet- 
rical ; therefore they are equal in surface (496), and the sum of 
the triangles AOC, BOD, is equivalent to the lunary surface 
OBMDO, of which the angle is BOD. 

500. Scholium. It is evident also that the two spherical pyra- 
mids, which have for their bases the triangles AOC, BOD, taken 
together, are equal to the spherical wedge of which the angle is 
BOD. ^ 

THEOREM. r^ 

501. The surface of a spherical triangle has for its measure the 
excess of the sum of the three angles over two right angles. 
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fkfnoMlratum. Let ABC {Jig. 239) be the triangle proposed ; Fig. 239. 
produce the sides till they meet the great circle DEFG drawn 
at pleasure without the triangle. By the preceding theorem the 
two triangles ADE, AGHy taken together, are equal to the 
lunary surface of which the angle is A^ and which has for its 
measure 2A (495) ; thus we shall have ADE + AOH = 2./2 ; for 
a similar reason BGF + BID = 2J?, CIH + CFE = 2C. But 
the sum of these six triangles exceeds the surface of a hemis- 
phere by twice the triangle ABC ; moreover the surface of a 
hemisphere is represented by 4 ; consequently the double of 
the triangle ABC is equal to 2.5 + 2J? + 2C — 4, and conse- 
quently ABC=iA + B + C — 2 ; therefore every spherical tri- 
angle has for its measure the sum of its angles minus two right 
angles. 

502. Corollary u The proposed triangle will contain as many 
triangles of three right angles, or eighths of the sphere (494)^ as 
there are right angles in the measure of this triangle. If the 
angles, for example, are each equal to f of a right angle, then 
the three angles will be equal to four right angles, and the pro- 
posed triangle will be represented by 4 — 2 or 2 ; therefore it 
will be equal to two triangles of three right angles, or to a fourth 
t>f the surface of the sphere. 

503. Corollary ii. The spherical triangle ABC is equivalent 

A \ B \ C 
to a lunary surface, the angle of which is — '• 1 ; like- 

wise the spherical pyramid, the base of which is ABC, is equal 
to the spherical wedge, the angle of which js 1. 

504. Scholium. At the same time that we compare the sphe- 
rical triangle ABC with the triangle of three right angles, the 
spherical pyramid, which has for its base ABC, is compared 
With the pyramid which has a triangle of three right angles for 
its base, and we obtain the same proportion in each case. The 
solid angle at the vertex of a pyramid is compared in like man- 
ner with the solid angle at the vertex of the pyramid having a 
triangle of three right angles for its base. Indeed the compari- 
son is established by the coincidence of the parts. Now, if the 
bases of pyramids coincide, it is evident that the pyramids them- 
selves will coincide, as also the solid angles at the vertex. 
Whence we derive several consequences ; 
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!• Two spfaericftl triangular pyramids ore to tacli other as 
their bases ; and, ainoe a poljgonal pyraasid may be divided 
iolD aereral triangular pyramids, it follows that any two apberical 
pyramids are to each other as the polygons which constitute 
their bases. 

% The solid angles at the vertex of these same pyramids are 
likewise- proportional to the bases ; therefore, in order to com- 
pare any two solid angles, the vertices are to be placed at the 
centres of two equal spheres, and these solid angles will be t# 
each other as the spherical polygons intercepted between their 
planes or faces. 

The angle at the vertex of the pyramid, whose base is a Irian^ 
gle of three right angles, is formed by three planes perpendicular 
to each other ; this angle, which may be called a solid right otitis, 
is very proper to be used as the unit of measure tor other solid 
angles. This being supposed, the same number, which gives tht 
area of a spherical polygon, will give the measure of the cmTS6>- 
ponding solid angle. If, for example, the area of a spherical 
polygon is |, that is, if it is | of a triangle of three right nngies^ 
the corresponding soHd angle will also be | of a solid right aoglfe 

THEOREM. A. /*/ 

505* The surface of a spherical polygon has for its measHre the 
sum of its angles minus the product of two right angles by thenun^ 
ber of sides in the polygon mimis two.- 
Fig. 24a Demonstration. From the same vertex A (^fig. 240) let there 
be drawn to the other vertices the diagonals AC^AD\ the poly^ 
gon ABODE will be divided into as many triangles minus two as 
It has sides. But the surface of each triangle has for its meas- 
ure the sum of its angles minus two right angles, and it is evident 
that the sum of all the angles of the triangles is equal to the sum 
of the angles of the polygon ; therefore the surface of the poly- 
gon is equal to the sum of its angles diminished by as many 
times two right angles as there are sides minus two. 

50C. Scholium. Let s be the sum of the angles of a spherical 
polygon, n the number of its sides ; the right angle being sup- 
posed unity, the surface of the polyi^pn will have for its measure 
$ — 2n — 2) or* — 2n-f-4. 
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SECTION POUTH. 
^ Of the Tbree^ Round Bodies. 

507. We call a cyiinder the solid generated by the revolution 

of j> rectangle ABCD (Jig. 250), which may be conceived to Fig. 250. 
turn abQut thq side AB considered as fixed. 

During this revolution the sides AD^ BC^ remaining always 
perpendicular to ABy describe equal circular planes DHP^ CGQ, 
which are called the bases of the cylinder, and the side CD des- 
cribes the convex surfhce of the cylhider. 

The fixed line. AB is called the axis of the cylirdkr* 

Every section KLM^ made by a plane perpendicular to the 
aii;.i3f is a circle equal to each of the bases ; for, while the rect- • 
augle ABCD turns about AB^ the line /if, perpendicular to AJS^ 
describes a circular plane equal to the base, and this plane is 
siooply the section made perpendicular to the axis at the point A 

Every section PQGH^ made by a plane passing through the 
axis, is a rectangle double of the generating rectangle ABCD. 

508. We call a cone the solid generated by the revolution of a 
rigbt-angled tj?iaiigj% SAB (Jg. afil), which may be conceived to pig. 26i, 
li^rn about the fixed side SA.. 

In this revolution the side AB describes a circular plane 
BDCE called the bctee of the cone^ and the hypothenuse SB de- 
scribes the coniM^i sm^ttce of thi, cone. 

The point S is called the veivtea: of tfu cone^ SA the axis or ahir 
tude^ and SB the sidi. 

Every section HKFI^ made perpendicularly to tha axis, is a 
circle 9 every sectioa £D£#i»ade through, the axis, 13 an isoace- 
la& triangle double of the generating triangle SAB. 

hO^ U from the cone S^CDB we separat^ by a section parallel 
tio the base the cone SFKH^ the remaining soUd PBH'F is called 
a truncated cone or sl frustum of a cone* U may be conceived to 
be generated by the revolutioq of the trapez<Hd ABHG^ of which 
the angles A and Gr are right angles, about the side AG* The 
fixed line A& ia called the axis or altitude of the frustum, the 
dKtes BDGi SMFy 9ite the bases and BH the side of the frustum* 
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510. Two cylinders or two cones are similar^ when their Axe» 
are to each other as the diameters of their bases. 
Fig. 258. 611. If, in the circle A CD {fig. 252), considered as the base 
of a cylinder, a polygon ABODE be inscribed, and ujjpn the 
base ABODE a right prism be erected equal in altitude to the 
cylinder, the prism is said to be inscribed in the cylinder, or the 
cylinder to be circumscribed about the prism. 

It is manifest that the edges AF^ BG, CH^ &c., of the prism, 
being perpendicular to the plane of the base, are comprehended 
in the convex surface of the cylinder; therefore the prism and 
cylinder touch each other alon^ these lines. 
Fig. 463. 512. In like manner, if ABOD {fig. 253) be a polygon cir- 
cumscribed about the base of a cylinder, and upon the base 
ABOD a right prism, equal in altitude to the cylinder, be con- 
structed, the prism is said to be circumscribed about the cylinder^ 
or the cylinder inscribed in the prism. 

Let M^ N^ &c., be the points of contact of the sides AB^ BCj 
&c., and through the points JIf, JV, &c., let the lines MX, JfYy 
&c., be drawn perpendicular to the plane of the base ; it is evi- 
dent that these perpendiculars will be in the surface of the cylin- 
der and in that of the circumscribed prism at the same time ; 
therefore they will be lines of contact. 

N. B. The cylinder, the cone and the sphere are the ^irte rmmd 
bodies^ which are treated of in the elements. 

Preliminary Lemmas upon Surfaces. 

Fig. 354 51 3. I. A plane surface OABCD (fig. 254) is less than any other 
surface PABCD terminated by the scone perimeter ABOD* 

Demonstration. This proposition is sufficiently evident to be 
ranked among the number of axioms ; for we may consider the 
plane among surfaces what the stffetight line is among tines. 
The straight line is the shortest distance between two giv^r 
points ; in like manner the plane is the least surface among all 
those which have the same perimeter. Still, as it is proper to 
make the number of axioms as small as possible, I shall present 
a process of reasoning which will leave no doubt with regard to 
this proposition. 

As a surface is extensicHi in length and breadth, we cannot 
conceive one surface to be greater than another, except the di* 
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pensions of the first exceed in some direction those of the second ; 
and if it happens that the dimensions of one surface are in all 
directions less than the dimensions of another surface, it is cvi- 
dent that the first surface will be less than the second. Now, in 
whatever direction the plane BPD be made to pass, as it cuts the 
plane in iBD, and the other surface in BPD^ the straight line BD, 
will always be less than BPD ; therefore the plane surface 
OABCD is less than the surrounding surface PABCD. 

614. II. A convex surface OABCD {^fig. ^5b) is less thari any Fig. 256. 
other surface which encloses it by resting on the same perimeter ABCD^ " 

Demonstration. We repeat here, that we understand by a 
convex surface a surface that cannot be met by a straight line in 
more than two points ; still it is possible that a straight line may 
apply itself exactly to a convex surface in a certain direction ; 
we have examples of this in the surfaces of the cone and cylin- 
der. It should be observed moreover, that the denomination of 
tonvex surface is not confined to curved surfaces ; it comprehends 
folyedral faces, or surfaces composed of several planes, also sur- 
faces that are in part curved and in part polyedral. 

This being premised, if the surface OABCD is not smaller 
than any of those which enclose it, let there be among these last 
PABCD the smallest surface which shall be at most equal to 
-OABCD. Through any point O suppose a plane to pass touch- 
ing the surface OABCD without cutting it ; this plane will meet , 
the surface PABCD^ and the part which it separates firom it will 
be greater than the plane terminated by the same surface ; 
therefore by preserving the rest of the surface PABCD^ we can 
substitute the plane for the part taken away, and we shall have 
a new surface, which encloses the surface OABCD, and which 
would be less than PABCD. But this last is the least of all, by 
hypothesis ; consequently this hypothesis cannot be maintained ; 
therefore the convex surface OABCD is less than any which 
encloses OABCD and which is terminated by the same perime- 
ter ABCD. 

515. Scholium. By a course of reasoning entirely similar it 
may be shown, 

1. That if a convex surface terminated by two perimeters, 
JLBC^ DEF {fig. 256), is enclosed by any other surface termi- Fig. 25& 
nated by the same perimeters, the enclosed surface will be less 
4haii the other. 

Geom^ 23 
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Fig. 257. 9. That, if a convex surface AB (Jig. 257) is enclosed on all 
sides bjr another surface M^T^ whether they have points, iines^ 
or planes in common, or whether they have no point in common, 
the enclosed surface is always less than the enclosing surface. 

For among these last there cannot be one which shall be the 
least of all, since in all cases we can draw the plane CD a tan- 
gent to the convex surface, which plane would be less than the 
surface CMD; and thus the surface GN'D would be smaller 
than MIf, which is contrary to the hypothesis, that MX is the 
smallest of all. Therefore the convex surface ^B is less than 
any which encloses it* 



■ i 
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516. The solidity of a cylinder is equal to the product of its base 
by its altitude. 
Fi^. 258. Demonstration. Let CA {Jig. 258) be the radius of the base 
of the given cylinder, H its altitude ; and let surf CA represent 
the surface of a circle whose radius is CA ; we say that the solid- 
ity of the cylinder will be surf CA X H. For, if surf CA x H 
is not tite measure of the given cylinder, this product will be the 
measure of a cylinder either greater or less. In the first place 
let us suppose that it is the measure of a less cylinder, of a cylin- 
der, for example, of which CD is the radius of the base and H 
the altitude. 

Circumscribe about the. circle, of which CD is the radius, a 
regular polygon CHIP, the sides of which shall not meet the 
circumference of which CA is the radius (285) ; then suppose a 
right prism having for its base the polygon GHIP^ and for its 
altitude If ; this prism will be circumscribed about the cylinder 
of which the radius of the base is CD. This being premised, 
the solidity of the prism is equal to the product of its base GHIP 
multiplied by the altitude JEf;^nd the base GHIP is less than the 
circle whose radius is CA*, therefore the solidity of the prism is 
less than surf CA x H. But surf CA x H is, by hypothesis, 
the solidity of the cylinder inscribed in the prism ; consequently 
the prism would be less than the cylinder ; but the cylinder on 
the contrary is less than the prism, because it is contained in it; 
therefore it is impossible that surf CA x Hstiould be the meas- 
ure of a cylinder of which the radius of the base is CD and the 
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altitude H; or in more general terms the product of the base of a 
Of Under by its altitude cannot be the measure of a less cylinder* 

We 3ay, in the second place, that this same product cannot be 
the measure of a greater cylinder ; for, not to multiply figures 
let CD be the radius of the base of the given cylinder ; and, if it 
be possible, \eisurf CD x Hbe the measure of a greater cylinder, 
of a cylinder, for example, of which CA is the radius of the base 
and H the altitude. 

The same construction being supposed as in the first case, the 
prism circumscribed about the given cylinder will have for its 
measure GHIP X H; the area GHIP is greater than surf CD; 
consequently, the solidity of the prism in question is greater than 
surf CD X H; the prism then would be greater than the cylin- 
der of the same altitude whose base is surf CA. But the prism 
on the contrary is less than the cylinder, since it is contained in 
it ; therefore it is impossible that the product of the base of a cylin^ 
der by its altitude should be the measure of a greater cylinder. 

We conclude then, that the solidity of a cylinder is equal to 
the product of its base by its altitude. 

517. Corollary i. Cylinders of the same altitude are to each 
other as their bases, anc] cylinders of the same base are to each 
other as their ahitudes. 

518. Corollary ii. Similar cylinders are to each other as the 
cubes of their altitudes, or as the cubes of the diameters of the 
bases. For the bases are as the squares of their diameters; 
and, since the cylinders are similar, the diameters of the bases 
are as the altitudes (510); consequently the bases are as the 
squares of the altitudes ; therefore the bases multiplied by the 
altitudes, or the cylinders themselves, are as the cubes of the 
altitudes. 

519. Scholium. Let R be the radius of the base of a cylinder, 
H its altitude, the surface of the base will be 7tR» (291), and the 
solidity of the cylinder will be 7iR» x H, or nR*H. 
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520. The convex surface of a right prism is equal to the perime* 
ierpfits base multiplied by its altitude. 

. pemonstration. This surface is equal to the sum of the rect- 
angles AfGB, BQHC^ CHID, &c, {fig. 252), which compose it. Fig. m. 
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Now the altitudes AF, BG^ CH, &e., of these rectangles are 
each equal to the altitude of the prism. Therefore the sum of 
these rectangles, or the convex surface of the prism, is equal to 
ihe perimeter of its base multiplied by its altitude. 

521. CoroUary. If two right prisms have the same altitude, 
the convex surfaces of these prisms will be to each other as the 
perimeters of the bases. 






522. The convex surface of a ofltncler is js^reater than tfui convex 
surface of any inscribed prism^ and less than the convex surface of 
any circumscribed prism. 

Demonstration. The convex surface of the cylinder and that of 

Fig 262. the inscribed prism ABCDEF (^fig. 252) may be considered as 
having the same length, since every section made in the one and 
the other parallel to AF is equal to AF\ and if, in order to ob- 
tain the magnitude of these surfaces, we suppose them to be cut 
by planes parallel to the base, or perpendicular to the edge AF^ 
the sections will be equal, the one to the circumference of the 
base, and the other to the perimeter of the polygon ABODE less 
than this circumference ; since therefore, the lengths being equaf, 
the breadth of the cylindric surface is greater than that of th^ 
prismatic surface, it follows that the first surface is greater than 
the second. 

By a course'of reasoning entirely similar it may be shown 
that the convex surface of the cylinder is less than that of any 

Fig. 253. circumscribed prism BCDKLH {fig. 253). 
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' 523. * The convex surface of a cylinder is eqtJial to the circumfe^ 
rence of its base multiplied by its altitude. 
Fig. 258. Demonstration. Let CA {fig. 258) be the radius of the base of 
the given cylinder, H its altitude ; and let circ. CA be the circum- 
ference of a circle whose radius is CA ; we say that circ. CA x H 
will be the convex surface of the cylinder. For, if this proposi- 
, tion be denied, circ. CA x H must be the surface of a cylinder 
either greater or less ; and, in the first place, let us suppose that 
it is the surface of a less cylinder, of a cylinder, for example^ of 
which the radius of the base is CD and the altitude H* 
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Circumscribe about the circle, whose radius is CD^ a regular 
polygon GHIP, the sides of which shall not meet the circum- 
ference whose radius is Cw4; then suppose a right prism, whose 
altitude is H, and whose base is the polygon GHIP. The con- 
vex surface of this prism will be equal to the perimeter of the 
polygon GHIP multiplied by its ahitude H (520) ; this perimeter 
is less than the circumference of the circle whose radius is CA ; 
consequently the convex surface of the prism is less than 
circ. CA X H. But circ. CA x H is, by hypothesis, the convex 
surface of a cylinder of which CD is the radius of the base, 
which cylinder is inscribed in the prism ; whence the convex 
surface of the prism would be less than that of the inscribed 
cylinder. But on the contrary it is greater (622) ; accordingly 
the hypothesis with which we set out is absurd ; therefore, 1. the 
circumference of the base of a cylinder multiplied by its altitude can* 
not be the measure of the convex surface of a less cylinder* 

We say, in the second place, that this same product cannot be 
the measure of the surface of a greater cylinder. For, not to 
change the figure, let CD be the radius of the base of the given 
cylinder, and, if it be possible, let circ» CD x H he the convex 
Surface of a cylinder, which with the same altitude has for its 
base a greater circle, the circle, for example, whose radius is 
CA. The same construction being supposed as in the first hy- 
pothesis, the convex surface of the prism will always be equal 
to the perimeter of the polygon GHIP^ multiplied by the altitude 
H, But this perimeter is greater than circ. CD;- consequently 
the surface of the prism would be grelater than arc. CD x H, 
which, by hypothesis, is the surface of a cylinder of the same 
altitude of which CA is the radius of the base. Whence the 
surface of the prism would be greater than that of the cylinder. 
But while the prism is inscribed in the cylinder, its surface will 
be less than that of the cylinder (522); for a still stronger 
reason is it less when the prism does not extend to the cylinder; 
consequently the second hypothesis cannot be maintained; 
therefore, 2. the circumference of the base of a cylinder multiplied 
by its altitude cannot be the measure of the surface of a greater 
cylinder. 

We conclude then that the convex surface of a cylinder is 
ecpidl to the circumference of the base multiplied by its altitude. 
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524. The solidity of a cone is equal to the product of its base by 

/ a third part of its altitude. 

Fig, «59. Demonstration. Let SO (,fig. 259) be the altitude of the given 

cone, AO the radius of the base ; representing by surf. AO the 

surface of the base, we say that the solidity of the cone is equal 

to surf. AOx\ SO. 

1. Let surf. AO x ^ SO be supposed to be the solidity of a 
greater cone, of a cone, for example, whose altitude is always SO, 
but of which £0, greater than AO^ is the radius of the base. 

About the circle, whose radius is AO, circumscribe a regular 
' polygon MNPTy which shall not meet the circumference of 
which OB is the radius (285) ; suppose then a pyramid having 
this polygon for its base and the point S for its vertex. The 
solidity of this pyramid is equal to the area of the polygon 
MJyPT multiplied by a third of the altitude SO (416). But the 
polygon is greater than the inscribed circle represented by surf*. 
OA ; consequently, the pyramid is greater than 

surf.AOx^SO, '' 

which, by hypothesis, is the measure of the cone of which S i& 
- the vertex, and OB the radius of the base. But on the contrary 
the pyramid is less than the cone, since it is contained in it; 
therefore it is impossible that the base of the cone multiplied by 
a third of its altitude should be the measure of a greater cone. 

2. We say, moreover, that this same product cannot be the 
measure of a smaller cone. For, not to change the figure, let 
OB be the radius of the base of the given cone, and^ if it be 
possible, let surf. OB x j SO be the solidity of a cone which 
has for its altitude SO, and for its base the circle of which AO 
is the radius. The same construction being supposed as above, 
the pyramid SMJ^PT will have for its measure the area MNPT 
multiplied by \S0. But the area MXPT is less than surf. 0B\ 
consequently the pyramid will have a measure less than 

surf. OBxi SO, 

■ 

and accordingly it would be less than the cone, of which AO is 
the radius of the base and SO the altitude. But on the con- 
trary the pyramid is greater than the cone, since it contabs it ; 
therefore it is impossible that the base of a con6 multiplied by a 
third of its altitude should be 'the measure of a less cone. 
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We conclude then, that the solidity of a cone is equal to the 
product of its base by a third of its altitude. 

525. Corollary. A cone is a third of a cylinder of the same 
base and same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases; 

2. That cones of equal bases are to each other as their alti- 
tudes ; \, 

3. That similar cones are as the cubes of the diameters of 
their bases, or as the cubes of their altitudes. 

526. Scholium. Let R be the radius of the base of a cone, H 
its altitude; the solidity of the cone will be ;rjR> x|H, or 
inR^H. 

THEOREM. 

527. The frustum of a cone ADEB (fig. 260) of which OA, DP, Fig. 260. 
are the radii of the bases, and PO the altitude^ has for its measure 

|;rxOPx(AoVDP + AOxDP). 

Demonstration. Let TFGH be a triangular pyramid of the 
same altitude as the cone SAB, and of which the base FGH is 
equivalent to the base of the cone. The two bases may be sup- 
posed to be placed upon the same plane ; then the vertices S, T^ 
will be at equal distances from the plane of the bases ; and the 
plane EPD produced will be in the pyramid the section^ IKL, 
We say now, that this section IKL is equivalent to the base Z)£; 
for the bases AB, DE^ are to each other as the squares of the 
radii AO, DP (287), or as the squares of the altitudes SO, SP ; 
the triangles FGH, IKL, are to each other as the squares of 
these same altitudes (407) ; consequently the circles AB, DE, 
are to each other as the triangles FGH, IKL. But, by hypothe- 
sis, the triangle FGH, is equivalent to the circle AB ; therefore 
tke triangle IKL is equivalent to the circle DE. 

Now the base AB multiplied by \ SO is the solidity of the 
cone SAB, and the base FGH multipled by \ SO is that of the 
pyramid TFGH', the bases therefore being equivalent, the so- 
lidity of the pyramid is equal to that of the cone. For a simi- 
lar reason the pyramid TIKLis equivalent to the cone SDE; 
therefore the frustum of the cone ADEB is equivalent to the 
frustum of the pyramid FGHIKL. But the base FGH, equiva- 
lent to the circle of which the radius is AO, has for its measure 
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n X AO ; likewise the base IKL = ^ x DP, and the mean pro- 



portional between n X AO and n x DP is 7f AO x DP ; there- 
fore the solidity of the frustum of a pyramid or that of the frus- 
tum of a cone has for its measure 

\0P X {n X do + 7€ X DP -^71 X 40 X DP) (422), 

or inxOPx {du + PiJ + AO X DP). 

528. 71^ ctmoex surface of a etme is equal to Ae cireuimferenct 
I of its bcise multiplied ^ half its side. 
Fig. 259. Demonstration. Let AO {fig. 259), be the radius of the base 
of the given cone, S its vertex, and SA its side ; we say that the 
surface will be drc. AO x i SA. For, if it be possible, let 
circ. AO X iSA he the surface of a cone which has S for its 
vertex, and for its base the circle described with a radius OB 
greater than AO. 

Circumscribe about the small circle a regular polygon MJfPT^ 
the sides of which shall not meet the circumference of which 
OB is the radius ; and let SMJyPT be a regular pyramid, which 
has for its base the polygon, and for its vertex the point S. Thjs 
triangle SMJ^^ one of those which compose the convex surface 
of the pyramid, has for its measure the base JIf JV multiplied by 
half of the altitude SA, which is at the same time the side of 
the given cone ; this altitude being equal in all the triangles 
jS-ATP, SPQ, &c., it follows that the convex surface of the pyra- 
mid is equal to the perimeter MKPTM multiplied by \SA. 
But the perimeter M^PTM is greater than drc. AO ; therefore 
the convex surface of the pyramid is greater than drc. AO . \SA, 
and consequently greater than the convex surface of the cone, 
which, with the same vertex 5, has for its base the circle des- 
cribed with the radius OB. But on the contrary the convex 
surface of the cone is greater than that of the pyramid : for, if 
we apply the base of the pyramid to the base of an equal pyra- 
mid, and the base of the cone to that of an equal cone; the 
surface of the two cones will enclose on all sides the surface of 
the two pyramids ; consequently the first surface will be greater 
than the second (514), and therefore the surface of the cone is 
greater than that of the pyraoud, which is comprehended withm 
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it. The contrary trouid be the coosequence of our hypothesis ; 
accordingly this hypothesis cannot be maintained ; therefore the ^ 
circumference of the base of a cone multiplied by the half of it8 
side cannot be the measure of the surface of a greater cone. 

2. We s^y also, that this same product cannot be the measure 
of the surface of a less cone. For let BO be the radius of the 
base of the given cone, and, if it be poissible, let circ. BO X | SB 
be tbe surface of a cone of which S is the vertex, and ^0, les$ 
tbao OB^ the radius of the base. 

1?be same construction being Bupposed as above, the surface of 
the pyramid SMNPT will always be equal to the perimeter 
JdMPT multiplied by J SA. Now the perimeter MNPT is less 
than rtfc. fiO, and SA is less than SB \ therefore for this double 
reason the convex surface of the pyramid is less than 

circ. BOx\ SB. 
wbich, by hypothesis, is the surface of a cone of which AO is the 
radius of the base ; consequently the surface of the pyramid 
would be less than that of the inscribed cone. But on the con- 
trary it is greater ; for by applying the base of the pyramid to 
that of an equal pyramid, and the base of the cone to that of an 
equal cone, the surface of the two pyramids will enclose that of 
the two cones, and consequently will be greater. Therefore it is 
impossible that the circumference of the base of a given cone 
multiplied by the half of its side should be the measure of the 
suriaee of a less cone; 

We conclude then, that the convex surface of a cone is equal 
to the circumference of the base multiplied by half of its side. 

5^9. Scholium* Let L be the side of a cone, and R the radium 
of the base, the circumference of this base will be 2;r/i, and the 
surface of the cone will have for its measure 2j(Rx ^L^orTt RL. 

THEOREM. y 

/ 530. The convex surface of the frustum of a cone ADEB 

(fig» 261) is equal to its side AD multiplied &y the half su^ of the pig. 261. 

circumferences of the two bases AB, DE. 

Dentonstration. In the plane SAB^ which passes through the 
axis SO, draw perpendicularly to SA the line AF, equal to the 
circumference which has for its radius AO ; join 5F, and draw 
DH parallel to AF, 

Geom. ^4 
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On account of the similar triangles SAO^ SDC, 

A0:DC:iSj1:SD\ 
and, on account of the similar triangles SAFj SDH^ 

AFiDHiiSAiSD; 
whence AF: DH:: AO : DC :: circ. AO : ctVc. DC (287). 
But, bj construction, AF = circ. AO ; consequently 

DH = circ. DC. 
This being premised, the triangle SAFj which has for its meas- 
ure AF X i &3, is equal to the surface of a cone SAB^ which has 
for its measure circ. AO x ^ SA. For a similar reason the tri- 
angle SDH is equal to the surface of the cone SDE. Whence 
the surface of the frustum ADEB is equal to that of the trapezoid 

ADHF. This has for its measure AD x ( f^^J^^ (178). 

Therefore the surface of the frustum of a cone ADEB is equal 
to its side AD multiplied by the half sum of the circumferences 
of the two bases. 

5S1. Corollary* Through the point /, the middle of AD^ draw 
IKL parallel to AB^ and IM parallel 10 AF; it may be shown 
as above that IM^circ. IK. But the trapezoid (179) 

ADHF^ADxIM = ADxcirc.IK. 
Hence we conclude farther that <fce surface of the frustum of a 
cone is equal to its side mult^lied by the circumference of a section- 
made at equal distances from the two bases* 

532. Scholium. If a line AD^ situated entirety on the same 
side of the line OC and in the same plane, make a revolution 
about OC^ the surface described by AD will have for its measure 

/.T^ /circ,AO + circ.DC\ ^^^ ,,, ., ,. ^^ 

AD X { -| y or AD x circ. IK\ the Imes w40, 

jDC, IK^ being perpendiculars let fall from the extremities and 
from the middle of the line AD upon the axis OC. 

For, if we produce AD and OC till they meet in 5, it is evi- 
dent that the surface described by AD is that of the frustum of 
a cone, of which OA and DC are the radii of the bases, the entire 
cone having for its vertex the point S. Therefore this surface 
will have the measure stated. 

This measure would always be corr-ect, although the point D 
should fall upon S, which would give an entire cone, and also 
when the line AD is parallel to the axis, which would give a 
cylinder. In the first case DC would be nothing, in the second 
DC would be equal to AO and to IK. 
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533. Let AB, BQ CD (fig. 262), be several successive sides of a Fig. 262. 
regular polygon^ O its centre^ and 01 the radium of the inscribed 
circle ; if we suppose the portion of the polygon A BCD, situated 
entirely on the same side of the diameter FG, to make a revolution 
about this diameter ^ the surf act described by A BCD will have for 

its measure MQ x circ^ 01, MQ being the altitude of this surface, 
or the part of the axis comprehended between the extreme perpendic- 
ulars AM, DQ. 

Demonstration* The point / being the middle of AB, and IK 
being a perpendicular to the axis let fall from the point /, the 
surface described by AB will have for its measure ./Jfi X drc. IK 
(532). Draw AX parallel to the axis, the triangles ABX, OIK, 
will have their sides perpendicular each to each, namely, 07 to 
JlB, IK to AX, and OK to BX\ consequently these triangles 
will be similar, and will give the proportion 

AB : AX or MN : : 01 : IK : : drc. 01 : circ. IK, 
therefore AB x circ. IK = MJV x circ. OL Whence it will be 
perceived that tlie surface described by AB is equal to its alti- 
tude MX multiplied by the circumference of the inscribed circle. 
Likewise the surface described by J5C = .ATP x circ. 01, the sur- 
face described by CD=PQ x circ. OL Accordingly the surface 
described by the portion of the polygon ABCD has for its meas- 
ure {MJ^ + J^P + PQ) X drc. 01, or MQ X drc. 01 \ therefore 
this surface is equal to its altitude multiplied by the circumfer- 
ence of the inscribed circle. 

r 

534. Corollary. If the entire polygon has an even number of 
sides, and the axis FG passes through two opposite vertices F 
and G, the entire surface described by the revolution of the 
semipolygon FACG will be equal to its axis FO multiplied by 
the circumference of the inscribed circle. This axis FG will be 
at the same time the diameter of the circumscribed circle, 

I THEOREM. / 

535. The surface of a sphere is equal to the product of its diam* 
eter by the drcumference of a great circle. 

Demonstration. 1. We say that the diameter of a sphere mul- 
tiplied by the circumference of a great circle cannot be the 
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measure of the surface of a greater jsphere. For, if it be possi- 
F)g.a63. ble, let ^B x cite. AC {fig. 263) be the surface of a sphere 
whose radius is CD. 

About the circle, whose radius is CA, circumscribe a regtlar 
polygon of an even number of sides, which shall not meet the 
circumference of the circle whose radius is CD ; let M and 8 be 
two opposite vertices of this polygon ; and about the diataeter 
JIfiS let the semipolygon MPS be made to revolve^ The s»rfac« 
described by this polygon will have for its measure 

MSxcircAC (534); 
but MS is greater than AB ; therefore the surface described by 
the polygon is greater than AB x drc AC^ and conseqneatly 
greater than the surface of the sphere whose radius is CD^ Qkt 
the contrary the surface of the sphere b greater than the surliaM:e 
described by the polygon, sbce the first encloses the second on 
all sides. Therefore the diameter of a sphere multiplied by tbe^ 
circumference of a great circle cannot be the measure of the 
surface of a greater sphere. 

2. We say also, that this same product cannot be the measure 
of the surface of a less sphere. For, if it be possible, let 

DE X circ. CD 
be the surface of a sphere whose radius b CA* The lame eon- 
struction being supposed as in the first case, the surface of the 
solid generated by the polygon will always be equal to 

ACS X circ AC. 
Bui MS is less than D£, and circ. AC less than circ. CDi there* 
fore for these two reasons the surface of the solid generated by 
the polygon would be less than DE x circ. CD^ and consequiently 
less than the surfa9e of the sphere whose radius is AC^ But on 
the contrary the surface described by the polygon is greater 
than the surface of the sphere whose radius is AC, since the first 
surface encloses the second ; therefore the diameter of & sphere 
multiplied by the circumference of a great circle cannot be the 
measure of the surface of a less sphere. 

We conclude then, that the surface of a sphere is equal to the 
diameter multiplied by the circumference of a great circle. 

636. Corollary. The surface of a great circle is measured by 
multiplying its circumference by half of the radius or a fourth of 
the diameter; therefore the surface of a sphere is four times tha^ 
of a great circle.'^ 
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537. Sthohum* The surface of a sphere being thus measured 
and compared with plane surfaces, it will be easy to obtain tht 
absolute value of lunary surfaces and spherical triangles, the 
ratio of which to the entire surface of the sphere has already 
been determined. 

Id the first place the lunary surface, whose angle is A {fig. 276), Fig. 276. 
is to the surface of the sphere, as the angle A is to four right an- 
gled (49^), or as the arc of a great circle, which measures the 
angle A^ is ta the circumference of this same great circle. But 
the sui^face of the sphere is equal to this circumference multiplied 
by the diameter; therefore the lunary surface is equal to the 
arc, which measures the angle of this surface, multiplied by the 
diameter. 

In the second place, every spherical triangle is equivalent to a 
lunary surface whose angle is equal tO; half of the excess of the 
ium iA its three angles over two right :angles (503), Let P, Q, 
£, be the arcs of a great circle wliich measure the .'three angles 
of a spherical triangle; let Cbe the circumference of a great 
circle and D its diameler ; the spherical triangle will be equiv- 
alent to the lunary surfkce whose angle has for its measure 

a ^> and coni^equently its surface will be 

2 

Thus, iri the case of the triangle of three right angles, each of 
the arcs P, Q, A, is equal to \ C, and their sum is | C, the excess 
of this sum over J C is J C, and the half of this excess is | C ; 
therefore the surface of a triangle of three right angles z=z\CxJJ 
which is the eighth parrof the whole surface of the sphere. 

The measure of spherical polygons follows immediately from 
that of triangles, and it is moreover entirely determined by the 
proposition of art. 505, since the unit of measure, which is the 
triangle of three right angles, has just been estimated on a plane 
surface. 

THEOREM. • / 

538^ Tht surface of any spherical zone is equal to the aliiiudi of 
this zone multiplied by the circumference of a great circle* 
I Demonstration. Let EF (fig. 269) be any arc, either less or Fig. 269. 
greater than a quadrant, and let FG be drawn perpendicular to 
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the radius £C; we say that the zone with one base, described 
by the revolution of the arc EF about fIC, will have for its meas- 
ure EG X drc. EC. 

For let us suppose, in the first place, that this isone has a less 
measure, and, if it be possible, let this measure be equal to 
EG X circ. AC. Inscribe in the arc EF a portion of a regular 
polygon EMKOPF^ the sides of which shall not touch the cir- 
Gumferepce described with the radius CA^ and let fall upon EM 
the perpendicular C/, the surface described by the polygon 
EMF^ turning about EC, will have for its measure EG x drc. CI 
{533). This quantity is greater than EG X circ. AC^ which, by 
hypothesis, is the measure of the zone described by the arc EF. 
Consequently the surface described by the polygon EMKOPF 
would be greater than the surface described by the circumscribed 
arc EF\ but on the contrary this last surface is greater than the 
first, since it encloses it on all sides ; therefore the measure of 
any spherical zone with one base cannot be less than the alti- 
tude of this zone multiplied by the circumference of a great circle* 

We say, in the second place, that the measure of the same 
zone cannot be greater than the altitude of this zone multiplied 
by the circumference of a great circle. For, let us suppose that 
the zone in question is the one described by the arc AB about 
AC^ and, if it be possible, let the zone AB be greater than 

AD X circ, A C. 
The entire surface of the sphere composed of the two zwus AB^ 
BH^ has for its measure AH x circ. AC (535), or , ' 

AD X circ. AC + DH X drc. A C ; 
if then the zorie AB be greater than AD^ drc. AC, the zone BH 
must be less than DH X circ. AD^ whicn is contrary to the first 
part already demonstrated* Therefore the measure of a spheri- 
cal zone with one base cannot be greater than the altitude of this 
zone multiplied by ihe circumference of a great circle. 

It follows then that every spherical zone with one base has 
for its measure the altitude of this zone multiplied by the cir- 
cumference of a great circle. 

Let us now consider any zone of two bases described by the 

Fig. «o. revolution of the arc FH [fig. 220) about the diameter DE, and 

let JFO, HQ, be drawn perpendicular to this diameter. The zone 

described by the arc FH is the difference •( the two zones 
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described by the arcs D/f and DF; these have for their meas- 
ure respectively DQ x circ. CD and DO x circ. CD ; therefore 
the zone described by FH has for its measure 

{DQ— DO) X circ. CD or OQ x circ. CD. 
We conclude then that every spherical zone with one or two 
bases has for its measure the altitude of this zone multiplied by 
the circumference of a great circle. 

539. Corollajy. Two zones are to each other as their alti- 
tudes, and any zone whatever is to the surface of the sphere as 
the altitude of this zone is to the diameter. 

r^^. J J 

540. If the triangle BAG (fig, 264, 265) and the rectangle Fig. 264, 
BCEF of the same base and same altitude turn simultaneously about ^^ 
^Ae common base EC, the solid generated by the revolution of the 
triangle vnll be a third of the cylinder generated by the revolution of 

the rectangle. 

Demonstration. Let fall upon the axis the perpendicular AD 
{fig* 264) ; the cone generated by the triangle ABD is a third of fig. 264. 
the cylinder generated by the rectangle AFBD (524) ; also the 
cone generated by the triangle ADC is a third of the cylinder 
generated by the rectangle ,42) CJE; therefore the sum of the two 
cones, or the solid generated by ABC^ is a third of the sum of 
the two cylinders, or of the cylinder generated by the rectangle 
BCEF. 

If the perpendicular AD (fig. 265) fall without the triangle, Fig. 165. 
the solid generated by ABC will be the difference of the cones 
generated by ABD and ACD\ but, at the same time, the cylin- 
der generated by BCEF will be the difference of the cylinders 
generated by AFBD^ AECD. Therefore the solid generated 
by the revolution of the triangle will be always the third of the 
cylinder generated by the revolution of the rectangle of the 
same base and same altitude. 

541. Scholium. The circle of which AD is the radius has for 

its surface ;>r x AD ; consequently 7i x AD x BC is the measure 

of the cylinder generated by BCEF, and | /r x AD x BC is the 
measure of the solid generated by the triangle ABC. 
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PROBLEM./ 

Fig. 268. 642. The triangle CAB (fig. 266) being supposed to make a rev- 
olution about the line CD, drawn at pleasure vnthout the triangle 
through the vertex C, to find the measure of the solid thus generated. 
Solution. Produce the side jIB until it meet the axis CD in 
D, and from the points Aj JB, let fall upon the axis the perpen- 
diculars AM^ BJ^. 
" The solid generated by the triangle CAD has for its measure 

I TT X AM X CD (&40) ; the solid generated by the triangle 

CBD has for its measure ^ n BX X CD ; therefore the differ- 
ence of these solids, or the solid generated by ABC^ will have 

for its measure \nx {AM — BX) X CD. 

This expression will admit of another form. From the point 
/, the middle of AB^ draw IK perpendicular to CD, and ihroug|h 
the point B draw BO parallel to CD, we shall have 

AM + BX^^IK (178), 
and AM—BK-AO\ consequently (./JJIf+B.V) X<AV~jBM, 

or AM— BJf (184), is equal to 2/jr x AO. Accordingly the 
measure of the solid under consideration will also be expressed 
hy ^Ti X IK X AO X CD. But, if the perpendicular CP be let 
fall upon AB^ the triangles ABO^ DCP will be similar, and will 
give the proportion AO : CP : : AB : CD ; whence 

AOx CD=:CPxAB'y 
moreover CP x AB is double of the area of the triangle ABC; 
thus we have AO x CD = ^BC ; consequendy the solid gene- 
rated by the triangle ABC has aho for its measure 

i7€xABCxKI, 
or, since circ. Kl is equal to ^n x KI^ this same measure will be 
ABC X I circ. KL Therefore, the solid generated ly the revo/ti- 
tion of the tiiangle ABC has for its measure the area of this trioTigle 
multiplied by two thirds of the circumference described by the point I 
the middle of the base, 
ng. 267. 543. Corollary. If the MeAC=CB (fig. 267), the line CI 
will he perpendicular to AB^ the area ABC will be equal to 
AB X i CI, and the solidity ^ jt x ABC X IK wilt become 
\7ixABxlKxCI. But the triangles ABO, CIK, are similar 
and give the proportion AB : BO or MX xiCIiIK\ consequently 
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ABxIK = MJ^xCI', 

therefore the solid generated by the isosceles triangle ABC will 

have for its measure %7ix MJSt x CI. 

644.^ Scholium. The general solution seems to suppose that 
the line AB produced would meet the axis, but the results would 
not be the less true, if the line AB were parallel to the axis. 

Indeed the cylinder generated by AMNB {Jig. 268) has for its Fig. 26?. 

measure 7t x AM x MN^ the cone generated by ACM is equal to 

^3 

\jixAMx CM, 

and the cone generated by BCJSr= j^ X AM x CJV. Adding 
the two first solids together and subtracting the third from the 
sum, we have for the solid generated by ABC 

n X AMx {M^-^ \ CM—\CK)', 
and, since i CJtf — i CJV = — (i CJV — • i CM) = — i MK, the 

— ^ 
■above expression reduces itself to ^ X AM x | JtfJV, or 

\nx CPxMK, 
which agrees with the results already found. 

j .• 

, THEOREM. / 

545. Let AB, BC, CD (fig. 262), he several successive sides of a Fig. 262, 

regular polygon, O its centre, 01 the radius of the inscribed circle ; 

if we suppose the polygonal sector AOD, situated on the same side of 

the diameter FG, to make a revolution about this diameter, the solid 

— ^ 
generated will have for its measure f ;r X OI x MQ, MQ being the 

portion of the axis terminated by the extreme perpendiculars AM, DQ. 
Demonstration. Since the polygon is regular, all the triangles 
AOB, BOC, &c., are equal and isosceles. Now, by the corol- 
lary of the preceding proposition, the solid generated by the 



isosceles triangle AOB has for itr> measure | ;r x 0/ x MJV, the 
solid generated by the triangle BOC has for its measure 

2 

i7t X 01 X JVP, and the solid genei ated by the triangle COD has 

for its measure | » X Oi x PQ; therefore the sum of these solids, 
or the entire solid generated by the polygonal sector AOD, has 

for its measure | tt X 0/ {MJ^+ JVP + PQ), or | tt X 0/ x MQ. 
Geom. 25 
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54G. Every spherical sector has for its measure the zwe which 
serves as a base multiplied 6y a third of the mdius^ and <fte entire 
sphere has for its measure its surface multiplied by a Mrd qf the 
radius. 
rig.2fi9. Demanstratixm. Let ABC {fig. 269) be the circular sector, 
which, by its revolution about ^C, generates the spherical sec- 
tor 5 the zone described by AB being AD X cifc. ACyOt 

2 71 X AC X AD (538), 
we say that the spherical sector will have for its measure this 

ionc multiplied hj i AC, or ^xx AC X AD. 

1. Let us suppose, if it be possible, that this quantity 

\nxACxAD 

is the measure of a greater spherical sector, of the spherical sec- 
tor, for example, generated by the circular sector ECF similar 
to ACB. 

Inscribe in the arc EF a portion of a regular polygon EMKF 
the sides of which shall not meet the arc AB, then suppose the 
polygonal sector EKFC to turn about EC at the same time with 
the circular sector ECF. Let CI be the^ radius of a circle in- 
scribed in the polygon, and let FG be drawn perpendicular to 
EC. The solid generated by the polygonal sector will have for 

its measure ^nx CI X EG (545) ; now CI is gi*eater than AC, 
by construction, and EG is greater than AD\ for, if we join 
AB, EF, the triangles EFG, ABD^ which are similar, give 
the proportion EG : AD : : FG : BD ii CFi CB\ therefore 

eg:>ad. 

For this double reason | :r X CIx EG greater than 

—a 
f TT X CAxAD', 

the first expression is the measure of the solid generated by the 
polygonal sector, the second is, by hypothesis, that of the spheri- 
cal sector generated by the circular sector ECF; consequently 
the solid generated by the polygonal sector would be greater 
than the spherical sector generated by the circular sector. But 
on the contrary the solid in question is less than the spherical 
sector, since it is contained in it; accordingly the hypothesis 
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with which we set out cannot be maintained ; therefore the zone 
or base of a spherical sector multiplied by a third of the radius 
cannot be the measure of a greater spherical sector. 

2. We say that this same product cannot be the measure of a 
less spherical sector. For, let CEF be the circular sector which 
by its revolution generates the given spherical sector, and let us 

suppose, if it be possible, that %nx CE X £6 is the measure 
of a less spherical sector, of that, for example, generated by the 
CHTCular sector ACB. 

The preceding construction remaining the same, the solid 

generated by the polygonal sector will always have for its meas- 

— a 

ure ^Tcx CIx EG. But CI is less than CE ; consequently the 

^9 

solid is less than | tt x CE X £G, which, by hypothesis, is the 
measure of the spherical sector generated by the circular sector 
ACB. Therefore the solid generated by the polygonal sector 
would be less than the solid generated by the spherical sector ; 
but on the contrary it is greater, since it contains it. Therefore 
it is impossible that the zone of a spherical sector multiplied by 
a third of the radius should be the measure of a less spherical 
sector. 

We conclude then, that every i^herical sector has for its 
measure the zone which answers as a base multiplied by a third 
of the radius. 

A circular sector ACB may be increased till it becomes equal 
to a semicircle ; then the spherical sector generated by its revo- 
lution is an entire sphere. I'herefore the solidity of a sphere is 
€qual to its surface multiflied by a third of the radius. 

ir47. Corollary. The surfaces of spheres being as the squares 
of then* radii, these surfaces multiplied by the radii are as the 
cubes of the radiu Therefore the solidities of two sphere are as 
the cubes of their radii^ or as the cubes of their diameters. 

548. Scholium. Let R be the radius of a sphere, its surface 
will be 4 7ri?», and its solidity AitR* X i i?, or | ;r /J3. If ^e 
call D the diameter, we shall have R^^D^ and i2' = | D^ ^ 
therefore the solidity will also be expressed by f ^ x | D^^ or 
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549. The surface of a sphere is to the whole surface of the cir- 
cumscribed cylinder^ the bases being coinprehended^ c^ ^ is to S ; and 
the solidities of these two bodies are in the same ratio. 
Fig. 270. Demonstration. Let MPJ^Q {Jig. 270) be a great circle of the 
sphere, ABCD the circumscribed square ; if the semicircle 
PMQ^ and the semisquare PADQ^ be made to turu at the same 
time about the diameter PQ, the semicircle will generate the 
sphere, and the semisquare will generate the cylinder circum- 
scribed about the sphere. 

The altitude ^D of the cylinder is equal to the diameter PQ, 
the base of the cylinder is equal to a great circle, since it has 
for a diameter AB equal to JlfJV*; consequently the convex sur- 
face of the cylinder is equal to the circumference of a great 
circle multiplied by its diameter (523). This measure is the 
same as that of the surface of the sphere (535) ; whence it fol- 
lows that the surface of the sphere is equal to the convex surface of 
the circumscribed cylinder. 

But the surface of the sphere is equal to four great circles ; 
consequently the convex surface of the circumscribed cylinder is 
also equal to four great circles. If we add the two bases, which 
are equal to two great circles, the whole surface of the circum- 
scribed cylinder will be equal to six great circles ; therefore the 
surface of the sphere is to the whole surface of the circumscribed 
cylinder as 4 is to 6, or as 2 is to 3. This is the first part of 
the proposition which it was proposed to demonstrate. 

In the second place, since the base of the circumscribed cylin- 
der is equal to a great circle, and its altitude equal to the diam- 
eter, the solidity of the cylinder will be equal to a great circle 
multiplied by the diameler (516). But the solidity of the sphere 
is equal to four great circles multiplied by a third of the radius 
(546), which amounts to a great circle multiplied by a of the 
radius, or | of the diameter ; therefore the sphere is to the cir- 
cumscribed cylinder as 2 is to 3, and consequently the solidities 
of these two bodies are to each other as their surfaces. 

550. Scholium. If a polyedron be supposed, all whose faces 
touch the sphere, this polyedron might be considered as com- 
posed of pyramids having the centre of the sphere for their 
common vertex, the bases being the several laces of the polye- 
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dron. Now it is evident that all these pyramids will have for 
their common altitude the radius of the sphere, so that each py- 
ramid will be equal to a face of the polyedron, which serves as 
a base, multiplied by a third of the radius ; therefore the entire 
polyedron will be equal to its surface multiplied by a third of 
the radius of the inscribed sphere. 

It will be perceived by this that th*e solidities of polyedrons 
circumscribed about a sphere are to each other as the surfaces 
of these same polyedrons. Thus the property which we have 
demonstrated for the circumscribed cylinder is common to an 
infinite number of other bodies. 

We might have remarked also that the surfaces of polygons 
cijrcumscribed about a circle are to each other as their perimeters. 



PROBLEM 



■ /^ 



651. The circular segment BMD (fig. 271) being supposed /o Fig. 271, 
revolve about a diameter exterior to this segment, to find the value of 
the solid generated. 

Solution. Let fall upon the axis the perpendiculars BE, DF, 
and upon the chord BD the perpendicular CI, and draw the 
radii CB, CD. 

2 

The solid generated by the sector BC.4 = |7rx CB x ^E 

(546) ; the solid generated by the sector DCA = ^7ix CBx AF ; 
consequently the difference of these two solids, or the solid gen- 
erated by the sector DCB, will be equal to 

i 2 ' 

^nxCBx {AF—AE) -%7i xCBxEF. 

But the solid generated by the isosceles triangles DCB has for 

— % 
its measure ^itx CI X EF (543) ; consequently the solid gen- 
erated by the segment BMD = I-ti x EF x (CB — CI ). Now 

in the right-angled triangle CBI we have CB — CIz=lBI=z\BD, 

therefore the solid generated by the segment BMD has for its 

— 2 • 3 

measure \n y. EFx\ BD, or i nBD X EF. 

552. Scholium. The solid generated by the segment BMD is 

2 

to the sphere whose diameter is BD, as j tc x BD X EF is lo 
in xBD,ov::EF: BD. 
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553. Every segment of a sphere^ comprehended between two par- 
allel planes^ has for its measure the half sum of its bases multiplied 
by its altitude^ plus the solidity of the sphere of which this same 
altitude is the diameter* 

rig. 271. Demonstration. Let BE, DF (Jig. 271), be the radii of the 
bases of the segment, EF its altitude, so that the segraen,t may 
be formed by the revolution of the circular space BMDFE 
about the axis FE. The solid generated by the segment BMD 

win be equal to ^^ j^p X BD X EF (562), the frustum of a cone 
generated by the trapezoid BDFE will be equal to 

i7ixEFx{BE + JDF+BExDF) (527); 
consequently the segment of the sphere which is sum of these 

two solids =zi7ixEFx {^BE + 2DF+ ^BExDF+BD.) But, 
by drawing BO parallel to EF, we shall haveDO = Z)r— BE, 

DO ^ DF — 2DF y< BE + BE (182), and consequently 

BD = B0 + DO x= EF + DF— iDF xBE + BE Putting this 

value in the place of BD in the expression for the segment, and 
reducing it, we shall have for the solidity of the segment 

i 71 xEFx (sBE + 3DF + EF ), 
an expression which may be decomposed into two parts; the 

onei„xEFx(sBE + S^\orEFx['^^-±^^^^^, 

is the half sum of the bases multiplied by tKe altitude ; the other 

i^i X EF represents the sphere of which EF is the diameter 
(548) ; therefore the segment of the sphere &c. 

554. Corollary. If one of the bases is nothing, the segment in 
question becomes a spherical segment having only one base ; 
therefore every spherical segment having only one base is equivalent 
to half of the cylinder of the same base and same altitude^ plus the 
sphere of which this altitude is the diameter. 

General Scholium. 

555. Let R be the radius of the base of a cylinder, H its alti- 
lude ; the solidity of the cylinder will he ts R^ x i/, or ;r R^ H, 
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Let R be tfae radius of the base of a cone, H its altitude ; the 
aoUdUy of the cone will be » /?* X \H^or ^xR^ H. 

Let A^ Bi be the radii of the bases of the frustum of a cone, 
H its akitude, the solidity <rf the frustum will be 

i7iH(A* +B^ +AB). 

Let R be the radius of a sphere ; its solidity will be ^ ;r R^. 

Let /{ be tfae radios of a spherical sector, H the altitude of the 
aeM| wfaich answers as a base ; the solidity of the sector will be 

Let P, Q, be the two bases of a spherical segment, H its alti- 
tude, the solidity of this segment will be ( ^ J X H + \7iH^. 

If the spherical segment have only one base P, its solidity 
willbeiPH+i;Ffl». 



Appendix to the Third Section of the Second Pari, 

OF SPHERICAL ISOPERIMETRICAL POLYGONS. 



THEOREM. 

556. Lei S he the number of solid angles in a polyedron^ H the 
number of its faces, A the number of its edges ; then in all cases we 
shall have S + H = A + 2. 

Demonstration. Within the polyedron, take a point, from which 
let straight lines be drawn to the vertices of all its angles ; con- 
ceive next, that from the same point as a centre, A spherical sur- 
face is described, meeting all these straight lines in as many 
points; join these points by arcs of great circles, so as to form 
on the surface of the sphere polygons corresponding in position 
and number with the faces of the polyedron. Let ABODE 
he one of these polygons {fig. 240), and n the number of its Fig. 2i( 
sides; its surface will bo s — 2w + 4, s being the sura of the 
angles A, JB, C, D, E (506). If the surface of each polygon be 
estimated in a similar manner, and afterwards the whole added 
together, we shall find their sum, or the surface of the sphere, 
represented by 8, to be equal to the sum of all the angles of the 
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polygons, minus twice the number of their sides, plus 4, taken as 
many times as there are faces. Now, since all the angles which 
meet at any one point A are equal to four right angles, the sum 
of all the angles of the polygons must be equal to 4, taken as 
many times as there are solid angles ; it is therefore equal to 45. 
Also, twice the number of sides AB^ BC^ CD^ &c., is equal to 
four times the number of edges, or to 4A ; since the same 
edge is in every case a side to two faces. Hence we have 
8 = 4S — 4// + 4Br; or, dividing the whole by 4, 2 = S— w« + jFf; 
therefore S + H—A+2. 

557. Corollary. From this it follows, that the sum of all the 
plane angles, which form the solid angles of a polyedron, is equal to 
as many times four r^ht armies as there are units in S — 2, S being 
the number of solid angles of the polyedron* 

For, if we consider a face, the number of whose sides is n, 
wc shall find that the sum of the angles of this face iS equal to 
2 n — 4 right angles (79). But the sum of all these 2n's, or twice 
the number of sides in all the faces, will be. 4^ ; and 4, taken as 
many times as there are faces, will be 4H; hence the sum 
of the angles in all the faces is 4A — 4H. Now, by the theorem 
just demonstrated, wc have A — H = iS — 2, and consequently 
4A — 4H = 4 (S — 2). Therefore the sum of all the plane angles, 

THEOREM. 

558. Of all the spherical triangles formed with two given sides 
Fig. 276. CA, CB (fig. 276), and a third assumed at pleasure, tlie greatest, 

ABC, is that in which the angle C, contained by the given sides, is 
equal to the sum of the two other angles, A and B. 

Demonstration. Produce the two sides AC, AB, till they meet 
, in D; we shall have a spherical triangle BCD, in which the 
angle DBC is also equal to the sum of the two other angles 
BDC, BCD. For, BCD + BCA, being equal to two right an- 
gles, and likewise CBA + CBD, we have 

BCD + BCA = CBA + CBD', 
and adding BDC = BAG, we shall have 

BCD + BCA + BDC^ CBA + CBD + BAC. 
Now, by hypothesis, BCAzz: CBA + BAC, hence 

CBD =: BCD + BDC. 
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. Draw JB/ making the angle CBI=:BCD^ and consequently 
IBD:=zBDC\ the two triangles IBD^ IBC, will be isosceles, 
and we shall have IC= IB = ID. Hence the point /, the mid- 
dle point of DC, is at equal distances from the three points 
JB, C, D. For a similar reason, the point 0, the middle of 
B^j is equally distant from the points «/4, JB, C. 

Now, suppose CA ^CA and the angle BCA' > BCA ; if 
A'B be joined, and the arcs A*C, A'B^ produced till they meet 
in ly, the arc DfCA' will be a semicircumference, as well as 
DCA\ therefore, since we have CA' :=:!CA^ we shall also have 
C2> = CD. But in the triangle ClDf, we have CI + ID> CD"-, 
hence ID'yCD— CI, or lU > ID. 

In the isosceles triangle C/JB, bisect the angle / by the arc 
jB/JF, which will also bisect JBC at right angles. If a point L is 
assumed between / and £J, the distance BL, equal to LC, will 
be less than BI\ for it might be shewn as in art. 41, that 
BL + LC <i BI + IC ', and, taking the half of each, that 
£L < BI. But in the triangle i>LC, we have D^L > lyC — CL, 
and still more UL^DC— CI, or UL > D/, or DL^BI-, 
<mosequently D^L > JBL. Hence, if in the arc EIF, we seek for 
a point equally distant from the three points J3, C, D', it can 
be found only in the prolongation of EI towards F. Let t be 
the point required ; we shall have DT = Bt = CV ; the trian- 
gles I'CB, FCiy, FBiy, being isosceles, we shall have the equal 
angles FBC = FCB, VBU = PUB, FCD" =. FDC. But the 
angles D'BC + CBA' are equal to two right angles, and 

lyCB + BCA' 
are likewise equal to two right angles ; therefore 

D^BF + FBC + CBA' = 2, 
BCF — FCU + BCA' = 2. 
Add together the two equations observing that FBC^^'BCF, and 
D^BF — FCJy = BI^F — I'D'C= CD'B^^ CA'B; and we shall 
have 2 FBC + CA'B + CBA' + BCA' = 4. 

Hence CA'B + CBA' + BCA' — 2 (which measures the area of 
the triangle A'BC (501) = 2 ^ 2 /'JSC ; so that we have 

area A'BC=z 2—2 angle FBC ; 
likewise, in the triangle ABC, we should have 

area ABC = 2 — 2 angle IBC. 
Now the angle FBC has already been proved to be greater than 
IBC', hence the area A'BC is less than ABC. 

Geom. 26 
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The same demonstration would lead to the same conclusion, 
Fig. 277. if, taking always the arc CA' = CwS, ihe angle BCA' {fig. 277) 
were made less than BCA; hence ABC is the greatest of all 
those triangles, which have two sides given, and the third to be 
assumed at pleasure. 
Fig. «78. 559. Scholium i. The triangle ABC {fig. 278), the greatest 
of all those which have two given sides C4, CJ5, may be* inscrib- 
ed in a semicircle, the diameter of which is the chord of the 
third side AB ; for O being the middle point of AB^ the dis- 
tances 00^ OB, as we have seen, are ecjual ; hence the circum- 
ference of a small circle, described from the f)oint O as a pole, 
with the distance OB, will pass through the three points^. £,C. 
Moreover, the straight line AB is a diameter to this small circle ; 
for the centre, which must be at once in the plane of the small 
circle, and (466) in the plane of the arc of the great circle BOA^ 
must of necessity be found in the intersection of those two planes, 
which is the straight line BA ; hence BA will be a diameter. 

560. Scholium ii. In the triangle ABC^ the angle C being 
equal to the sum of the other two A and J3, the sum of all the 
three angles must be double of the angle C. But (489) that sum 
is always greater than two right angles; hence C is always 
greater than one. 

561. Scholium in. If the sides CB^ CA^ are produced till 
they meet in £, the triangle BAE will be equal to the fourth 
part of the surface of the sphere. For the angle 

E=zC = ABC+CAB', 
hence the three angles of the triangle BAE are equivalent to 
the four ABC^ ABE^ CAB, BAE, whose sum is equal to four 
right angles ; therefore (505) the surface of the triangle 

JB.4£ = 4 — 2=2, 
which is the fourth part of the surface of the sphere. 

562. Scholium iv. There could be no maximum, if the sum of 
ihe two given sides CA, CB, were equal to, or greater than, the 
semicircumference of a great circle. For, since the triangle 
JIBC must be capable of being inscribed in a semicircle of the 
sphere, the sum of the two sides CA, CB, will be less (460) than 
the semicircumference BCA, and consequently less than half the 
circumference of a great circle. 

The reason why there can be no maximum, when the sum of 
tbe two given sides is greater than the semicircumference of a 
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great circle, is that in this case the triangle continues to augment, 
as the angle contained by its two given sides augments ; and at 
last, when this angle becomes equal to two right angles, the three 
sides are all in the same plane, and form a whole circumference ; 
the spherical triangle has then increased to a hemisphere, but it 
has at the same time ceased to be a triangle. 

THEOREM. 



• 



563. Of all the spherical triangles^ formed with a given side and 
a given perimeter, the greatest is that in which the two undetermined 
sides are equal. 

Demonstration. Let AB {Jig. 279) the given side be common Fig. 279. 
to the two triangles A CB, ADB, and let j3 C + CJ5 = w3D + I>fi ; 
we are to show that the isosceles triangle ACB, in which 
AC=zCB^ is greater than ALB^ which is not isosceles. 

Since these triangles have the common part AiOB^ it will be 
sufficient to prove that the triangle BOD is less than AOC. Now, 
the angle CBA^ equal to CAB^ is greater than OAB; therefore 
(497) the side AO is greater than OB. Take 01= OB, make 
OK=: OD, and join ^/; the triangle OKI (497) will be equal to 
DOB. Now, if the triangle DOB, or its equal KOI, is not ad- 
mitted to be less than OAC, it must be either equal or greater; 
in both which cases, since the point / is between A and O, the 
4i|K)int K must be found in the prolongation of OC, otherwise the 
triangle OKI would be contained in the triangle CAO, and 
therefore less than CAO. This granted, since the shortest way 
from C to w3 is CA, we have CK + KI + IA:> CA. But 
CK=zOD — CO, AI = AO—OB, KI=BDi 
hence OD — CO -h AO ~ OB + BD> CA, or by reduction, 
AD — CB + BD> CA, or AD-hBD>CA + CB. But this in- 
equality is at variance with the supposition of 

AD-^BD=CA + CB', 
hence the point K cannot fall in the prolongation of OC; conse- 
quently it falls between and C, and the triangle KOI or its 
equal ODB is less than w4 CO; therefore the isosceles triangle 
ACB is greater than ADB having the same base and perimeter, 
which is not isosceles. 

564. Scholium. The two last theorems are analogous to those 
o]f art. 63 and 69, of the appendix to section fourth ; and from 
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them may be deduced, with regard to spherical polygons, the 
same consequences as we have obtained respecting plane poly- 
gons. The chief are as follows : 

565. Among spherical polygons of the same perimeter and the 
same number of sides^ that is the greatest which has its sides eqaaU 

The demonstration is the same as that of art. 301. 

566. Among spherical polygons formed of known sides and one 
side taken at pleasure^ the greatest is that which can be inscribed «A a 
semicircle the diameter of which is equal to the chord of the undeter* 
mirud side. 

The demonstration is deduced from art, 559, in the manner 
exhibited in art. 303. It is requisite for the existence of a max' 
tmum, that the sum of the given sides be less than the semicir^ 
cumference of a great circle. 

567. Among spherical polygons formed of given sides j the greatest 
is that which can be inscribed in a circle of the sphere. 

The demonstration is the same as that of art. 303. 

568. Among spherical polygons which have the same perime- 
ter and the same number of sides^ the greatest is that which has its 
angles equals and its sides equal* 

This results from the first and the third of the above proposi- 
tions. 

JSTote. All the propositions relating to the maxima of spherical 
polygons, are also applicable to solid angles, of which these poly-^ 
gODS are the measures. 



Appendix to Sections Second and Third. 

OF THE REGULAR POLYEDRONS. 



THEOREM. 

569. There can be only Jive regular poly edrons. 

Demonstration, For, regular polyedrons were defined as having 
equal regular polygons for their faces, and all their solid angles 
equal. These conditions cannot be fulfilled except in a small 
number of cases. 
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1. If the faces are equilateral triangles, polyedrons may be 
formed of them, having solid angles contained by three of those 
triangles, by four, or by five : hence arise three regular bodies, 
the tetraedron^ the octaedron^ the kosaedron. No other can be 
formed with equilateral triangles ; for six angles of such a trian- 
gle are equal to four right angles, and (356) cannot form a solid 
angle. 

2. If the faces are squares, their angles may be arranged by 
threes : hence results the hexaedron or cube. Four angles of a 
square are equal to four right angles, and cannot form a solid 
angle. 

3. In fine, if the faces are regular pentagons, their angles 
may likewise be arranged by threes ; the regular dodecaedron 
will thus be formed. 

We can proceed no farther ; three angles of a regular hexagon 
are equal to four right an^es ; three of a heptagon are greater. 

Hence there can be only five regular polyedrons ; three form- 
ed with equilateral triangles, one with squares, and one with 
pentagons. 

570. Scholium. In the following problem, we shall show 
that these five polyedrons actually exist; and that all their 
dimensions may be determined, when one of their faces is known. 

PROBLEM. 

571. One of the faces of a regular polyedron^ or only a side ofit^ 
being given, to construct the polyedron. 

Solution. This problem admits of five cases, which we pro- 
ceed to solve in succession. 

Construction of the Tetraedron. 

572. Let ABC {Jig. 280) be the equilateral triangle which is Fig.2a«. 
to form one of the faces of the tetraedron. At the point O, the 
centre of this triangle, erect OS perpendicular to the plane ABC ; 

let this perpendicular terminate in S, so that AS= AB ; join SB, 
SC; the pyramid S-ABC will be the tetraedron required. 

For, on account of the equal distances OA, OB, OC, the ob- 
. lique lines SA^ SB, SC are equally removed from the perpen- 
dicular SO, and consequently equal to each other. One of them 
SA = AB ; hence the four faces of the pyramid S-ABC are tri- 
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angles, equal to the given triangle JJBC And the solid angles of 
this pyramid are all equal, because each of them is formed by three 
equal plane angles : this pyramid therefore is a regular tetraedron. 

Construction of the Hexaedron. 

Fig. 281. 573. Let JlBCD (Jig. 281) be a given square. On the base 
ABCD^ construct a right prism ^hose altitude AE shall be equal 
to the side AB. The faces of this prism will evidently be equal 
squares ; and its solid angles all equal to each other, each being 
formed by three right angles ; this prism therefore is a regular 
hexaedron or cube. 

Construction of the Octaedron. 

Fig. 282. 574. Let AMB {fig. 282) be a given equilateral triangle. On 
the side AB, describe a square ABCD\ through the point 0, 
the centre of this square, let the perpendicular TS be drawn, 
terminating on the one hand and on the other in T and S, so that 
or = OiS = 0./3 ; then join SA, SB, TA, &lc. ; we shall have 
a solid SABCDT, composed of two quadrangular pyramids 
S'ABCDy T'ABCDj united together by their common base 
ABCD\ this solid will be the required octaedron. 

For, the triangle AOS is right-angled at O, and likewise the 
triangle AOD , the sides AO, OS, OD, are equal to each other ; 
hence those triangles are equal, and AS = AD. In the same 
manner we could shew, that, all the other right-angled triangles 
AOT, BOS, COT, &c., are equal each to the triangle AOD ; 
hence all the sides AB^ AS, AT, &c., are equal to each other, 
and therefore the solid SABCDT is contained by eight triangles, 
each equal lo the given equilateral triangle ABM. We have 
yet to shew that the solid angles of this polyedron are equal to 
each other; that the angle S, for example, is equal to the 
angle B. 

Now, the triangle SAC is evidently equal to the triangle DAC, 
and therefore the angle ASC is a right angle ; hence the figure 
SATC is a square equal to the square ABCD. But if we com- 
pare the pyramid B-ASCT with the pyramid S'ABCD,vfe shall 
see that the base ASCT of the first may be placed on the base 
ABCD of the second; then, the point O being their common 
centre, the altitude OB of the first will coincide with the altitude 
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OS of the second ; and the two pyramids will exactly coincide 
with each other in all points ; hence the solid angle S is equal to 
the solid angle B] and therefore the solid SABCDT is a regu- 
lar octaedron* 

575. Scholium* If three equal straight lines AC^ BD^ ST^ are 
perpendicular to each other, and bisect each other, the extremi- 
ties of these straight lines will be the vertices of a regular octae- 
droD. 

Construction of the Dodecaedron. 

576. Let JlBCDE {Jig. 283) be a given regular pentagon ; let Fig. 233. 
ABPy CBP, be two plane angles each equal to the angle ABC. 
With these plane angles form the solid angle B ; and by art. 361 
determine the mutual inclination of two of these planes ; which 
inclination we shall call K, In like manner, at the points C, 

D, E, A^ form solid angles, equal to the solid angle B, and which 
shall be similarly situated ; the plane CBP will be the same as 
the plane BCG^ since both of them are inclined at an equal an- 
gle K to the plane ABCD; hence in the plane PBCG, we may 
describe the pentagon BCGFP^ equal to the pentagon ABCDE. 
If the same thing is done in each of the other planes CD/, DEL, 
&c., we shall have a convex surface PEGH. &c., composed of 
six regular pentagons, all equal to each other, and each inclined 
to its adjacent plane by the same quantity K, Let pfg /i, &c. 
be a second surface equal to PFGH, &c. ; we say that these two 
surfaces may be joined so as to form only a single continuous 
convex surface. For the angle opf for example, may be joined 
to the two angles OPB, BPF^ so as to make a solid angle P 
equal to the angle B ; and by this joining together no change 
will take place in the inclination of the planes BPF, BPO, that 
inclination being already such as is required to form the solid 
' angle. But whilst the solid angle P is forming, the side jo/ will 
apply itself to its equal PF, and at the point F will be found 
three plane angles PFG, pfe, efg, united so as to form a solid 
angle equal to each of the solid angles already formed ; and this 
junction, like the former, will take place without producing any 
change either in the state of the angle P or in that of the surface 
«/g K &c« ; for the planes PFG, efp, already joined at P, have 
the requisite inclination if, as well as the planes efg, efp. 
Continuing the comparison, in this way, by successive steps, it 
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will appear that the two surfaces adjust themselves perfectly to 
each other, and form a single continuous convex surface ; which 
will be that of the regular dodecaedron, since it is composed of 
twelve equal regular pentagons, and has all its solid angles equal 
to each other. 

Construction of the Icosaedron* 

Fig. 284. 577. Let ABC {Jig. 284) be one of its faces. We must first 
form a solid angle with five planes each equal to ABC^ and each 
equally inclined to its adjacent one. To efiect this, on the side 
B'C\ equal to J5C, construct the regular pentagon B'OH*Hy ; 
at the centre of this pentagon, draw a line at right angles to its 
plane, and terminating in A\ so that B'A' =zB'C'; join A'C, 
A'H'^ A'I\ A'ly \ the solid angle A' formed by the five planes 
B'A'C'^ OA'U', &c., will be the solid angle required. For the 
oblique lines A'B'^ A'C\ &c. are equal; one of them A^B^ is 
equal to the side B'O , hence all the triangles B'A'C, C'A'H\ 
&c. are equal to each other and to the given triangle ABC. 

It is farther manifest, that the planes B'A'C^ OA'Ji\ &c., are 
all equally inclined to their adjacent planes ; for the solid angles 
-D', C, &c., are all equal to each other, being each formed by 
two angles of equilateral triangles, and one of a regular penta- 
gon. Let K be the inclination of two planes, forming the equal 
angles, which inclination may be determined by art. 361 ; the 
angle K will at the same time be the inclination of each of the 
planes composing the solid angle A' to their adjacent planes. 

This being granted, if at each of the points A^ J5, C, a solid 
angle be formed equal to the angle A\ we shall have a convex 
surface DEFG^ &c., composed of ten equilateral triangles, every 
one of which will be inclined to its adjacent triangle by the 
quantity K; and the angles D, £, F, &c., of its contour will 
alternately combine three angles and two angles of equilateral 
triangles. Conceive a second surface equal to the surface 
DEFG^ &c. ; these two surfaces will adapt themselves to each 
other, if each triple angle of the one is joined to each double 
angle of the other ; and, since the planes of these angles have 
already the common inclination Jf , requisite to form a quintuple 
solid angle equal to the angle A^ this junction will require no 
change in the state of either surface, and the two together will 
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form a single continuous surface, composed of twenty equilateral 
triangles. This surface will be that of the regular icosaedron, 
since all its solid angles are equal to each other.t 

PROBLEM. 

• 

678. To find the inclination of two adjacent faces of a regular 
polyedron* 

Solution* This inclination is deduced immediately from the 
Construction we have just given of the five regular polyedrons, 
taken in connexion with art. 361, by means of which the three 
plane angles that form a solid angle being given, the angle which 
two of thesie plane angles form with each other may be deter- 
mined. 

In the tetraedron. Each solid angle is formed of three angles 
of equilateral triangles ; therefore seek, by the problem referred 
to, the angle which two of these planes contain between them, 
and it will be the inclination of two adjacent faces of the tetrae- 
dron. 

tn the hexaedron. The angle contained by two adjacent faces 
is a right angle. 

In the octaedron. Form a solid angle with two angles of equi- 
lateral triangles and a right angle ; the inclination of the two 
planes, in which the triangular angles are situated, will be that 
of two adjacent faces of the octaedron. 

In the dodecaedron. Every solid angle is formed by three an- 
gles of regular pentagons ; the inclination of the planes of two 
of these angles will be that of two adjacent faces of the dodecae- 
dron. 

In the icosaedron. Form a solid angle with two angles of 
equilateral triangles and one of a regular pentagon ; the inclina- 
tion of the two planes, in which the triangular angles are situated, 
will be that of two adjacent faces of the icosaedron. 

t If the figures 287, 288, 289, 290, 291, be accurately drawn on 
pasteboard and the fine lines be cut through, and the full lines cut 
only half through, the edges of the several polygons in each figure 
may be brought together and glued, the shaded one remaining fixed. 
Models of the several regular polyedrons may thus be easily ob- 
tained. 

Geom. 27 
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PROBLEM. 

579. The side of a regular polyedron being given^ to find the rd" 
dius of the inscribed and ihdt of the circumscribed sphtre. 

Solution. It must first be shown, that every regular polyedron 
is capable of being inscribed in a sphere, and of being circum- 
scribed about it. 
fig. 292. L^t ^B {fig. 292) be the side common to two adjacent faces : 
C and E the centres of those faces ; CD, ED, the perpendicu- 
lars let fall from these centres upon the common side AB, and 
therefore terminating in D the middle point of that side. The 
two perpendiculars CD, DE, make with each other an angle 
which is known, being the inclination of two adjacent faces, and 
determinable bj the last problem. Now, if in the plane CDE, 
at right angles to AB\ two indefinite lines CO and OE be drawn 
perpendicular to CD and ED, and meeting each other in O; 
this point O will be the centre of the inscribed and of the cir- 
cumscribed sphere, the radius of the first being OC, that of the 
second OA. 

For, since the perpendiculars CD, DE, ^re equal, and th^ 
bjpothenuse DO is common, the right-angled triangle CDO 
must (56) be equal to the right-angled triangle ODE, ahd the 
perpendicular OC to OE. But, AB being perpendicular to the 
plane CDE, the plane ABC (349) is perpendicular to CDE, or 
CDE to wJBC; likewise CO, in the plane CDE is perpendicu- 
lar to CD, the common intersection of the planes CDE, ABC ; 
hence (351) CO is perpendicular to the plane ABC* For the 
same reason, EO is perpendicular to the plane ABE ; hence tbe 
two straight lines CO, EO, drawn perpendicular to the planes of 
two adjacent faces, through the centres of those faces, will meet 
in the same point O, and be equal to each other. Now, suppose 
that ABC and ABE represent any other two acyacent faces ; the 
perpendicular CD will still continue of the same magnitude ; and 
also the angle CDO, the half of CDE; consequently the right- 
angled triangle CDO, and'its side CO will be equal in all the faces 
of the polyedron ; hence, if from the point O as a centre with th6 
radius OC, a sphere be described, it will touch all the faces of 
the polyedron at their centres, the planes ABC, ABE, &c., being 
each perpendicular to a radius at its extremity ; therefore the 
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sphere will be inscribed in the polyedron, or the polyedron 

circumscribed about the sphere. 

Agam, join OA^ OB ; since CA = CB^ the two oblique lines 

OA^ OB^ being equally remote from the perpendicular, will be 

equal ; so also will any other two lines drawn from the centre 

O to the e;Ktremities of any one side ; hence all those lines will 

be equal to each other ; and, if from the point as a centre, with 
the radius OA, a spherical surface be described, it will pass 

through the vertices of alt the solid angles of the polyedron ; 

hence the sphere will be circumscribed about the polyedron, or 

the polyedron inscribed in the sphere. 

This being settled, the solution of the problem presents no 
farther difficulty, and may be effected thus : 

One face of the polyedron being given, describe that face ; 
and let CD {Jig. 293) be a perpendicular from its centre upon FJs»29S. 
one of its sides. Find, by the last problem, the inclination of 
two adjacent faces of the polyedron, and make the angle CDE 
equal to this inclination ; take DE = CD ; draw CO and EO 
perpendicular to CD and jBJD, respectively ; these two perpen- 
diculars will meet in a point ; and CO will be the radius of 
the sphere inscribed in the polyedron. 

On the prolongation of DC^ take CA equal to a radius of the 
circle, which circumscribes a face of the polyedron ; AO will be 
the radius of the sphere circumscribed about this same polyedron. ~ 

For, the right-angled triangles CDO, CAO, in the present 
diagram, are equal to the triangles of the same name in the pre- 
ceding diagram ; and thus, while CD and CA are the radii of 
the inscribed and the circumscribed circles belonging to any one 
face of the polyedron, OC and OA are the radii of the inscribed 
and the circumscribed spheres which belong to the polyedron 
itself. 

580. Scholium. From the foregoing propositions, several con- 
sequences may be deduced. 

I. Any regular polyedron may be divided into as many regu- 
lar pyramids as the polyedron has faces ; the common vertex of 
these pyramids wilhbe the centre of the polyedron ; and at the 
same time, that of the inscribed and of the circumscribed sphere. 

II. The solidity of a regular polyedron is equal to its surface 
multiplied by a third part of the radius of the inscribed sphere. 
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III. Two regular polyedrons of the same name are two similar 
solids, and their homologous dimensions are proportional ; hence 
the radii of the inscribed or of the circumscribed spheres are to 
each other as the sides of the polyedrons. 

IV. If a regular polyedron is inscribed in a sphere, the planes 
drawn from the centre, along the different edges, will divide the 
surface o( the sphere into as many spherical polygons, as the 
polyedron has faces all equal and similar among themselves. 
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Improved Demonstration of the Theorem for the 
Solidity of the Triangular Pyramid. 



BY M. qUERET OF ST, MALO. 



THEOREM. 



568, Two triangular pyramids^ having equivalent bases and eqwjil 
altitudes^ are equivalent^ ^or equal in solidity. 

Let S^BC^ s-a b c {fig. 294) be two triangular pyramids of Fig. 294. 
which the two bases ABC^ abc^ supposed to be situated in the 
same plane, are equivalent, the altitude TA being the same in 
both. If thej are not equivalent, let s-a b c, be the smaller ; and 
suppose jj a to be the altitude of a prism, which having ABC for 
its base, is equal to their difference. 

Divide the altitude AT into equal parts Ax^ xy, yz, &c., 
each less than A a, and let k be one of these parts ; through the 
points of division suppose planes parallel to the plane of the bases ; 
the corresponding sections formed bj these planes in the two 
pyramids will be respectively equivalent by art. 409, namely, 
DEF, to d c/, GHI, to gh i, &c. 

This being gi'anted, upon the triangles ABC, DEF, GHI, &c., 
taken as bases, construct exterior prisms having for edges the 
parts AiD, DG, GK, &y., of the side SA ; in like manner, on the 
bases defj ghi^klm, &c., in the second pyramid, construct inte- 
rior prisms having for edges the corresponding parts of s a. It 
is plain that the sum of all the exterior prisms of the pyramid 
S'ABC will be greater than this pyramid; and also that the 
sum of all the interior prisms of the little pyramid s-abc will be 
less than this. Hence the difference between the sum of all the 
exterior prisms and the sum of all the interior ones, must be 
greater than the difference between the two pyramids them- 
selves. 
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Now, beginning with the bases ABCj abcj the second exte- 
rior prism DEFG is equivalent to the first interior prism d efa^ 
because thej have the same altitude fc, and their bases DEF^ 
d eff are equivalent ; for like reasons, the third exterior prism 
OHIK and the seccmd interior prism ghid are equivalent;; the 
fourth exterior and the third interior \ and so on, to the last in 
each series. Hence all the exterior prisms of the pyramids 
S-ABC^ excepting the first prism DABCy have equivalent cor- 
responding ones in the interior prisms of the pyramid s-abc; 
hence the pirism DABC is the difference between the sum of all 
the exterior prisms of the pyramid S-ABC ; and the sum of all the 
interior prisms of the pyramid S'O b c. But the difference be- 
tween these two sets of prisms has already been proved to be 
greater than that of the two pyramids ; which latter difference 
we supposed to be equal to the prism aADC\ hence the prism 
DABC must be greater than the prism a ABC. But in reality 
it is less ; for they have the same base ABC^ and the altitude 
Ax oi the first is less than A a the altitude of the second. Conse- 
quently the supposed inequality between the two pyi'feimids can- 
not exist; therefore the two pyramids Sv2J5C, sabc^ having 
equal altitudes and equivalent bases, are themselves equivalent. 

THEOREM. 

569. Every triangular pyramid is a third part qf the triangular 
prism having the same base and same altitude. 
Fig. 216. Demonstration. Let F-ABC {fig. 21 6) be a triangular pyramid, 
ABCDEF a triangular prism of the same base and the same 
altitude ; the pyramid will be equal to a third of the prism. 

Cut off the pyramid F-ABC from the prism, by a section made 
along the plane FAC; iheve will rem^ the solid FACDE^ 
which may be considered as a quadrangular pyramid, whose 
vertex is F, and whose base is the parallelogram .4 CDJE. Draw 
the diagonal CE \ and extend the plane FCJS, which will cut 
the quadrangular pyramid into two triangular ones F-ACE 
F'CDE. These two triangular pyramids have for their com- 
mon altitude the perpendicular let fall from F on the plane 
ACDE ; they have equal bases, the triangles ACE, CDEj being 
halves of the same parallelogram ; hence (568) the two pyra- 
mids F'ACE, F'CDE^ are equivalent. But the pyramid F-CDE 
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and the pyramid F-ABC have equal bases ABC^ DEF\ they 
have also the same altitude, namely, the distance of the parallel 
planes ABC, DEF\ hence the two pyramids are equivalent. 
Now the pyramid F-CDE has already been proved equivalent 
to JP.jiCJB; consequently the three pyramids F-ABC, F-CDE, 
F'ACE, which compose the prism ABD are all equivalent. 
Therefore the pyramid F-ABC is the third part of the prism 
ABDy which has the same base and the same altitude. 

570. Corollary. The solidity of a triangular pyramid is equal 
to a third part of the product of its base by its altitude. 
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NOTES. 



I. 

Upon certain Names and Definitions. 

Some new expressions and definitions have been introduced into 
this work which tend to give to the language of geometry more ex-t 
actness and precision. We proceed to give an account of these 
changes^ and to propose certain others, which might fulfil more com-' 
pletely the same purposes. 

In the ordinary definition of a rectangular parallelogram and of a 
square^ it is said that the angles of these figures are right angles ; it 
would be more exact to say, that their angles are equal. For, to 
suppose that the four angles of a quadrilateral may be right angles^ 
and also that these right angles are equal to each other, is to suppose 
propositions which require to be demonstrated. This inconvenience 
and several others of the same kind might be avoided, if, instead of 
putting the definitions, as is usual, at the head of a section, we dis- 
tributed them through the section each in the place where the propo- 
sition implied is demonstrated. 

The word parallelogram according to its etymology signifies par^ 
allel lines ; it answers not better to a figure of four sides than to one 
of six, eight, &c., the opposite sides of which are parallel. Likewise 
the word parallelopiped signifies parallel planes ; it does not design* 
nate a solid of six faces any more than one of eight, ten, &c., of 
which the opposite ones are parallel. It seems then that the denom- 
inations of parallelogram and parallelopiped, which have besides the 
inconvenience of being very long, ought to be banished from geome- 
try. We might substitute in their place those of rhomb and rhomboid^ 
which are much more convenient, and preserve the name of lozenge 
Ip denote a quadrilateral, the sides of which are equal. 

The word inclination ought to be understood in the same sense as 
that of angle ; each indicates the manner of being of two lines, or of 
two planes, which meet, or which produced would meet. The incli- 
nation of two lines is nothing, when the angle is nothing, that is, when 

Geom. 28 



SIS J^otes. 

the lines are parallel or coincident The inclination is greatest, when 
the angle is greatest, or when the two lines make with each other a 
very ohtuse angle. The quality of honing is taken in a different 
sense ; a line leans so much the more with respect to another, as it 
departs more from a perpendicular to this last. 

The denomination of equal angles is given by Euclid and others 
to those triangles, which are only equal in surface ; and that of equal 
solids to those which are only equal in solidity. It appears to us 
more proper to call the triangles as well as the solids in this case 
equivalent^ and to restrict the denomination of equal triangles and 
equal solids to those which would coincide upon being applied. 

It is, moreover, necessary to distinguish among solids and curved 
^surfaces two different kinds of equality. Indeed two solids, two 
solid angles, two spherical triangles, or two spherical polygons, may 
be equal in all their constituent parts without coinciding when appli* 
od. It does not appear that this observation has been made in ele- 
mentary books ; and, for want of having regard to it, certain demon- 
strations, founded upon the coincidence of figures, are not exact. 
Such are the demonstrations by which several authors pretend to 
prove the equality of spherical triangles in the same cases and in the 
same manner as they do that of plane triangles. We are furnished 
with a striking example of this by Robert Simson, who, in attacking 
the demonstration of the 28th- proposition of the eleventh book of 
Euclid, fell himself into the error of founding his demonstration upon 
a coincidence which does not exist. We have thought it proper, 
therefore, to give a particular name to this kind of equality, which 
does not admit of coincidence ; we have called it equality by synir 
metrj/ ; and the figures which are thus related we call symmetrical 
figures. 

Thus the denominations of equal ^gures, symmetrical &gareSt equiv' 
fdent figures, refer to different things and ought not to be confounded. 

In the propositions, which relate to polygons, solid angles, and 
polyedrons^ we have expressly excluded those which have re-enter- 
ing angles. For, in addition to the advantage of considering in the 
elements only the most simple figures, if we had not thus restricted 
ourselves, certain propositions would either not have been true, or 
would have required to be modified. We have, therefore, confined 
ourselves to the consideration of lines and surfaces, which we call, 
convexj and which are such that they cannot be cut by a straight liiA 
in more than two points. 

We have often used the expression product of two or of a greater 
nuwJber of lines, by which we mean the product of the numbers 
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which represent those lines, they being estimated according to a 
linear unit taken at pleasure. The sense of this word being thus 
fixed, there is no difficulty in making use of it. The same is to be 
understood of the product of a surface by a line, of a surface by a 
solid, &c. It is sufficient to have established once for all that these 
products are or ought to be considered as the products of numbers, 
each of a kind that is adapted to it. Thus the product of a surface 
by a solid is nothing else than the product of a number of superficial 
units by a number of solid units. 

We often use the word angle in common discourse to designate 
the point situated at its vertex ; this expression is faulty. It would 
be more clear and more exact to denote by a particular name, a^ 
that of vertices^ the points situated at the vertices of the angles of a 
polygon, or of a polyedron. In this sense is to be understood the 
expression vertices of a polyedrouy which we have used. 

We have followed the common definition of similar rectilineal jig' 
ures ; but we would observe, that it contains three superfluous con- 
ditions. For, in order to construct a polygon of which the number 
of sides is it, it is necessary in the first place to know a side, and then 
to have the position of the vertices of the angles situated without this 
side. Now the number of these angles is n — 2, and the position of 
each vertex requires two data ; whence it follows that the whole num- 
ber of data necessary to construct a polygon of n sides is 1 -j- 2 n — 4, 
or 2 n — 3. But in the similar polygon there is one side to be taken 
at pleasure ; thus the number of conditions, by which one polygon 
becomes similar to a given polygon, is 2 n — 4. But the common 
definition requires, 1. that the angles should be equal, each to each, 
which makes n conditions ; 2. that the homologous sides should be 
proportional, which makes n — 1 conditions. There are then in all 
2 n — 1 conditions, or three too many. In order to obviate thi» 
inconvenience we can resolve the definition into two others, in thia 
manner. 

1. Two triangles are similar y when they have ttoo angles equal, each, 
to each. 

2. 2\oo polygons are similar y when there can be fbrmed in. the one 
and the other the same number of triangles similaty each to enchy and 
similarly disposed. 

But, in order that this last definition should not itself contain, super-* 
^ous conditions, it is necessary that the number of triangles should 
be equal to the number of sides of the polygon minus two, which may 
take place in two ways. We can draw from two homologous angteai 
diagonab to the opposite angles ; then a^l the triangles formed in 
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each polygon will have a common vertex, and tbehr sum will be equal 
to the polygon ; or rather we can suppose that all the triangles formed 
in a polygon have for a common base a side of the polygon, and for 
'vertices those of the different angles opposite to this base. In each 
case the number of triangles formed being n — 2, the conditions of 
their similitude will be equal to the number 2 n — 4 ; and the defi- 
nition will contain nothing superfluous. This new definition being 
adopted, the ancient one will become a theorem, which may be 
demonstrated immediately. 

If the definition of similar rectilineal figures is imperfect in books 
of elements, that of similar soUd polyedrons is^till more so. In 
Euclid this definition depends upon a theorem not demonstrated; 
in other authors it has the inconvenience of being very redundant; 
we have, therefore, rejected these definitions of similar 8olids.t 

The definition of a perpendicular to a plane may be regarded as a 
theorem ; that of the inclinaiion of two planes also requires to be 
supported by reasoning ; the same may be said of several others. It 
is on this account that, while we have placed the definitions accord- 
ing to ancient usage, we have taken care to refer to propositions 
where they are demonstrated ; sometimes we have merely added a 
brief explanation which appeared sufficient. 

The angle formed by the meeting of two planes^ and the solid angle 
formed by the meeting of several planes in the same point, are dis- 
tinct kinds of magnitudes, to which it would be well perhaps to give 
particular names. Without this it is difficult to avoid obscurity and 
circumlocutions in speaking of the arrangement of planes which 
compose the surface of a polyedron ; and as the theory of solids has 
been little cultivated hitherto, there is less inconvenience in intro- 
ducing new expressions, where they are required by the nature of 
the subject. 

I should propose to give the name of wedge to the angle formed 
by two planes ; the edge or height of the wedge would be the com- 
mon intersection of the two planes. The wedge would be designated 
by four letters, of which the two middle ones would answer to the 
edge. A right wedge then would be the angle formed by two planes 
perpendicular to each other. Four right wedges would fill all the 
solid angular space about a given line. This new denomination 
would not prevent the wedge always having for its measure the angle 
formed by two lines drawn from the same point, the one in one of 



t The author here refers to a distinct note on the equality and similitude of 
polytdrons, not |;iveii in this translation. 
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the piaDes and the other in the other, perpendicularly to the edge 
or common intersection. 




The improvements referred to in the preceding note, so far as 
they have been adopted by the author, have been carefully preserv- 
ed in the translation. Indeed it has been found necessary in a few 
instances to use English words in a sense somewhat different from 
their ordinary acceptation. The word polygon is generally restricted 
to figures of more than four sides. It is used in this work with the 
latitude of the original word polygone to stand for rectilineal figures 
generally ; and polyedron is adopted in a similar manner for solids. 
Quadrilateral is employed as a general name for four-sided figures. 
The word losenge is rendered by rhombus^ and trapeze by trapezoid, 
the English words, as they are commonly used, corresponding to 
the French. The perpendicular let fall from the centre of a regular 
polygon upon one of its sides is called in the original apoiheme. It 
occurs but a few times, and as there is no English word answering to 
it, it is rendered by a periphrasis, or simply by the word perpendicu- 
lar. The portion of the surface of a sphere comprehended between 
the semicircumferences of two great circles is denoted in the origi- 
nal by fuseau ; Dr. Hutton uses the word Ivne in the same sense ; 
others have employed lunary surface ; as lune properly stands for 
the surface comprehended between two unequal circular curves, the 
latter denomination was thought the least exceptionable, and is 
adopted in the translation. 

III. 
On the Demonstration of the Proposition of Article 58. 

Tm: proposition of art. 58 is only a particular case of the cele- 
brated postulate^ upon which Euclid has established the theory of 
parallel lines, as well as the theorem upon the sum of the three 
angles of a triangle. This postulate has not yet been demonstrated 
ia a manner entirely geometrical, and independent of the considera- 
tion of infinity, which is undoubtedly to be attributed to the imper- 
fection of the definition of a straight line, which serves as the basis 
of the elements. But, if we consider this subject in a point of view 
more abstract, analysis ofi*ers a very simple method of demonstrating 
the proposition rigorously. 
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We show immediately by supeqposition, and without any prelimi- 
n<iry proposition, that two triangles are equal^ when a side and the 
two adjacent angles of the one are equal to a side and the two adjacent 
angles of the other ^ each to each. Let us call p the side in questibn, 
A and B the two adjacent angles, C the third angle. The angle C 
then must be entirely* determinate, when the angles ^ and Bare 
known with the side p ; for, if several angles C could correspond to 
the three given things A, B^ p, there would he as many different 
triangles, which would have a side and the two adjacent angles of 
the one equal to a side and the two adjacent angles of the other, 
which is impossible ; therefore the angle C must be a determinate 
function of the three quantities A^ B, p; which may be expressed 
thus 

C z=: 9) : (^, J5, p). 

Let the right angle be equal to unity, then the angles A^ B, C, 
will be numbers comprehended between and 2 ; and, since 

C=<p{A,B,p), 
we say that the line p does not enter into the function 97. Indeed 
we have seen that C must be entirely determined by the data A^ B, 
p, merely, without any other angle or line whatever ; but the line p 
is of a nature heterogeneous to the numbers Ji, J5, C ; and if, having 
any equation whatever among A^ B, C, p, we could deduce the value 
of /7, in A, B^ C, it would follow that p is equal to a number, which 
is absurd ; therefore p cannot enter into the function 9), and we have 
simply Cz=zg) : {A, B) *. 

This formula proves already that, if two angles of a triangle are 
equal to two angles of another triangle, the third must be equal to 
the third ; and, this being supposed, it is easy to arrive at the theo- 
rem we have in view. 

* It has been objected to this demoiistration that if it were applied, word for 
word, to spherical triangles, it would follow that two known angles woald be 
sufficient to determine the third, which would not be true in this kind of trian- 
gles. The answer is, that in spherical triangles there is one element more than 
in plane triangles, and this element is the radius of the sphere which must 
not be omitted. Accordingly, let r be the radius ; then, instead of having 

6 = 9 (A, BfP), we shall have C=:g> (A, B, p, r), or simply C = 9) (^, B, ^\ 
by the law of homogenous quantities. Now, since the ratio - is a number, as 

well as A, B, C, there is nothing to prevent - being found In the fraction 9), 
and then we can no longer conclude that 
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!n the first place let ABC {fig. 274) be a triangle right-angled at Fig. a74% 
A ; from the point A let fall upon the hypothenuse the perpendicu- 
lar AD, The angles B and D of the triangle ABD are equal to the 
angles B and A of the triangle BAC ; therefore, according to what 
has just been demonstrated, the third angle BAD is equal to the 
third C ; for the same reason the angle DAC z= B ; consequently 
BAD + DAC^ or BAC = J? + C ; but the angle BAC is a right 
angle ; therefore the two acute angles of a right-angled triangle^ taken 
together^ are equal to a right angle. 

Again, let BAC (fig'Jtlb) be any triangle, and BC a side which is Fig. 275. 
not less than each of the two others ; if from the opposite angle A 
the perpendicular AD be let fall upon BC^ this perpendicular will 
fall within the triangle ABC^ and will divide it into two right-angled 
triangles BAD^ DAC. Now in the right-angled triangle BAD the 
two angles BAD^ ABD^ are together equal to a right angle ; in the 
right-angled triangle DAC the two angles DAC^ ACD^ are also equal 
to a right angle. Consequently the four united, or the three BAC^ 
ABC^ ACBy are together equal to two right angles ; therefore, in 
every triangle the sum of the three angles is equal to two right angles. 

We see by this that the theorem, considered a priori, does not 
depend upon a series of propositions, but is deduced immediately 
from the principle of homogeneity, a principle which exists in every 
relation among quantities of whatever kind. But we proceed to 
show that another fundamental theorem of geometry may be deduced 
from the same source. 

The above denominations being preserved, and the side opposite to 
the angle A being called m, and the side opposite the angle B being 
called n ; the quantity m must be entirely determined by the quan- 
tities A^ B^p\ consequently m is a function of A^ B^ p, as also — , so 

P 

that we can make — = xp : {A^ B, p). But — is a number, as well 

as A and B ; therefore the function xp must not contain the line 

p^ and we have simply — z= i/j : (j3, 5), or m =i pyj : (^, B). We 

have also in a similar manner n z=: ptp : {A^ B). 

Let there be another triangle formed with the same angles A^ B, 
C, and having for the opposite sides m', n\ p\ respectively. Since 
A and B do not change, we have in this new triangle 

m/ = /)' i/j (j3, B), 
and n' :=z p' \p : (B, A). Therefore m : m' : : n' : : /> : p\ There* 
fore in equiangular triangles the sides opposite to the equal angles are 
proportional. 
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From this general proposition we deduce, as a particular case, 
that which we have supposed in the text for the demonitration of the 
fift. 35. proposition of art 58. Indeed the triangles, AFG, MiL {fig. 35), 
hare two angles equal, each to each, namely, the angle A common, 
and a right angle. Consequently these triangles are equiangular ; 
therefore we hare the proportion AF : AL : : AG : AM^ by means of 
which the proposition is fully demonstratedt. 



t Iq the note, of which the above is only a part, the author undertakes to 
demonstrate in a similar manner other fondamental propositions of geometry. 
For remarks upon the kind of reasoning here employed, the reader is referred to 
Leslie's Geometry, third edition, page 292. 
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